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Abstract. In this paper, we introduce a new extension of the Rayleigh distribution, termed the
Rayleigh-Exponential distribution (Ra-Ex-D). The proposed distribution is capable of modeling
a wide range of data behaviors and demonstrates greater flexibility compared to classical distri-
butions. Several statistical properties of the proposed distribution are derived, including survival
characteristics, mean deviation, entropy, and conditional moments, along with the necessary proofs.
Model parameters are estimated using both classical and Bayesian approaches under different prior
assumptions. A simulation study is conducted to assess the performance of the estimation methods,
demonstrating that the proposed procedures yield reliable and consistent estimates. Furthermore,
the practical applicability of the model is illustrated through the analysis of a real-life dataset,
where the proposed distribution exhibits superior fitting performance compared to existing models.
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1 Introduction

In recent decades, probability distributions have been widely used to solve various real-life problems.
Many authors have developed new distributions based on transformations and families such as
the alpha power transformation, Marshall-Olkin family, logarithmic family, exponentiated family,
mixture of distributions, and the G-family, among others. These techniques typically add one or
more parameters to a baseline model, thereby increasing the flexibility of the resulting distribution.

In recent years, several researchers have proposed probability distributions using transforma-
tion techniques and generalized families to further enhance modeling flexibility. Notable examples
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include the Marshall-Olkin additive Weibull distribution (Afify et al., 2018), the Marshall-Olkin
Pareto distribution (Bdair and Haj Ahmad, 2021), and the Marshall-Olkin Gompertz distribu-
tion (Eghwerido et al., 2021), as well as broader developments in Marshall-Olkin-type models (Jose
and Paul, 2018; Gonzalez-Herndndez et al., 2021). Additionally, transformation-based approaches
such as the alpha power transformation (Dey et al., 2019; Mahdavi and Kundu, 2017; Shukla et
al., 2022) and transmuted families (Tripathi and Chitra, 2022; Tripathi and Mishra, 2022) have
contributed significantly to generating flexible distributions.

Other important contributions include generalized and hybrid families like the TX family Klakat-
tawi et al. (2022), exponentiated classes of distributions (Cordeiro and Lemonte, 2013; Yadav et al.,
2021), quasi and extended Xgamma distributions (Sen et al., 2019; Tripathi et al., 2022), and the
odd generalized N-H family (Ahmad et al., 2020). These developments are supported by general
frameworks for generating continuous distributions (Lee et al., 2013), underscoring the growing
interest in flexible modeling techniques.

Despite these advancements, challenges remain in effectively modeling complex lifetime data,
particularly in capturing diverse hazard rate behaviors. Recent studies, such as Hassan et al. (2025)
and Alsulami and Alghamdi (2025), have proposed extensions of the Weibull distribution to improve
flexibility and fitting performance. However, there is still a need for more adaptable models that
can simultaneously accommodate a wide range of hazard rate shapes while maintaining tractable
statistical properties. This motivates the development of the proposed model. Hence, Elgarhy and
Hassan (2019) introduced the Exponentiated Weibull-Weibull (EWW) distribution, which provides
a flexible framework for modeling lifetime data. Several extensions of classical lifetime distributions
have been developed in the literature to provide greater flexibility in modeling different shapes
of probability density and hazard rate functions. Among these models, the Rayleigh—Exponential
distribution (Ra-Ex-D) can be considered as a special case of the EWW distribution. We explored
the literature and found that no one has made effort regarding the development of Ra-Ex-D.

The main objective of this article is to study the theoretical and inferential properties of the
Ra-Ex-D. Specifically, we derive several important statistical properties of the proposed model and
investigate different parameter estimation methods under both classical and Bayesian frameworks.
In addition, a simulation study is conducted to examine the performance and consistency of the pro-
posed estimators under different parameter combinations. Finally, the applicability of the proposed
distribution is illustrated using real-life datasets.

The probability density function (pdf) f(x) and cumulative distribution function (cdf) F(x) of
Ra-Ex-D are given by

Fx) = 20AM (e — 1)e 41’ x>0, 1 >0, a >0, (1)
and
F(x)=1—e =D (2)

respectively. Survival function (SF) S(x) and hazard rate function (HRF) h(x) of proposed model
are given below

S(x) = e~ @D (3)
and

h(x) = 2aAe* (M —1), (4)
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respectively.

Figure 1(a) shows the pdf of the proposed distribution, given in (1), indicating that the proposed
model is unimodal. The SF, given in (3), and the cdf, given in (2), are plotted in Figures 1(b)
and 1(c), respectively. Figure 1(d) presents the HRF of the proposed distribution, as given in (4),
which exhibits both increasing and decreasing hazard rates.

Density function Cumulative distribution function

00 05 10 15 20 00 05 10 15 20

(a) Probability density function

e
il =2a=2
—12a=02
B —06a=16
S —20=5
—040-08 .
gra
o | a
o s Biss
= o/ £
wn - // I
(=T i
s
//f
o~ —
[s=)
e |
[==]
T \ T T T
0.0 0.5 1.0 15 20
® X
(¢) Survival function (d) Hazard rate function

Figure 1: Plots of the various functions of the Ra-Ex-distribution for different parameter values.

The remainder of the paper is organized as follows. Section 2 presents the statistical properties
of the proposed distribution. Classical estimation methods are discussed in detail in Section 3.
Bayesian estimation is outlined in Section 4. Section 5 presents a simulation study of the considered
estimation methods. The application of the proposed probability distribution is discussed in Section
6. Concluding remarks on the Ra-Ex-D are provided in Section 7.

2 Statistical properties

In this section, we derive the statistical properties of the proposed Ra-Ex-D, viz., moments, condi-
tional moments, mean deviation, and entropy.
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2.1 Moments

Moments are an important property of a probability distribution, as they help measure skewness
and kurtosis. Hence, moments are useful for describing the nature of a dataset. Let X be a random
variable following the Ra-Ex-D, with pdf given in (1). Then, the r-th moment about the origin is
given by

© o0 oo A{z j+k 2] F(r+z+1) ;
2“1222 -. (k)(kk—zlj)’““(z_l)’ r>1.

tO]OkO

2.2 Conditional moment

Assuming that the lifetime of the units under study follows our proposed model and exceeds a
certain threshold x, one may be interested in the conditional moments. Moreover, these are useful
for determining the mean deviation, as well as Bonferroni and Lorenz curves. Let X be a random
variable following the Ra-Ex-D distribution as in (2); then the expression for the conditional moment
is given by:

E(XIX > x) = 206)» ZZ 2, (2])F(r—|—l+l,(lk 21]))5)(2171)'

k (lk—le)rHH

2.3 Mean deviation

Mean deviation (MD) provides the scatterdness from mean. Mathematical expression of MD is
given below

MD = [ el f(x)d
. -
:/0 (u—x)f(x)dX-i-/ (x— ) f(x)dx
. i
:ZuF(u)72u+2/ xf(x)dx
u

where

~ = == (1) J+k 2\T(i+2,(Ak =24 j)u)
/ x)dx =20 ZZZ; (k> ka2
i=0j=0k=0

and p is the mean.

2.4 Entropy

Entropy measures the uncertainty or information content of a probability distribution and finds
applications in various fields, including physics, statistics, reliability analysis, and kernel density
estimation. In the context of lifetime distributions, entropy provides insight into the variability and
uncertainty associated with the underlying random variable.

The mathematical expression of the generalized entropy (GE) is given by

Vg 11

GE = .
nmn-1)

n#0,1,



Extension of the Rayleigh distribution 33

where vy = [i°xf(x)dx represents the nth moment of the distribution and u denotes the mean.
For the proposed Ra-Ex-D distribution, substituting the pdf given in (1) into the above expression,
we have

0 )
Vi =2OM/ et ue™® gx,
0

where u = (e“ —1). Substituting this expression for vy into the generalized entropy formula gives
the entropy equation for the proposed distribution.

3 Classical estimation

In this section, we discuss the classical estimation of the parameters. To this end, we employ
the following classical methods of estimation: maximum likelihood estimation (MLE), least squares
estimation (LSE), weighted least squares estimation (WLSE), Cramér—von Mises estimation (CME),
and maximum product spacing estimation (MPSE).

3.1 MLE

Suppose that X;,Xp,...,X,, are independently and identically distributed (i.i.d.) random variables
following the proposed distribution with the pdf given in (1). Then, the likelihood function is given
by
n n n Ax; 2
L(o, 2 | ) = 2" A T s T (oM — 1) e @i (F1)",
i=1
and the corresponding log-likelihood function can be written as

n

logL(ct,A | x) =n(log2+loga+1logA) +A Zx, + Zlog ( Axi l) Z (e“" - 1)2. (5)
=1 = ‘

To obtain the maximum likelihood estimates of the parameters, we maximize the log-likelihood
function with respect to o and A. Differentiating equation (5) with respect to a and A yields the

log-likelihood equations:
dlogL(a,A |x) 1 &/ 2
- ~ 7 = i 1 6

da o ,:21 (e ) ’ (6)

dlogL(a,A |x) 1 2
or *+ZXI+Z JLx,_ 20‘2)" ( ool ) ™
From equation (6), the MLE of o for a given A is obtalned as
1
0= ——>. (8)
T (1)
Substituting (8) into (7), the MLE of A can be obtained by solving the following non-linear equation:

dloglioA]y) _ 1 5PN et (1)
o +Zx, Z’(e“r—l) 2 1) =0. (9)

Since equation (9) is not in closed form, numerical techniques such as the Newton—-Raphson method
are employed to solve this equation and obtain the MLEs of @ and A.
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3.2 MPSE

This method of estimation was proposed by Cheng and Amin (1983). Let X;,Xa,...,X, be a ran-
dom sample from a distribution with pdf f(x, o, 4). Furthermore, let X(1),X2),...,X(,) denote the
corresponding order statistics. Then the spacings D; are defined as

D ZF(X(I),(X,}L), Dy = I—F(X(n),(x,/l),

and
D[ZF(X(I-),OC,),)—F(x(,»,wa,l), i:2,3,...,n,

where Z?jll D; = 1. This method consists of finding the values of @ and A that maximize the
geometric mean G of the spacings, i.e.,
1
n+1 ntl
: {m} ’
i=1

or equivalently,
n+1

log(G Z logD;,
n+1
log(G —Zlog[ ~)7a,l)—F(x(,v,l),oc,k)].

The basic concept behind this estimation method is that the differences between the cdf at
neighboring points should be identically distributed. The MPSEs can be obtained by solving the
following non-linear equations:

dlog(G) " Fy(xgy,a,A) —Fy (x 1), 00, 4)
A B i=1 F(X(,),(X,/'L)fF(X(,-_U,a,)L) 7
where
Fl(xa,A) = (eM 1) —a(t1)
and

x 2
Fj(x,a,1) = 2aAeM (e“— 1) e (1)

3.3 LSE and WLSE

Let X(1),X(2),---,X(n) be the ordered sample of size n drawn from the pdf given in (1). Then the
expectation of the empirical cdf is given by

E[F(Xy)] =g i=123,.n
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The least squares estimates (LSEs) of o and A are obtained by minimizing
n

. 2 n ] 2
wstem) =% (Fsgan) i) =3 (1-a (@0 -1)"- )

i=1 i=1

where we have used the fact that F(x,o,A4) = 1 — at(e* — 1)? for the proposed distribution. The
LSEs & and A can be found by solving the following equations:

aLS(OC,A) LA Ax s 2 i
= F — () — — =
3 2;1 v o) 1—a (e 1) I 0,

dLS(a, 1) L A 2 i
i Sud R A - 0 —1) —
91 2i=§1F,L(x,oc,7L) 1 (x(e 1) p—— =0,

where Fy(x, o, A) and Fj (x,a,A) are as defined in the previous subsection. These equations can be
solved numerically using methods such as the Newton—Raphson method.

The WLSEs of @ and A are obtained by minimizing, with respect to @ and A, the following
function:

< n+ )2 (n+2) i \?
WLS a a’ Z —l+l) (F(x(l)7a72’)_n+l> )

=

which can be expressed as

WLS(. ) ;W (1-a(o 1) nil)z_

Thus, the WLSEs are determined by solving the equations
simultaneously. These equations are analogous to those presented for the LSE, with the weight
sequence incorporated appropriately.

IWLS(@A) _ g o401 8WLS7(L05,?L) -0
o

3.4 CME

Another well-known estimation method is the Cramér-von Mises estimation (CME), introduced
by Darling (2019). In the context of the proposed model, the CMEs of @ and A are obtained by
minimizing the following function with respect to a and A:

1 ¢ 2i—1)?
C(a,l):@“‘ (F(x(iﬁaal)_ M ) )
i=1

which can be expressed as

{ " 2 2 1\2
C(a,l)=m+2(1—a(e’“<f>—1) - ’2n ) .
=

1

Thus, the CMEs are obtained by solving the following equations simultaneously: acgzc,l) =0 and

ac((;o;i.l) =0, where

IC(a,A) & N2 2ie]
N _ (i) — _
e 2y Flxa,) (1 a(e 1) — .

i=1
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) o 2 2i—1
MzzFi(X’a’x)(la(ez‘ (l)—l) - n >7

and Fj(x,a,A) and Fj (x,a,A) are as given above.

This section presented classical parameter estimation methods for the proposed distribution.
The MLE involves solving nonlinear equations, which require iterative numerical optimization such
as the Newton—Raphson method, leading to moderate computational complexity. The LSE and
WLSE methods are computationally simpler but may be less efficient. Although more computa-
tionally intensive, Bayesian estimation was also implemented to provide more robust estimates,
particularly for small sample sizes or complex likelihood surfaces.

4 Bayesian estimation

In the Bayesian framework, a probability model is fitted not only using the likelihood function of the

observations but also incorporating prior beliefs about the unknown parameters in the form of prior

distributions. This yields model results based on the combined information from the likelihood and

the prior, summarized in the posterior distribution. For the proposed distribution, the likelihood
function is

n n n Ax; 2

Koot ) = P Ban ] (4 1) emesin(o1)

i=1

(10)

From a strict Bayesian perspective, it is not possible to definitively state that one prior is
more relevant or better than another. Therefore, priors are broadly classified into two categories:
informative and non-informative, each of which may be further subdivided. An informative prior
is used when sufficient information about the parameters is available, meaning complete prior
distributional information, such as conjugate priors or gamma priors, is at hand. Otherwise, a
non-informative prior, which contains little or no prior information about the parameter(s), is
considered (e.g., uniform prior or improper prior). Here, we employ the gamma prior distribution
for our analysis because it offers greater flexibility, respects the positivity constraint, and exhibits
conjugacy-like behavior that facilitates posterior computation. The forms of the priors are

_ qp p—1 o .
ﬂ(a) - F(p) (] exp( qa)’ pP,4q > 07 (11)
and .
N N r—1 _ .
w(A) = ) A" exp(—sA); rs>0, (12)

where (p,q,r,s) are the hyperparameters. Note that if the hyperparameters are set to zero (p =g =
r=1s=0), the gamma prior reduces to a non-informative prior of the form

mo) =, (13)
and |
m(A) =~ (14)

The joint posterior density function of the parameters given the observed random variables X
is obtained as

(o, A |x)o< L(a, A | x) (o) m(A).
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Under the informative prior, the joint posterior density function is formed using equations (10)—
(12)
n n _ n Axj _ 2
R(a, A | x) o 200 I AEL ) TT (R 1) e @(E (1) ),
i=1
Under the non-informative prior, the joint posterior density function is formed using equations (10),
(13), and (14)

n
m(a,A | x) o< 2o A AR T (3“" - 1) e *Lin (eh"‘l)z, (15)

i=1
In the Bayesian framework, a loss function is used to define the statistical risk (error) associated
with parameter estimation. It is a function of the true and estimated values, and the goal is to
select the estimator that minimizes the risk for each parameter. Here, we consider the squared error
loss function (SELF) as a symmetric loss function to facilitate better understanding. The Bayes

estimate under this loss function is the posterior mean, given by

LspLr(0,0) = (0 — ®)2 -

Bayes estimators of any parametric function, say ¢(0®), under SELF are defined as
02.,:(0 | data) = Ex [0(©) | data) o« / 0(®) (O | data)d®.
)

Due to the high-dimensional integration involved in the joint posterior distributions, the expres-
sion for the Bayes estimator cannot be solved analytically. Therefore, we adopt the most popular
Markov Chain Monte Carlo (MCMC) methodology. In this methodology, a sequence of random
samples is generated from the posterior distribution of interest. Here, we use hybrid Gibbs sampling
methods to obtain the Bayes estimates based on the full conditional posterior distributions. Using
thee joint posterior density function given in (15), the expressions for the conditional posterior pdfs
of @ and A can be written as

(o] x,A) o an+p,1e—a(zl’.’:] (glx,’_l)2+q>

)

and .
n n Xi 2
7'C(7L |x,Oc) o An+rflel( I-:lx,-—s) H (ehx,- _ 1) e—a):izl(el :—1) )
i=1
We can directly generate samples from the posterior distribution of a because its conditional

posterior follows a gamma distribution with shape parameter n+ p and rate (or scale) parameter

2 . . L
o (e’b‘i — 1) + q. However, we cannot directly generate samples from the posterior distribution

of A because it does not correspond to any well-known distributional form. Hence, the Metropolis—
Hastings (MH) algorithm is used to produce the posterior samples. The steps of the hybrid Gibbs
sampling approach are as follows:

Step 1. Start with an initial value x* such that h(x*) > 0.
Step 2. Set r =1.

Step 3. Propose a move y with conditional probability density given x*, denoted by g(x*,y) (the
candidate proposal density).
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Step 4. Calculate the Hastings ratio:
h(y) (v, x*)

h(x*) g(x*,y)’

and if g(x*,y) = g(y,x*) (symmetric proposal), the Hastings ratio reduces to

p(*y) =

p(x*,y) = h(x*) :

Step 5. Accept the proposed move y with probability y=min[l,p(x*,y)] and reject with probability
1—17.

Step 6. Repeat Steps 2—4 for t = 10000 iterations and record the sequence of parameter observations.
Finally, obtain the Bayes estimates under SELF.

5 Simulation study

In this section, we present a numerical study to compare the behavior of the different estimation
methods described above. Since closed-form solutions are not available, numerical optimization
techniques are employed for classical estimators, while Bayesian estimates are obtained through
posterior simulation. For this purpose, different combinations of parameter values and various
sample sizes are considered to draw meaningful inferences. Random samples from the proposed
distribution are generated using the inverse CDF method, which involves the following steps:

1. Set n, a, and A.
2. Generate Uy ~U(0,1) for I =1,2,...,n.

3. Compute x = (x,x3,...,%,) using U such that

_ 1
x =F'(U)= 7 108

(H)]

4. Compute the estimates using the generated samples.

We consider sample sizes n = (20,50, 100) and four sets of parameter values:
(a,A)=1{(0.2,0.5),(0.5,1.5),(1,1),(1.5,1.2)}

to evaluate the performance of the estimators. These values are selected to represent increasing,
decreasing, and bathtub-shaped hazard functions. Bayesian estimation is implemented using hybrid
Gibbs sampling and the Metropolis—Hastings algorithm with 10000 iterations, including a burn-in
period of 2000 iterations. All computations are performed using R-4.5.3. The hyperparameters of
the gamma prior are chosen such that the prior means equal the true parameter values and the
prior variances are equal to 1; these estimates (Bayes informative prior) are denoted as “Bayes
IP”. The non-informative prior estimates are denoted as “Bayes NIP”. We obtain the parameter
estimates under classical and Bayesian methods, reporting the average estimates (AV) and mean
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Table 1: AV and MSE of the proposed model for classical and Bayesian estimates with o = 0.2 and

A =0.5.

3 I MLE MPSE LSE WLSE CME Bayes IP Bayes NIP

AV 03669 03705 03830 0.3300 03515  0.2832 0.1809

200 MSE 04402 04650 04717 0.3867 0.4136  0.0211 0.0477

AV 0.2580 0.3429 0.3401 0.2744 0.3052  0.2501 0.1887

a=02 50 yrep 9514 03311 03111 0.1016 0.1779  0.0053 0.0074

oo AV 02271 03062 02768 02365 0.2454  0.1882 0.2126

MSE  0.0640 0.0780 0.1101 0.0595 0.0680  0.0002 0.0008

o0 AV 05874 04308 04671 04804 04908  0.5067 0.5519

MSE  0.1273  0.0551 0.0529 0.0528 0.0557  0.0023 0.0059

F—os 5o AV 05335 04583 04770 04881 04916 0.4692 0.5175

=0. MSE  0.0696 0.0451 0.0476 0.0467 0.0526  0.0016 0.0039

AV 05148 0.4731 04863 0.4947 0.4975  0.4903 0.4915

1000 \sE  0.0558 0.0435 0.0456  0.0465 0.0489  0.0001 0.0002

Table 2: AV and MSE of the proposed model for classical and Bayesian estimates with o = 0.5 and

A=15.

3 n MLE MPSE LSE WLSE COME Bayes IP Bayes NIP

AV 06023 06707 0.6858 0.5669 0.4580  0.5785 0.5820

200 MSE  0.6237  0.6679 0.6780 0.6055 0.6307  0.0248 0.0396

AV 05430 0.5929 0.5877 0.5168 0.4659  0.4486 0.4719

a=05 50 \rep o 05690 05970 0.5837 0.5688  0.5908  0.0095 0.0172

o AV 05200 04823 05463 05045 04905  0.5381 0.4951

MSE 04758 0.5384 0.5682 0.4370 0.5075  0.0033 0.0050

b0 AV 16401 14433 14351 14552 15199 14860 1.3840

MSE 1.0252 0.7076 0.7598 0.7314 0.8281  0.0252 0.0280

t_1s so AV 16031 14673 14330 14596 15141 15497 1.4046

=L MSE 0.8416 0.5783 0.6615 0.6030 0.7072  0.0157 0.0234

AV 15576 1.4925 14544 14948 1.4955  1.4990 1.4618

100 \sE  0.6565 05045 05766 0.5742  0.6017  0.0034 0.0092
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Table 3: AV and MSE of the proposed model for classical and Bayesian estimates with a =1 and
A=1.

P n MLE MPSE LSE WLSE CME BayesIP Bayes NIP
AV 14134 1.3021 0.9073 1.1235 0.9521 0.9242 1.1296
20 MSE 0.6144 0.5981 0.6596 0.5626  0.6286 0.1357 0.1827
AV 1.1459 1.1278 1.1960 1.1129 1.1716 1.0442 1.0863
a=1 5 MSE 0.4195 0.4005 0.5543 0.3531 0.4251 0.0648 0.0139
100 AV 11099 0.9210 1.0563 0.9722 0.9104 1.0012 1.0158
MSE 0.2589 0.2318 0.4303 0.2086 0.3459 0.0131 0.0519
20 AV 1.2231 09109 1.0425 1.0371 1.0997  0.9318 1.1682
MSE 0.4349 0.2228 0.1621 0.1362 0.2174  0.0210 0.0377
A—1 50 AV 1.0743 0.8708 1.0177 1.0257 1.0650 1.0371 1.0601
- MSE 0.1533 0.1403 0.1292 0.0944 0.1366 0.0056 0.0064
AV 1.0377 09121 1.0033 1.0162 1.0409 0.9591 0.9922

1000 MiSE - 0.0760  0.0792  0.0732  0.0575  0.0800  0.0028 0.0046

Table 4: AV and MSE of the proposed model for classical and Bayesian estimates with o = 1.5 and
A=1.2.

P n MLE MPSE LSE WLSE CME BayesIP Bayes NIP
AV 1.6979 1.1828 1.1693 1.2095 1.0294 1.3572 1.3708
20 MSE 0.6917 05852 0.6105 0.5712 0.6401 0.2525 0.3985
AV 1.6211 1.3461 1.3180 1.3397 1.2232 1.4129 1.3758
a=15 50 MSE 0.5796 0.5253 0.5520 0.5267 0.6079  0.1418 0.1728
100 AV 1.5478 1.4653 1.4521 1.4617 1.4466 1.4822 1.4412
MSE 0.4866 0.4398 4.8382 0.4577 0.4768  0.0202 0.0367
20 AV 15947 1.1616 1.3208 1.3114 1.4281 1.1335 1.0945
MSE 0.4278 0.4465 0.3450 0.2964 0.4155 0.0187 0.0297
A—12 50 AV 13246 1.0645 1.2457 1.2431 1.3250 1.1673 1.3005
- MSE 0.2834 0.3005 0.2324 0.2039 0.2548  0.0165 0.0272

AV 12613 1.0861 1.2071 1.2336 1.2651  1.2241 1.2181
1000 MSE 01544 02076 0.1884 0.1437 0.1783  0.0121 0.0201
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squared errors (MSE). For the different parameter combinations with varying n, Tables 1—4 record
the AV and MSE.

From the tables, we observe that the MSEs for a based on WLSE are smaller than those of
the other classical estimators for all sample sizes. MPSE performs better for A when o < 1, while
for a > 1, WLSE performs better compared to other classical estimators in terms of MSE. In
comparison with Bayesian methods, informative prior estimators yield smaller MSEs than other
estimators for both parameters. We also see that the MSEs of classical estimators are larger than
those of Bayesian estimators for all sample sizes and parameter combinations. Overall, the results
indicate that Bayesian estimators consistently exhibit lower MSE compared to classical methods,
particularly for small sample sizes. Among classical methods, MLE performs better than least
squares-based estimators. It can also be observed that as the sample size increases, the difference
in MSE between the two approaches decreases.

6 Real life example

In this section, we demonstrate the application of the proposed model to a real-world dataset. For
this purpose, we consider a dataset representing the tensile strength (measured in GPa) of 69 carbon
fibers tested under tension at a gauge length of 20 mm (Bader and Priest, 1982):

1.312, 1.314, 1.479, 1.552, 1.700, 1.803, 1.861, 1.865, 1.944, 1.958, 1.966, 1.997, 2.006, 2.021, 2.027,
2.055, 2.063, 2.098, 2.140, 2.179, 2.224, 2.240, 2.253, 2.270, 2.272, 2.274, 2.301, 2.301, 2.359, 2.382, 2.382,
2.426, 2.434, 2.435, 2.478, 2.490, 2.511, 2.514, 2.535, 2.554, 2.566, 2.570, 2.586, 2.629, 2.633, 2.642, 2.648,
2.684, 2.697, 2.726, 2.770, 2.773, 2.800, 2.809, 2.818, 2.821, 2.848, 2.880, 2.954, 3.012, 3.067, 3.084, 3.090,
3.096, 3.128, 3.233, 3.433, 3.585, 3.858

A descriptive summary of the considered dataset is presented in Table 5. First, we assess whether
the dataset fits the Ra-Ex-D distribution. For this purpose, we use Akaike’s Information Criterion
(AIC), Bayesian Information Criterion (BIC), the Kolmogorov—Smirnov (K-S) statistic, and the
corresponding p-value. A model with the lowest K-S value and the largest p-value indicates the
best fit. For the proposed model, the values of the log-likelihood (L-L), AIC, BIC, K-S statistic, and
p-value are reported in Table 6. From Table 6, we can readily verify that the Ra-Ex-D distribution
fits the dataset better than the Lindley distribution (LD), Akash distribution (AKD), exponential
distribution (ED), and generalized exponential distribution (GED). Figure 2 displays the histogram
with fitted density, the empirical CDF plot, and the probability—probability (P-P) plot for the con-
sidered dataset. From Figure 2, we conclude that the Ra-Ex-D distribution provides a satisfactory
fit. In certain scenarios, the Ra-Ex-D distribution may be preferred over other distributions for
problem-solving. The estimated parameter values along with their standard deviations (SD) under
different estimators are presented in Table 7.

Table 5: Descriptive summary for the considered dataset.

Minimum Maximum  Q Q2 Q3 Skewness Kurtosis Mean
1.312 3.858 2.098 2478 2.773 0.102 3.2253 2.455
where Q1, Q> and Q3 are the first quartile, median and third quartile, respectively.
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Table 6: Model fitting summary for the considered dataset.

Model MLE L-L AlC BIC K-S p-value
Ra-Ex-D  a=0.0136, A =0.8407 -55.4231 114.8463 119.3145 0.0905 0.6247
LD A =0.6535 -119.3110 240.6220 242.8561 0.4005 <0.001
AKD A =0.9637 -112.2662  226.5324 228.7665 0.3615 <0.001
ED A =0.4073 -130.9789 263.9578 266.1919 0.4477 <0.001

Table 7: Classical and Bayes estimates for the parameters of the proposed model based on the real
dataset.

Estimators MLE MPSE LSE WLSE CME Bayes NIP
Estimate 0.0136 0.0146 0.0158 0.0165 0.0151 0.0211
o SD 0.0118 0.0114 0.0109 0.0111 0.0106 0.0290
Estimate 0.8407 0.9832 1.0801 1.0909 1.1126 0.7212
SD 0.1306 0.1362 0.1598 0.1514 0.1451 0.1558
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Figure 2: Histogram with fitted density, empirical CDF, and P-P plot.
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7 Conclusions

In this paper, we developed a new probability distribution as an extended version of the Rayleigh
distribution, termed the Ra-Ex-D. The main theoretical contribution of this work lies in deriv-
ing explicit mathematical expressions for its probability density function, cumulative distribution
function, survival function, hazard rate function, and several important statistical characteristics,
including moments and related measures. The shapes of the probability density function and hazard
rate function of the proposed distribution are discussed through graphical illustrations.

The inferential framework of the model was developed under both classical and Bayesian paradigms,
allowing for a comprehensive comparison of estimation procedures. The simulation results demon-
strated that the estimators perform satisfactorily, with the mean squared error decreasing as the
sample size increases, thereby confirming the consistency and reliability of the estimation methods.
Overall, the Bayesian estimates are found to be better compared to the classical estimates. Finally,
a real-life data example is provided to illustrate the applicability of the proposed model.
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