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systems engineering, operations research, statistical methods in information theory, and depen-
dence modeling.

On behalf of the editorial board, I would like to express my sincere gratitude to all authors
for their valuable scholarly contributions, to the reviewers for their thoughtful and constructive
evaluations, and to the editorial team for their unwavering dedication and professionalism. The
continued success of SMPS is made possible by the collective efforts of this dynamic community
of researchers and practitioners who share a common goal: advancing the field of stochastic
modeling and statistical reliability analysis.

Finally, I warmly invite readers and contributors around the world to support SMPS by submit-
ting original research, citing published work, and sharing new ideas that help shape and expand
the journal’s vision.

Jafar Ahmadi
Editor-in-Chief
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A Monte Carlo simulation study of goodness-of-fit
tests for Weibull distribution based on the empirical
distribution function

S.Q. Alavi, H. Alizadeh Noughabi*, S. Jomhoori

Department of Statistics, University of Birjand, Birjand, Iran
Email(s): s.q.alavi@birjand.ac.ir, alizadehhadi@birjand.ac.ir, sjomhoori@birjand.ac.ir

Abstract. The Weibull distribution is widely used in reliability as a model for time to failure. In
this paper, we investigate goodness-of-fit tests based on the empirical distribution function and
apply them to test the validity of the Weibull model. We use the maximum likelihood estimator
to estimate the scale and shape parameters of the distribution. A Monte Carlo simulation study
is employed to determine the critical values and the actual size of the considered tests. The
power values of the tests are computed and compared with each other. A real data example is
used to illustrate the proposed tests.

Keywords: Empirical distribution function; Goodness-of-fit; Maximum likelihood estimates; Monte Carlo
simulation; Test power; Weibull distribution.

1 Introduction

In the process of statistically analyzing lifetime data, the goodness-of-fit (GOF') test procedure
is important to choose a distribution that adequately fits the data. The classical GOF tests are
usually based on graphical analysis, moment such as skewness or kurtosis, chi-squared type, the
empirical distribution function, or regression, and correlation; see Kim (2017).

Many authors have extensively studied the GOF technique, which was introduced by Karl
Pearson in 1900. Those interested in a comprehensive understanding of this topic may refer to
the books by D’Agostino and Stephens (1986).

There are several GOF tests based on the empirical distribution function, which are com-
mon and sophisticated, namely Cramer-von Mises (W?), Kolmogorov-Smirnov (D), Kuiper (V),
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Watson (U?) and Anderson-Darling (A?). For details, see D’Agostino and Stephens (1986). Fur-
thermore, some different GOF tests are developed by researchers for various distributions; see
for example, Chandra et al. (1981); Kim (2017); Krit (2014); Littell et al. (1979); Mann et al.
(1973), and Alizadeh Noughabi and Shafaei Noughabi (2024).

Three GOF tests, which are based on the empirical distribution function, are introduced by
Zhang (2002). Compared with previous competing tests to fit the normal distribution, the new
tests have higher power than the classic ones. Recently, Torabi et al. (2016) investigated the
new GOF test for normality based on the empirical distribution function, which proved to be
effective and powerful for some alternatives. Furthermore, Torabi et al. (2018) considered a test
for the exponential distribution utilizing the same test statistic in another study.

The Weibull statistical model, which was suggested by Waloddi Weibull in 1939, is one of
the best statistical models in the field of reliability. Its density function is

flsn,B)= f, <;>Blexr> (— <;>ﬁ> , x>0,17>0,8>0.

It is used in many fields such as geology, chemistry, physics, medicine, environmental science,
economics, geography, and engineering. See, for instance, Ghazanfari Rad and Riazi (2023);
Jung and Schindler (2017) for analysis of wind speed, Garca et al. (2020) for radar square-law
detection, and Klakattawi (2022) for survival analysis of cancer patients.

The aim of this paper is to compare a wide representative selection of classical and recent
tests to fit the Weibull distribution. The methods, proposed by Zhang (2002) and Torabi et al.
(2016) are used to construct new tests of fit for Weibull distribution.

The rest of the paper is classified as follows. In Section 2, we consider test statistics based
on the empirical distribution function and apply them to the Weibull distribution. In Section
3, the critical points and the actual sizes of the tests are obtained by Monte Carlo simulations.
The power values of the tests are compared with each other. Section 4 contains applications of
the tests in real examples. Finally, the conclusion is discussed in section 5.

2 The test statistics

Let Xi,...,X, be n independent and identically distributed random variables from a continuous
distribution F, with order statistics X(i),...,X(,). The hypothesis of interest is

Hy:F(x) = Fo(x;m,B), forall x>0,
H,:F(x) # Fo(x;n,B), for some x>0, (1)

where 1, and f are unknown parameters and

B
FO(x’n7B):lexp<(;;) )7 )CZO, 77>07 B>O7

is the cumulative distribution function (CDF) of Weibull random variable, dented by W(n, ).
To estimate the unknown parameters, the maximum likelihood method (MLE) is used, and the
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MLESs are the solution of the following equations:

L
ﬁ)l

)

n A

%Z{X"ﬁn
n - n Y A”
£+ Yl — 5 Y Xl =0,

i=1 Z Xiﬁn i=1
i=1

A

Mn =

2.1 Traditional tests

The existing tests for (1) that are commonly employed in practice, are briefly explained in the
following:

o Von Mises (1931) statistic (W?)

+oo
W2 = n / [F(x) — Fo(x)> dFo (x),

—o0

1 & /2i—1 a0
_ 12+z< L h (xgnB) )

1

« Watson (1961) statistic (U?)
U? =W?—n(U —0.5)?,

o The Kolmogorov (1933) statistic
D = max (D+,D_) ,
where
+ L _ A R
DT = Elgl?gxn{n Ky (X(l),rlaﬁ)}7
D~ Fo (Xi:7.8) -1
= max NS — .

1<ion 0 (1)’117 n

o The Kuiper (1960) statistic

V=D"+D".

o The Anderson and Darling (1954) statistic

n

A= 1y @ic {inFy (Xe:A.8) +1n [1=Fo (X i050,8) |}

ni3
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2.2 Tests based on Zhang (2002)

Considering the problem of testing (1), we describe two tests based on the empirical distribution
function, suggested by Zhang (2002). In short, the approach of Zhang (2002) for the Weibull
distribution is described as follows. Let

H, :F([) :Fo(t;nuﬁ)a
and let H, : F(t) # Fy(t;m, ). Hence,

R ¥ ﬂ H, and J4 = U H,.
1€(0,00) 1€(0,00)

According to Zhang (2002), testing 7% versus 44, is equivalent to testing H; versus H;, for every
t € (0,00).

Having a binary random sample, X;; = I(X; <t),i =1,2,...,n, where P(X;; = 1) = F(t) and
P(X; =0)=1—F(t), Z is a test statistic to testing H, versus H;, for each fixed r € (0,) and the
large values of Z, rejects H,. In view of Zhang (2002), two test statistics for testing .7 verses
J4, are given by

~+o0
Z= Zidw(t) and Zmax = sup [Zw(t)], (2)
—oo te(O,DO)

where w(r) is some weight function and the null hypothesis will be rejected for large values of
Z or Zmax- Two well-known test statistics, namely, the Pearson’s chi-squared statistic and the
likelihood ratio test statistic are used as Z; by Zhang (2002), which are, respectively,

2 B0 RO
" RO R0)

and

G? =2n {Fn(t)log Ealt) /10 }

Folt) +[1—F,(t)]log TR0

where F,(t) is the empirical distribution function of the sample.

Using x? as Z; in (2), with different choices of weight functions results in traditional GOF
tests, for example, substituting dw (t) = n~'Fy(t)[1 — Fy(t)|dFy(t) and wy(t) = Fy(t) in the first of
equations (2) generates Cramer—von Mises and Anderson—Darling statistics, respectively, as well
as w3(t) = n ' Fy(t)[1 — Fy(t)], in the second which results in the famous Kolmogorov—Smirnov
statistic.

Put F,(X(;)) = 205 " and select wy(r) = 1, dws(t) = Fo(t) " '[1 — (1)) 'dFy(t) and dwe(r) =

n

Fy(1) ' [1=F,(1)]"'dF,(r) as weight functions. Then G? as Z; produces the following test statistics
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for the Weibull distribution, respectively,

7. - _an IOgF() ),f] ﬁ)_’_log[l_FO(thﬁaB)}
AT n—i+0.5 i—0.5 ’

! Fo(Xu:f1,B) "' =1 ’
Ze = ,.;(log{(n—0.5)/(i—o.75)—1}> ’
Z, = 1n<1?<xn<(i_0'5)10g<rz}70(i}((§)‘?7[§)>

n—i+0.5
n—i+0.5)1 6)) [ )
=it )Og{n(l—FO(X(i);ﬁ’ﬁ))}>

where f) and ﬁ are the MLEs. Clearly, the null hypothesis 75 will be rejected for large values
of ZA, Zc, and Zk.

2.3 Tests based on Torabi et al. (2016)
Recently, Torabi et al. (2016) defined the following discrepancy measure,
tee 1 —|—F()(x) 14 F()(x)
D(Fy,F) = ———= |dF(x)=E ———= |dF
(Fo, F) /_w h<1+F(x) dF () =Er M T ) 9F 0|

where Fy and F are the CDF of two absolutely continuous random variables, Er[-] is the expec-
tation under F and h: (0,%) — R™ is a continuous function, decreasing on (0,1) and increasing
on (1,e0) with an absolute minimum at x = 1 such that A(1) =0.

Torabi et al. (2016) used this measure as a criterion of GOF, to a given distribution Fy. It
is obvious that D(F, Fy) can be estimated by

H,=D(Fy,F,) = ih(lti/n)))

In addition, we construct a test statistic for Weibull distribution based on H, as follows:

1 & <1+F0(X(i)§ﬁ73)>

ZZ 1+i/n

i=1

where Fy(x;n,B) is a Weibull CDF. Obviously, the null hypothesis will be rejected for large
values of H,. The following two functions suggested by Torabi et al. (2016), are considered for
h,

hi(x) = xlog(x)—x+1,
N2
hax) = <i+i) '
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The corresponding test statistics are

0 1+F (X::7,B
w_1 ( (® ) _
H) *n;:l:h’( i . k=1,2.

Not that &y : [0,00) — R,k = 1,2 are nonnegative functions, for which the absolute minimum

isx=1, since (1) =0,k =1,2. Under J%), we expect that F,(x) ~ Fy(x), and hence < i’;ﬂlg;) ~

0. So, H, is approximately zero as .74 is true. Therefore, we reject Hy for large values of H,,.
We have the following result for all x > 0 from (Torabi et al., 2016, Proposition 2.3):

Corollary 1.

o (hw) smestrmman = {1 47

From transformed data, H,Ek) is the mean of h(-), which for k =1,2, is obtained as:
supp(HV) = [0,0.38629], supp(H\*) =[0,0.11111].

Proposition 1. Let Fy be an arbitrary continuous CDF in H,. Then under the assumption that
the observed sample has CDF Fy, the test based on H, is consistent.

Proof. Based on the Glivenko—Cantelli theorem, for n large enough, we have F,(x) ~ Fi(x), for
all x € R. Therefore,

*ih 1+F0(X(i);ﬁ,ﬁ> zlih 1+F0( 777/3)
n 1+Fn(X(i)> ni= l—l—F( )

1 ¢ 14+ Fy Xl,n ﬁ 1 14+ Fy Xl,T] ﬁ)
nz‘;h< 1+F (X)) ) Zh( 1+F (X)) )

h<1+FO(Xi§ﬁaﬁ)>

—>EF1 :D(Fo,Fl),asn—>oo.

1+ F (X))

Note that the convergence is valid according to the law of large numbers, and the divergence
between Fy and Fy is measured by D(Fp,F]). Therefore, the test based on H, is consistent by
Torabi et al. (2016). O

Theorem 1. The considered test statistics are invariant under the power transformations G =
{8c: gc(x) =x}.

Proof. Tt is enough to show that T (X¢) =T (X). Let ¥ = X¢. Then
F(y) = PY<y)=P(X°<y)= P(ng% — Fy y%>7
1 ﬁ ’B
— 1_ [ o Yl B
= 1 exp[ ( ) =1 exp[ Tlﬁ} W(”’c)’
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We have

B. A\ B
=1—exp {—(xi[})} =1—exp [— (icl) = Fy (x;).
Nx N

Consequently, T (X¢) =T (X), and all test statistics based on the empirical distribution func-
tion are invariant. O

3 Simulation study

A thorough analysis of all the proposed GOF tests has been made using Monte Carlo simulation.

3.1 Critical values and type I error

Firstly, we discuss the critical values and the actual sizes of the considered tests. We can reject
the null hypothesis Hy at significance level «, if the value of the test statistic is greater than
C(o). The critical value C(a) is calculated from the (1 — ot)-quantile of the distribution of the
test statistic under Hy.

We cannot analyze analytically the distribution of the test statistics W2, U?, D, V,A?, Zy,
Ze, 7y, H,El), H,(,z) under the null hypothesis. Therefore, the Monte Carlo method is used to calcu-
late the critical value of the test statistics. For each test statistic W2, U2, D, V, A%, Zu, Z., Z, H,sl),
H,Ez), 100,000 simulated random samples of size n are calculated from the Weibull distribution
with parameters 1 and 1.

Since o = 0.05 = 5000/100000, the 5000th order statistic is assessed to determine C(o). The
(2)

critical values obtained for the statistics W? — H,” and sample sizes 10 < n < 100 are given in
Table 1.

Secondly, the type I error control using the 0.05 percentile is considered in Table 2. We find
the values of type I error around 5% and therefore, these values are acceptable.

3.2 Power study

For power comparison, we consider the following alternatives. These alternatives have different
hazard rate: increasing hazard rate (IHR), decreasing hazard rate (DHR), bathtub shaped
hazard rate (BT), and upside-down hazard rate (UBT). The usual distributions are Gamma
4, Lognormal .Z./, Inverse-Gamma #¥, and Inverse-Gaussian .#.%. Some distributions with
CDF F(x) are as follows:

« Exponentiated Weibull distribution (Mudholkar and Srivastava 1993) &#(6,n,8)

F(x) = [1 —e—<x/">"r, 6,1, > 0.
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Table 1: Critical values of the test statistics at level ¢ = 0.05.

n W2 U? D v A2 Za Z Z HV Y

10 0.1945 0.1884 0.2606 0.4373 0.7243 13.8336 7.0158 1.0934 0.003136 0.003136
20 0.2007 0.1945 0.1892 0.3181 0.7386 17.6030 9.4311 1.4670 0.001532 0.000794
30 0.2035 0.1973 0.1566 0.2641 0.7494 19.9790 10.9320 1.6911 0.001016 0.000518
40 0.2042 0.1976 0.1367 0.2301 0.7519 21.7873 12.0246 1.8413 0.000755 0.000385
50 0.2048 0.1989 0.1228 0.2073 0.7499 23.1606 12.7047 1.9436 0.000604 0.000307
60 0.2050 0.1988 0.1120 0.1894 0.7484 24.3338 13.3967 2.0456 0.000502 0.000257
70 0.2052 0.1991 0.1044 0.1761 0.7503 25.3784 13.9913 2.1279 0.000429 0.000217
80 0.2054 0.1995 0.0976 0.1649 0.7535 26.2529 14.5114 2.2006 0.000379 0.000190
90 0.2056 0.1995 0.0923 0.1558 0.7552 27.0854 14.9487 2.2666 0.000334 0.000169
1000.2059 0.1996 0.0875 0.1480 0.7536 27.7776 15.2821 2.3113 0.000301 0.000152

Table 2: The actual size of the tests.

Wn,B) n W2 U2 D % A2 Za Z. Z aY g
W(1,05) 10 0.0504 0.0502 0.0497 0.0492 0.0500 0.0507 0.0501 0.0501 0.0494 0.0501
W(1,0.5) 20 0.0511 0.0514 0.0516 0.0525 0.0516 0.0501 0.0511 0.0499 0.0499 0.0498
W(1,0.5) 30 0.0491 0.0490 0.0499 0.0499 0.0487 0.0488 0.0502 0.0481 0.0500 0.0500
W(1,0.5) 40 0.0495 0.0507 0.0484 0.0500 0.0494 0.0494 0.0498 0.0485 0.0502 0.0509
W(1,0.5) 50 0.0490 0.0484 0.0489 0.0485 0.0499 0.0498 0.0510 0.0504 0.0498 0.0487

w(l,1) 10 0.0509 0.0511 0.0510 0.0516 0.0518 0.0501 0.0521 0.0528 0.0494 0.0491
20 0.0512 0.0511 0.0513 0.0511 0.0515 0.0503 0.0508 0.0499 0.0515 0.0516
30 0.0507 0.0505 0.0496 0.0494 0.0496 0.0494 0.0497 0.0493 0.0492 0.0486
40 0.0495 0.0499 0.0496 0.0495 0.0498 0.0501 0.0507 0.0492 0.0503 0.0490
50 0.0501 0.0497 0.0492 0.0503 0.0508 0.0516 0.0504 0.0513 0.0484 0.0500
10 0.0523 0.0519 0.0521 0.0515 0.0529 0.0496 0.0519 0.0535 0.0500 0.0488
20 0.0512 0.0514 0.0518 0.0504 0.0505 0.0489 0.0499 0.0494 0.0511 0.0501
30 0.0485 0.0481 0.0492 0.0489 0.0491 0.0509 0.0498 0.0506 0.0494 0.0503
40 0.0498 0.0505 0.0497 0.0499 0.0499 0.0500 0.0518 0.0498 0.0507 0.0481
50 0.0504 0.0502 0.0497 0.0509 0.0507 0.0509 0.0506 0.0521 0.0487 0.0514
10 0.0512 0.0503 0.0511 0.0504 0.0512 0.0506 0.0521 0.0521 0.0498 0.0502
20 0.0503 0.0508 0.0503 0.0511 0.0499 0.0495 0.0498 0.0486 0.0513 0.0503
30 0.0487 0.0481 0.0490 0.0491 0.0492 0.0514 0.0511 0.0506 0.0507 0.0492
40 0.0499 0.0501 0.0498 0.0496 0.0495 0.0501 0.0508 0.0488 0.0501 0.0493
50 0.0515 0.0511 0.0511 0.0522 0.0519 0.0507 0.0507 0.0515 0.0482 0.0499

AR R RRLOLORODNN — — — —

e e e e N N N i N e NN
e b b bk ke ek
— O S e e N N N N e N

o Generalized Gamma distribution (Stacy 1962) 99 (x,n,B)
1
- B
F(x) F(k)7<kv(x/n) )7 kvn)ﬁ>0)

where ¥(s,x) :/ v le vy,
0
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o Distribution I of Dhillon (1981) 21(B,b) with CDF:

{emx)",l]’ b.B >0,

F(x)=1—e
o Distribution II of Dhillon (1981) 22(A,b) with CDF:
F(x)=1—e M@0 3 5 0 p>0.
« Hjorth (1980) distribution (B, 8,8) with CDF:

5)(2

(1 ﬁ (1+Bx)?/P’

o Chen (2000) distribution € (A, ) with CDF:

Fx)=1- B.5,0>0.

F(x)=1 —e)L(lfeXB), A.B>0.

In short, the alternative distributions are categorized by the shape of their hazard rate in Table
3.

Table 3: Alternative distributions.

HR 9(2)=9(2,1) 93)=9(3,1) EW1=EW(65,20,6)

UBT Z.4(0.8)=.2.4(0,0.8) f%(3)—ﬂ€€( 1) EWA=EW(4,12,0.6)
I7025) = .7.7(1,025) S.7(4 Z(1,4)

DHR 9(0.2)=%(0.2,1) 57/2 é"“//( 1,0.01,0.095) #(0) = #(0,1,1)
22(2) = 22(1,0)

BT &#3=6w(0.1,100,5)  991=%%(0.1,1,4) 992 =9%(02,1,3)
€(0.4) =€(2,0.4) 21(0.8) = 21(1,0.8)

Monte Carlo simulation is used to calculate the power of the tests W2, D, V, U%, A%, Zs, Z., Z,
H,(,l), H,EZ). This process is done 100000 times for samples 10,20, and 50. The power of the
corresponding test was estimated by the frequency of the event the test statistics is larger than
the critical point. The power of tests is presented in Tables 4-6. The maximal power is shown
in bold type for each alternative.

Tables 4—6 show that there is no single test can be considered as the best against all alterna-
tives. Nevertheless, when considering most alternatives, the tests U2, Z4, and Z, statistics have
the most power.

In addition, one notable aspect is that the effectiveness of the tests is closely connected
to the pattern of the hazard rate in the simulated distribution. The patterns seem to exhibit
similar behavior for the DHR and BT hazard rates for large sizes of n, as well as for the IHR
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Table 4: Power results of the tests for n = 10.

Alternative W2 U2 D % A2 Za Z. 7 Y P
THR

4(2) 0.0538 0.0554 0.0531 0.0550 0.0493 0.0261 0.0495 0.0478 0.0503 0.0496
9(3) 0.0599 0.0616 0.0575 0.0606 0.0534 0.0179 0.0546  0.0493 0.0511 0.0514
EW1 0.0809 0.0824 0.0738 0.0787 0.0719 0.0085 0.0779  0.0602 0.0502 0.0496
22(2) 0.0664 0.0672 0.0620 0.0657 0.0619 0.0284 0.0664 0.0566 0.0509 0.0500
UBT

ZA0.8) 01110 0.1120 0.0959 0.1038 0.1004 0.0036 0.1139 0.0806 0.0502 0.0494
TG (3) 0.2187 0.2170  0.1747 0.1998 0.2072 0.0008 0.2383 0.1582 0.0496 0.0506
EWA 0.0563 0.0538 0.0571 0.0527 0.0626 0.0812 0.0645 0.0653 0.0515 0.0504
S.7(025)  0.1835 0.1826  0.1496 0.1690 0.1705 0.0005 0.1961 0.1289 0.0513 0.0488
.5 (4) 0.1112 0.1116 0.0961 0.1036 0.1006 0.0029 0.1131 0.0790 0.0504 0.0483
DHR

4(0.2) 0.0982 0.0882  0.0930 0.0800 0.1208 0.1533 0.1226  0.1196 0.0512 0.0503
EW? 0.0516 0.0516 0.0522 0.0513 0.0524 0.0520 0.0516 0.0529 0.0503 0.0490
H(0) 0.0509 0.0508 0.0511 0.0518 0.0513 0.0486 0.0511 0.0520 0.0503 0.0505
22(0) 0.1488 0.1484 0.1238 0.1370 0.1393 0.0097 0.1562 0.1098 0.0507 0.0511
BT

EW3 0.0806 0.0812 0.0703 0.0779 0.0720 0.0085 0.0752  0.0587 0.0500 0.0480
941 0.1307 0.1161  0.1202 0.1017 0.1615 0.1834 0.1608 0.1539 0.0504 0.0506
99(2) 0.0979 0.0876  0.0926 0.0780 0.1195 0.1530 0.1218 0.1175 0.0503 0.0492
%(0.4) 0.0582 0.0549  0.0594 0.0539 0.0659 0.0840 0.0654 0.0687 0.0517 0.0482

21(0.8) 0.0685 0.0621  0.0678 0.0595 0.0800 0.1087 0.0832 0.0841 0.0512 0.0514

and UBT hazard rates, with a few exceptions.The powerful tests for against different hazard
rate are shown in Table 7. In the subsequent analysis, we evaluate the GOF tests within each
specific group. The powerful tests for all shape of hazard rates are the test statistics Z4 and Z,.

4 Application to real data sets

In this section, we present the application of GOF tests on industrial data to fit with Weibull
distribution. We consider two teal data examples as follows.

Example 1. Datsiou and Overend (2018) considered the concerns glass surface strength data,
and the number of data is n = 18. The data are

24.12, 32.98, 39.71, 24.13, 35.91, 49.10, 28.52, 35.92, 52.43, 29.18, 36.38, 52.46, 29.67, 37.60,
52.61, 30.48, 37.70, 61.72.

Example 2. The second data set is the waiting time of n = 100 bank customers using by Ghitany
et al. (2007). The date are

0.8, 0.8, 1.3, 1.5, 1.8, 1.9, 1.9, 2.1, 2.6, 2.7, 2.9, 3.1, 3.2, 3.3, 3.5, 3.6, 4, 4.1, 4.2, 4.2, 4.3, 4.3,
4.4,44,4.6,4.7, 4.7, 438, 4.9, 4.9, 5.0, 5.3, 5.5, 5.7, 5.7, 6.1, 6.2, 6.2, 6.2, 6.3, 6.7, 6.9, 7.1, 7.1,
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Table 5: Power results of the tests for n = 20.

Alternative W2 U2 D v A2 Za Z. Z 1Y P
THR

9(2) 0.0625 0.0634 0.0581 0.0610 0.0590 0.0179 0.0621 0.0488 0.0487 0.0516
4(3) 0.0770  0.0775  0.0670 0.0722 0.0729 0.0093 0.0817 0.0590 0.0489 0.0521
EW1 0.1208  0.1284 0.1055 0.1143 0.1308 0.0024 0.1582 0.1024 0.0498 0.0499
722(2) 0.0805  0.0903 0.0755 0.0833 0.0893 0.0217 0.1049 0.0732 0.0509 0.0517
UBT

ZA(0.8) 02084 02034 0.1610 0.1791 0.2167 0.0003 0.2636 0.1731 0.0512 0.0511
I9(3) 0.4645 0.4526  0.3525 0.4142 0.4877 0.0000 0.5623 0.4301 0.0489 0.0509
EWA 0.0627 0.0582  0.0614 0.0551 0.0717 0.1028 0.0776 0.0751 0.0499 0.0522
S.7(025) 03930 0.3787 0.2878 0.3421 0.4147 0.0000 0.4976 0.3698 0.0486 0.0503
.7 (4) 0.2091  0.2025 0.1604 0.1795 0.2179 0.0002 0.2691 0.1760 0.0510 0.0511
DHR

4(0.2) 0.1641 0.1412  0.1411 0.1155 0.2006 0.2264 0.2128 0.1824 0.0502 0.0501
EW?2 0.0499  0.0495 0.0484 0.0495 0.0500 0.0556 0.0510 0.0496 0.0504 0.0515
H(0) 0.0500  0.0500  0.0495 0.0495 0.0504 0.0506 0.0518 0.0496 0.0501 0.0506
22(0) 0.29086  0.2951  0.2300 0.2642 0.3077 0.0035 0.3446 0.2458 0.0507 0.0497
BT

EW3 0.1306 0.1289  0.1055 0.1147 0.1328 0.0024 0.1563 0.1018 0.0484 0.0492
991 0.2376  0.2064 0.1966 0.1661 0.2927 0.2755 0.3031 0.2448 0.0485 0.0512
99 (2) 0.1639  0.1408  0.1406 0.1149 0.2016 0.2270 0.2134 0.1825 0.0489 0.0517
%(0.4) 0.0671  0.0619  0.0635 0.0579 0.0764 0.1068 0.0804 0.0771 0.0503 0.0507

21(0.8) 0.0904 0.0797 0.0834 0.0703 0.1076 0.1513 0.1193 0.1083 0.0500 0.0509

7.1, 7.1, 74, 7.6, 7.7, 8, 8.2, 8.6, 8.6, 8.6, 8.8, 8.8, 8.9, 8.9, 9.5, 9.6, 9.7, 9.8, 10.7, 10.9, 11.0,
11.0, 11.1, 11.2, 11.2, 11.5, 11.9, 12.4, 12.5, 12.9, 13.0, 13.1, 13.3, 13.6, 13.7, 13.9, 14.1, 15.4,
15.4, 17.3, 17.3, 18.1, 18.2, 18.4, 18.9, 19.0, 19.9, 20.6, 21.3, 21.4, 21.9, 23, 27, 31.6, 33.1, 38.5.

Figure 1 shows the empirical distribution function of the considered data set of glass and
the waiting time of bank customers, respectively. We apply the GOF test for the above data
examples. The values of each test statistics are computed and then compared with corresponding
critical value at significance level 0.05. The results are shown in Table 8.

The results of Table 8 show that the value of each test statistic is smaller than the corre-
sponding critical value. Therefore, the Weibull hypothesis is not rejected at the significance
level of 0.05. Hence, we can infer that the probability distribution of these data sets are Weibull
distribution.

5 Conclusion

In this paper, we evaluated the empirical distribution function-based GOF tests for the Weibull
distribution and showed that the considered tests have a good performance. Critical points of
the test statistics have been computed, and then the actual sizes of the considered test have
been obtained. Through Monte Carlo simulations, we have carried out an extensive power study
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Table 6: Power results of the tests for n = 50.

Alternative W2 U? D v A2 Za 7 Z Y P
THR

9(2) 0.0849  0.0833 0.0748 0.0764 0.0875 0.0106 0.1014 0.0765 0.0498 0.0487
4(3) 0.1256  0.1208 0.1043 0.1071 0.1347 0.0035 0.1618 0.1177 0.0495 0.0481
EW1 0.2858  0.2702 0.2108 0.2317 0.3225 0.0001 0.3920 0.2902 0.0497 0.0483
22(2) 0.1609  0.1600 0.1227 0.1409 0.1781 0.0125 0.2134 0.1484 0.0509 0.0488
UBT

ZLA(08) 04981 04739 0.3698 0.4240 0.5608 0.0000 0.6539 0.5373 0.0486 0.0487
I9(3) 0.8822  0.8661 0.7625 0.8418 0.9184 0.0000 0.9559 0.9226 0.0505 0.0501
EW4 0.0841  0.0758 0.0778 0.0676 0.0974 0.1360 0.1052 0.1010 0.0518 0.0482

J7(0.25)  0.8396 0.8127 0.6825 0.7908 0.8951 0.0000 0.9558 0.9285 0.0511 0.0489
SIS (4) 0.5030 0.4730 0.3705 0.4258 0.5690 0.0000 0.6766 0.5656 0.0495 0.0488
DHR

%(0.2) 0.3848 0.3315 0.3097 0.2606 0.4626 0.3573 0.4846 0.3825 0.0493 0.0477
EW?2 0.0523  0.0521 0.0515 0.0510 0.0534 0.0564 0.0524 0.0518 0.0499 0.0495
H(0) 0.0504 0.0505 0.0498 0.0496 0.0505 0.0494 0.0515 0.0496 0.0494 0.0488
22(0) 0.6509 0.6404 0.5292 0.5918 0.6910 0.0005 0.7194 0.6150 0.0508 0.0486
BT

EW3 0.2891 0.2743 0.2162 0.2360 0.3264 0.0002 0.3944 0.2917 0.0500 0.0486
Y91 0.5773  0.5131 0.4608 0.4144 0.6791 04378 0.7136 0.5694 0.0512 0.0484
99(2) 0.3867  0.3322 0.3106 0.2618 0.4662 0.3590 0.4876 0.3847 0.0499 0.0482
€¢(0.4) 0.1023  0.0921 0.0917 0.0809 0.1220 0.1436 0.1267 0.1150 0.0512 0.0470

21(0.8) 0.1708 0.1458 0.1449 0.1191 0.2089 0.2210 0.2231 0.1891 0.0490 0.0489

Table 7: The powerful test statistics in various shape of hazard rate.
THR UBT DHR BT
U’&Z. Z.&Zy Zp, Ze &7 Zpa&Z,

on the considered tests. It is shown that some of the tests outperform in most cases all other
tests. Finally, we have used a real data set and have illustrated how the considered test can be
applied to test the GOF for the Weibull distribution when a random sample is available.
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Abstract. Copula theory is essentially based on the use of multivariate functions, commonly
called copulas. These functions provide a versatile toolset for capturing a broad spectrum of
dependence structures, highlighting their indispensability in a multitude of applied domains.
However, in light of the evolving complexities inherent in real-world data, there is a growing de-
mand for pioneering copula constructions. In this paper, our main goal is to increase the field of
variable-power copulas by introducing an innovative Farlie-Gumbel-Morgenstern (FGM)-type
power copula. It is distinguished by a unique one-parameter formulation that recovers the in-
dependence copula. In the main part, we establish its mathematical validity, which is based
on differentiation techniques, appropriate factorizations, and two complementary logarithmic
inequalities. Then we provide a comprehensive exploration of its modeling properties, with a
focus on its negative dependence through the beta medial correlation, rho of Spearman and tau
of Kendall. The corresponding copula data generation is examined with different values of the
parameter. A new bivariate normal distribution is also derived, and its shapes are discussed.
Finally, the minimum and maximum of two random variables connected through the proposed
copula are examined from a distributional viewpoint. Our findings contribute to the advance-
ment of copula theory, thereby enhancing its practical utility across a wide range of disciplines.

Keywords: Bivariate distributions; Bivariate plots; Copula approach; Correlation measures; Data genera-
tion; Dependence model; Inequalities.

1 Introduction

Copula theory, first introduced by Sklar (1959), has transformed into an indispensable tool for
analyzing multivariate data and characterizing the interrelationships among random variables.
This theory is based on copulas, which are pivotal multivariate functions enabling the separation

*Corresponding author
Received: 11 October 2023 / Accepted: 4 February 2024
DOI: 10.22067/smps.2024.45178

© 2024 Ferdowsi University of Mashhad https://smps.um.ac.ir

17



18 Chesneau, C.

of marginal distributions from the underlying dependence structure. This separation empowers
practitioners to independently model and estimate joint distributions, making copulas highly
adaptable and applicable in various domains such as finance (as discussed in Joe 2015), insurance
(as studied in Embrechts et al. 2001), and environmental sciences (as detailed in Becherini et al.
2013), among many others. For a comprehensive examination of the theoretical and practical
aspects of copulas, we recommend consulting Nelsen (2006) and Durante and Sempi (2016).
Recent advancements are documented in Susam (2020a), Susam (2020b), Chesneau (2022),
Chesneau (2023), Chesneau (2021b), Michimae and Emura (2022), Shih et al. (2002), El Ktaibi
et al. (2022), and Yeh et al. (2023). These references collectively provide a solid foundation for
better understanding and applying copula theory.

In the current context, there is a growing demand for the development of new copula construc-
tions, driven by several compelling factors. First, existing copula families often have limitations
in capturing the complexities of dependence structures marked by asymmetric behavior of tails
or outliers, which are prevalent in various domains. Second, real-world data often exhibit com-
plex, nonlinear, or nonmonotonic dependence patterns that traditional copula models struggle
to accurately represent. Finally, the rise of high-dimensional datasets requires copula models
capable of efficiently adapting to large dependence structures.

The development of innovative copula families to overcome these limitations is thus of
paramount importance. A recent contribution to the subject is the variable-power copula family,
briefly presented below. In the bivariate setting, a variable-power copula is characterized by the
following general expression:

G(x,y) = xPEyQ0) - (x y) € [0, 1]2 (1)

Here, P(x,y) and Q(x,y) are bivariate functions that adhere to specific conditions while satisfying
the following requirements: G(0,0) =0, G(0,1) =0, G(1,0) =0, and G(1,1) = 1. It is evident that
when P(x,y) = Q(x,y) = 1, the result is the independence copula, that is, G(x,y) = xy = II(x,y).
The investigation of scenarios, where P(x,y) =1 and Q(x,y) is a function exclusively dependent
on x, was explored in Chesneau (2023). This exploration led to the discovery of several new
bivariate copulas with varying power, providing new insights into dependence patterns that
extend beyond the conventional framework.

On the other hand, the Farlie-Gumbel-Morgenstern (FGM) copula can be considered as a
cornerstone of copula theory. Indeed, it has received considerable attention in recent research
due to its versatility in modeling multivariate dependence structure. This widespread inter-
est has stimulated innovative developments in our understanding and use of copulas. From a
mathematical point of view, the FGM copula is defined by the following expression:

G"M(x,y) =xy[l+a(l-x)(1—-y)], (x,y)€[0,1]%,

with a € [—1,1]. The primary advantage of the FGM copula lies in its simplicity, ease of manip-
ulation, and its capacity to capture both negative and positive dependences. However, it does
have limitations, notably its restricted ability to represent diverse copula density shapes and
its moderate degree of dependence. Recent research efforts have been devoted to improving its
flexibility by introducing modifications and extensions, thereby providing more robust tools for
risk assessment, financial modeling, and various other applications. Notably, several articles,
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such as Morgenstern (1956), Celebioglu (1997), Bairamov et al. (2001), Rodriguez-Lallena and
Ubeda-Flores (2004), Domma and Giordano (2012), Mirhosseini et al. (2015), Bairamov and
Kotz (2002), Amini et al. (2011), and Chesneau (2021a), have contributed by introducing var-
ious modified versions of the FGM copula. These advancements are continually expanding the
horizons of copula theory and its practical applications across diverse fields.

In this article, we introduce an innovative copula expression that merges the fundamen-
tal principles of variable-power and FGM copulas. Specifically, by selecting P(x,y) = Q(x,y) =
G"M(x,y)/(xy) in (1), our proposed copula exhibits the following distinctive expression:

Glx,y) = 27N TEEN0 (e y) € [0, 12,
which can also be represented in a more concise manner as follows:
Glx,y) = () 0909 (2 y) € [0,1%

It is worth noting that, at this stage, the parameter a remains undetermined, with the exception
of the trivial case where a = 0 giving the independence copula. The proposed copula stands
out primarily due to its novel expression, which, to the best of our knowledge, has not been
examined previously. In the main result, we determine a range of values for a making it valid in
the mathematical sense. The proof is based on differentiation, appropriate factorizing, and two
complementary logarithmic inequalities. Then we investigate its properties through a compre-
hensive analysis that encompasses analytical, graphical, and numerical methods. A focus is put
on diverse kinds of negative dependence. In addition, the data generation based on the proposed
copula is described, and a new bivariate normal distribution is derived. Finally, a distributional
perspective is used to analyze the minimum and maximum of two random variables connected
by the suggested copula.

The article is structured as follows: In Section 2, we introduce the variable-power FGM-type
copula. Section 3 delves into an in-depth exploration of its key characteristics. Section 4 contains
complementary studies to highlight some computational or distributional aspects. Finally, in
Section 5, we provide our concluding remarks.

2 A variable-power FGM-type copula

2.1 Notion of copula

Before introducing our novel variable-power copula, it is essential to provide the notion of copula
in the standard bivariate absolutely continuous (SBAC) context.

Lemma 1. Nelsen (2006) In the SBAC context, we characterize a copula as a bivariate function,
denoted as B(x,y), defined over [0,1]%, which is twice continuously differentiable on (0,1)*> and
satisfies the following conditions:

C1: B(x,0) =0, B(0,y) =0, B(x, 1) =, and B(1,y) =y,
82

C2: d,yB(x,y) = mB(x,y) >0.
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In fact, the original definition of a bivariate copula considers the 2-increasing condition,
which is equivalent to C2 in the SBAC setting. From a mathematical point of view, proving C2
is often more difficult than C1, as it may require complex differentiations, factorizations, and
inequalities. We refer to Nelsen (2006) for all the technical details behind the notion of copula
in the SBAC context. We will adopt this notion in this article.

2.2 Novel copula

The upcoming result emphasizes the variable-power FGM-type copula under consideration.

Proposition 1. The bivariate function defined by

G(x,y) = (xy) 0 (xy) € [0,1]2, (2)
with a € [0,1], is a valid copula.

Proof. Let us examine C1 and C2 outlined in Lemma 1 with the proposed bivariate function,
assuming that a € [0,1]. Beginning with C1, for any x € [0,1], since 1+ a(l —x) > 0, we can
observe that

G(x,0) = (x x 0)!e(1=901-0) — ¢,

Likewise, for any y € [0,1], we find that G(0,y) = 0. Furthermore, for any x € [0, 1], we have
G(x,1) = (xx 1)IFe=00-1) — o

Similarly, for any y € [0, 1], we can determine that G(1,y) =y. Thus, C1 is satisfied.
Now, let us delve into C2. By employing conventional differentiation principles and con-
ducting a comprehensive factorization, we arrive at the following result:
dryG(x,y) :(xy)“(lfxxl*y) x {ax(y—1)+a(x— 1)y + axylog(xy)
+a(1—x)(1 —y) +ax(y—1)log(xy) + [a(l —x)(1 —y) +a(x — 1)ylog(xy) + 1]}
=(xy) I L ax(y — 1) +alx — 1)y +axylog(xy) +2a(1 —x)(1 —y) + 1
+a(x—1)ylog(xy) +a(y — 1)xlog(xy)
+a@*(1=x)(1-y)* = (1 —x)*(1 = y)ylog(xy) — (1 —x)(1 - y)*xlog(xy)
+a*(1=x)(1 = y)yflog(x)]*}
=) IR (x,y) +S(x, )]

where
R(x,y) =ax(y — 1) +a(x— 1)y +axylog(xy) +2a(1 —x)(1 —y) +1
+a(l —x)y[—log(xy)] +a(1 —y)x[—log(xy)]
and

S(x,y) =a*(1—x)*(1—y)* +a*(1—x)*(1 — y)y[—log(xy)]
+a*(1 —x)(1 —y)*x[—log(xy)] + a*(1 —x) (1 — y)xy[log(xy)]*.
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Since (x,y) € (0,1)? and a € [0, 1], it is obvious that (xy)*0=90-) > 0. Let us now prove that we
have R(x,y) >0 and S(x,y) > 0.

With regard to S(x,y), since (x,y) € (0,1)?, we have x>0,y >0, 1 —x >0, 1 —y >0, —log(xy) >
0, and, obviously, a> >0 (1 —x)?> >0, (1 —y)> >0, and [log(xy)]> > 0. So, as a direct sum of
nonnegative main terms, we have S(x,y) > 0.

Concerning R(x,y), the steps are more technical. The following logarithmic inequality is
well known: log(1-+u) <u for u > —1. As a result, since (x,y) € (0,1)?, we have log(xy) =
log[1+ (xy—1)] <xy—1, so —log(xy) > 1 —xy. On the other hand, the following complementary
logarithmic inequality is well known too: log(1+4u) > u/(1+u) for u > —1. As a result, since
(x,y) € (0,1)%, we have log(xy) = log[1 + (xy—1)] > (xy—1)/[1+ (xy—1)] = (xy—1)/(xy). Therefore,
since a > 0, we have

R(x,y) > ax(y—1)+a(x—1)y+alxy—1)+2a(1—x)(1—y)+1
+a(l—x)y(1 —xy) +a(l—y)x(1—xy)

2

= 2ax*y* — ax*y — axy® + 3axy — 2ax — 2ay+a+ 1

=axylxy+ (1 —=x)(1=y)+1—a]+a(l —x)(1 —y)+ (1 —ax)(1 —ay).

Since a € [0,1] specifically and (x,y) € (0,1)?, it is clear that axy >0, xy+ (1 —x)(1 —y) >0,
1—a>0,a(l—x)(1-y)>0and (1—ax)(1—ay) > (1—a)?>0. Hence, we have R(x,y) > 0.

The above results imply that dx,G(x,y) > 0. Thus, C2 is satisfied. We conclude that G(x,y)
is a valid copula. 1

We refer to the copula mentioned in (2) as the variable-power FGM (VPFGM) copula. To
the best of our understanding, this is a new addition to the variable-power copula family, as
discussed in Chesneau’s earlier work (see Chesneau 2022, 2023).

Some related comments are formulated below. First, the independence copula is recovered
by taking a =0, and we can write the VPFGM copula as

G(x,y) = [[(x,y)] T2 (x,y) € 0,1]%

We thus see how the independence structure is modified with a variable-power term.
We can also express it in an exponential-logarithmic form as follows:

G(x,y) = exp{[l +a(1l —x)(1 - y)]log(xy)}

or, eventually,

G(x,y) = exp{[1+a(l —x)(1 —y)]log(x) +[1 +a(l —x)(1 —y)]log(y)}.

By analyzing these expressions, the VPFGM copula is distinguished from the extreme value
copula family because no function of log(x)/log(xy) or log(y)/log(xy) can be exhibited in the
power-variable term. Furthermore, we can demonstrate that it lacks associativity, which excludes
its classification in the Archimedean copula family. Another comment is that we can write it as

G(x,y) =ayexpla(l—x)(1-y)p(w)], (x,y) €[0,1)%,
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with ¢(¢) =1log(¢). Under this form, we remark a strong connection with the Celebioglu-Cuadras
copula, which is defined with ¢(r) =1 (see Celebioglu 1995). This concordance in form is
intriguing and perhaps reveals an unidentified copula family.

With the use of the software R and the package plotly (see R Core Team 2016), Figure 1
illustrates Proposition 1 by plotting the VPFGM copula for selected values of a € [0, 1].
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Figure 1: Plots of the intensity zones of the VPFGM copula for (a) a =0.05, (b) a=10.3, (¢)
a=0.7,and (d) a=1.

We can discern the characteristic circular intensity zones indicative of a valid copula. The
remainder of the study considers the associated copula density and explores several of its pivotal
characteristics.
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3 Copula density and characteristics

3.1 Copula density

The copula density is a crucial component in achieving a comprehensive understanding of a
copula, particularly with regard to its various shapes and their implications. In our context, the
VPFGM copula density is given as

g(x,y) =05y G(x,y) = () s Lax(y — 1) +a(x — 1)y + axylog (xy)
+[a(1—x)(1 —y) +ax(y—1)log(xy) + 1][a(1 —x)(1 — y) +a(x—1)ylog(xy) + 1]},
(x,y) € (0,1)%. (3)

This function is relatively complex, primarily due to the presence of the logarithmic term log(xy).
However, with the assistance of mathematical software, such as R, its implementation becomes
straightforward. Figure 2 showcases the VPFGM copula density for a range of selected values
of a€[0,1].

A wide panel of different colored zones is observed, highlighting the versatility of the VPFGM
copula density. The most pronounced and intense zones are particularly noticeable at the co-
ordinates (0,1) and (1,0). This observation becomes increasingly evident as the values of a
increase.

For a deeper analysis, we can also visualize the shapes of the VPFGM copula density. Uti-
lizing the R package plot3D, Figure 3 showcases some of them for selected values of a € [0,1].

By examining the relationship between Figures 2 and 3, we gain deeper insights into the
behavior of the copula density, particularly its characteristics around the critical corner points.

To begin a discussion involving the copula density, let us recall that Proposition 1 holds for
a € [0,1]. However, it is not claimed that [0,1] is the optimal range of values of a. Based on
Lemma 1, we can remark that C1 holds for @ > —1. Furthermore, we have the following value
for the copula density, among the rare comprehensive ones:

1 a
—1)=1-=.
¢(51)=1-3

Since a valid copula density must be nonnegative by C2, the inequality a <2 is a necessary
condition.

On the other hand, numerical tests exclude the negative values for a; in this case, we can
always find (x;,y;) € (0,1)% such that g(x;,y,) <0, with x, approaching 1 and y, approaching
0; C2 is not satisfied. For example, by taking a = —0.2, x;, = 0.999 and y, = 0.001, we have
g(x;,y) ~ —0.178378 < 0.

In addition, as a result of a more deep computational study, the situation is not clarified for

€ (1,2]; C2 is satisfied in many pointwise cases. Thus, we conjecture that the optimal range
of values for a is an interval I,, such that [0,1] CI,, C [0,2], but more investigations are needed
for its identification.
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Figure 2: Plots of the intensity zones of the VPFGM copula density for (a) a =0.05, (b) a =0.3,

(¢)a=0.7,and (d) a=1.
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Figure 3: Plots of the shapes of the VPFGM copula density for (a) a = 0.05, (b) a =0.3, (c)

a=0.7,and (d) a=1.
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3.2 Characteristics

We now explore the main properties of the VPFGM copula. Clearly, it is diagonally symmetric
because, for any (x,y) € [0,1]?, we have G(x,y) = G(y,x). Based on the well-known copula theory,
the Fréchet-Hoeffding bounds hold (see Nelsen 2006). They imply the following inequalities:
max(x+y—1,0) < G(x,y) < min(x,y), that is,

max(x+y—1,0) < (xy)'TU=902) < min(x, y).

We can easily establish the upper bound by direct proof, while the lower bound seems less
immediately verifiable.

Another direct and important property of a copula is the Lipschitz condition of constant 1,
that is, for any (x1,x2,y1,y2) € [0,1]*, we have

G(x2,y2) = G(x1,31)| < [x2 —x1 [+ [y2 = y1,
which, in expanded form, corresponds to

’(x2y2)l+a(l—xz)(1—y2) _ (xly1)1+a(1—x1)(1—y1), <y —x1|+|y2 —y1].

On the other hand, the function y(x,y) = d,G(x,y) = dG(x,y)/(dy) is nondecreasing and satisfies
0 < wy(x,y) <1. Since

y(x,y) = x() T [k a(l = x)(1-y) —a(1 - x)ylog(w)], (4)
the following inequalities hold:
0 < x(ey) I 1 a(1 —x)(1—y) —a(l —x)ylog(xy)] < 1.

Let us mention that y(x,y) will play an important role in some coming parts, especially in the
definition of integral-type correlation measures and the data generation process related to the
proposed copula.

More technical properties are described below.

The VPFGM copula satisfies a notable weighted geometric result. Indeed, by setting G(x,y;a) =
G(x,y), for any (x,y) €[0,1]* and (a;,az,b) € [0,1]?, we have

b 1-b
G,y [Glx,y3a2)] = = | () (=90 |7y (120010

_ (xy)1+[ba1+(1—b)a2](1—x)(l—y) _ G[x,y;bal + (1 - b)(lz].
The tail dependence coefficients for the lower left (LL), lower right (LR), upper left (UL), and
upper right (UR) directions can be calculated using the formulas provided in Nelsen (2006) and

Jaworski (2023). They can be obtained through conventional limit methods in the following
manner:

A = lim Glxx) _ lim 24097 i 24 —
x—0 X x—0 x—0 ’
—G(1— —(1= 1+ax(1—x)
Arg = lim ¥~ G~ xx) — lim~ [(1=x)d = limx[1 — alog(x)] = 0.
x—0 X X0 X 0
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Since G(x,y) is diagonally symmetric, we have

x—G(x,1—x)

A,ULIHH’I ZARLZO
x—0 X
and
1—-2 G 1—-2 24+2a(1—x)?
Mg = lim L= BHO®Y) 120w = lim[(1 —x) —2a(1 —x)?] =0,
x—1 1—x x—1 1—x x—1

respectively. As a result, the VPFGM copula is completely free of tail dependence, which is
relatively rare for a variable-power copula (see Chesneau 2022, 2023).
For any (x,y) € [0,1] and a € [0, 1], since 1+a(1—x)(1—y) > 1, we have

G(x,y) = (xy) Ha=90) <y,

which implies that the VPFGM copula is negatively quadrant dependent. Also, owing to this
inequality, it is obvious that

G(x,y) <xy <xy[l+a(l—x)(1-y)] =G M(x,y),

giving an immediate concordance ordering between the VPFGM and FGM copulas.
By using the following well-known power (Bernoulli) inequality: (1+u)" > 1+ ru for u> —1
and r € R/(0,1), then we have

G(x,y) = (xy)' 90 > 1[I+ a(1 —x)(1—y)](xy— 1)
=G"M(x,y) —a(1-x)(1-y).

We can also remark that
G(x,y 1 all—x)(1—
3, (FE20) = a1 =) )01 - stog(a)] 20,

implying that the VPFGM copula is left tail increasing (with respect to x and y since it is
diagonally symmetric). For more details on the notion of tail monotonicity, we may refer to
Nelsen (2006) and Izadkhah et al. (2015).

As commented in Izadkhah et al. (2015), the FGM copula benefits from interesting likelihood
ratio dependence properties. Such properties are not excluded for the VPFGM copula, but its
complex copula density is an obstacle to a deep study on this aspect.

Regarding the information provided in Nelsen (2006), the expression for the beta medial
correlation coefficient of the VPFGM copula is as follows:

[3 = 4G(05,05) —1=4x 2_2_2‘1(1/22) 1= 2—11/2 _1.

It is clear that B <0, implying the negative dependence feature of the VPFGM copula.
Also, based on the theory in Nelsen (2006), the basic definition of the rho of Spearman
related to the VPFGM copula is

1 rl
ps =12 /0 /0 [G(x,y) = xy|dxdy

1l
= 12/ / Xy [(xy)a(l_x)(l_y) - 1} dxdy.
0 JO
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Since no direct primitive of the integrand exists and no integral technique gives a satisfying
result, a numerical evaluation of pg is necessary. Table 1 gives the values of pg for some values
of a€[0,1].

Table 1: Some values of the rho of Spearman of the VPFGM copula for a =0,0.1,0.2,...,1.

ps | 0 | —0.0534 | —0.1028 | —0.1487 | —0.1917 | —0.232 | —0.27 | —0.3059 | —0.3399 | —0.3722 | —0.4029

From this table, we can observe that the VPFGM copula exhibits varying degrees of negative
dependence, as indicated by the values of ps into the interval of [—0.4029,0]. Notably, this range
demonstrates a larger negative dependence compared to the FGM copula, which attains values
within the range of [—0.3333,0]. The FGM copula permits positive dependence, whereas the
VPFGM copula, for a € [0,1], lacks this property. The main distinction between the VPFGM
and FGM copulas lies in their inherent characteristics and the manner in which they shape the
behavior of the associated copula densities.

To complete the above study, one can also investigate the tau of Kendall of the VPFGM
copula defined as

1l
Tk =1-4 /0 /0 ¥ (xy)y(y,x)dxdy,
where y(x,y) is given in (4). A numerical exploration gives the results in Table 2.

Table 2: Some values of the tau of Kendall of the VPFGM copula for a =0,0.1,0.2,...,1.

% | O —0.0357 | —0.0691 | —0.1005 | —0.1302 | —0.1585 | —0.1854 | —0.2112 | —0.2359 | —0.2596 | —0.2825

The same conclusion drawn for the rho of Spearman holds: if we focus on the negative
values, the tau of Kendall of the VPFGM copula attains the range of values [—0.2825,0] against
[—0.2222,0] for the FGM copula, with still the originality arguments in terms of density copula
shapes.

4 Some computational and distributional aspects

This section completes the previous study by investigating the data generation, bivariate distri-
butions, and minimum and maximum random variables, all connected with the VPFGM copula
through the subject dependence structure.
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4.1 Data generation

By considering the VPFGM copula as a bivariate cumulative distribution function, we may
produce random pairs of values (data) from a random vector, say (X,Y). Thus, by introducing
the probability operator P, we suppose that

P(X <xY SY) = G(x7y)7 (xv))) € [07 1]2'

Based on the data generation result in Nelsen (2006), the process to generate a single pair
of values of (X,Y), say (x.,y«), is described below. First, we generate a pair of independent
values (x4,z), each from random values of the uniform distribution on the interval [0, 1]. Second,
we determine y, as the solution of the following nonlinear equation: Geong(Xx,y+) = z, where
Geona(x,¥) = W(y,x) as defined in (4) (with the exchange of x and y). Then the desired pair of
values is (Xx, yx)-

We can repeat this process m times to generate m such pairs of values. As an illustrative
application, we generate several pairs of values for different values of m and a in Figures 4 and

.
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Figure 4: Examples of generated pairs of values (data) from the VPFGM copula for a = 0.3 and
(a) m =50 and (b) m = 500.

Various point structures, including clusters and “empty areas”, are visible in these figures,
and they are all caused by the multiple dependence features of the VPFGM copula.

On the other hand, from a statistical point of view, these generated pairs of values can be
used to test the effectiveness of parametric estimation methods for a. This can therefore be
considered as a first step towards the statistical use of the VPFGM copula.

4.2 Bivariate distributions

The primary aim of the VPFGM copula is to create bivariate distributions. The fundamental
approach is summarized below. Suppose we have two cumulative distribution functions, denoted
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Figure 5: Examples of generated pairs of values (data) from the VPFGM copula for a = 0.9 and
(a) m =50 and (b) m = 500.

as U(x) and V(y), representing univariate continuous distributions. We establish a novel bivariate
cumulative distribution function through the following expression:

W(x,y) = GlU (x),V ()] = [U(x)V (y)] - VOIVOL (x y) e R?,
and the corresponding probability density function is given as

w(x,y) = u(x)v()glU(x),V(y)], (xy) €R?,

where u(x) and v(y) are the probability density functions associated with U(x) and V(y), respec-
tively, and g(x,y) is the VPFGM copula density presented in (3). A novel bivariate distribution
emerges from these functions. When it comes to selecting appropriate functions for U(x) and
V(y) within the context of lifetime analysis, the comprehensive review by Taketomi et al. (2022)
can be consulted. For valuable choices of U(x) and V(y) defined on R, we may think to the
logistic distribution (see Ali et al. 1978), or the normal distribution.

Just to give an example of a bivariate distribution defined on R?, let us consider U (x) and
V(y) as both the cumulative distribution functions of the standard normal distribution, and
call the related VPFGM bivariate distribution the VPFGM normal (VPFGMN) distribution.
Figure 6 presents the intensity zones of the corresponding probability density function w(x,y)
for selected values of a € [0,1].
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Figure 6: Plots of the intensity zones of the VPFGMN probability density function for (a)
a=0.05, (b) a=0.3, (¢c) a=0.7,and (d) a=1.

We immediately see how the circle zone of the independence bivariate standard normal
distribution is deformed as the values of the parameter a increase and tends to be more dispersed
at the top-right corner. This figure is the first representation of a bivariate distribution generated
by the VPFGM copula.

4.3 Minimum and maximum random variables

Studying the minimum and maximum of two dependent random variables within the support
[0, 1] is crucial to understanding extreme values in proportional type data. This analysis provides
insight into the potential range of outcomes and helps identify critical scenarios. By exploring
the interdependence of these variables, we can better understand the variability inherent in
proportions, providing valuable information for decision-making and risk assessment in diverse
fields such as finance, biology, social sciences or sport sciences. For the general context of
the bivariate distributions within the support [0,1]?, we may refer to Arnold and Ng (2011),
Nadarajah et al. (2017), and Martinez-Flérez et al. (2022).
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In the result below, we examine the probability functions associated with the minimum and
maximum of two dependent random variables whose joint distribution is characterized by the
VPFGM copula, which mainly governs the dependence between these random variables (the
marginal distributions being in fact the uniform distribution on the interval [0, 1]).

Proposition 2. Let us consider a random vector (X,Y) that has the VPFGM copula as the
cumulative distribution function. Then we define the minimum and maximum of X and Y by
Mpin = min(X,Y) and Myax = max(X,Y), respectively. Then the results below hold.

e The cumulative distribution function of Mmax is given by
Fmax(t) _ t2+2a(17;)27 e [07 1],
(with the standard complementary values fort ¢ [0,1]).

Furthermore, the corresponding probability density function is indicated as
Fnax (1) = 261720007 (01 — )2 —2at(1 — ) log(t) + 1], ¢ € (0, 1],
(with the standard complementary value for t & (0,1]).
e The cumulative distribution function of My, s given by
Fnin(t) = 2t —2+240-07 ¢ 2 [0, 1].
Furthermore, the corresponding probability density function is indicated as

Funin(t) = 2{1 — 120071 — )2 — 2ar(1 — 1) log(t) + 1}} . te(0,1].

Proof. Let us prove each item with the use of the probability operator P.

» For any ¢ € [0, 1], we have
Fnax (1) = P(Mmax < 1) =P(X <1,Y <1) = G(t,1) = 1>+240-0°,

The corresponding probability density function is obtained upon differentiation with re-
spect to r; we have

Fnax (1) = Flo () = 26172400 (g (1 — )2 — 2ar(1 — 1) log(t) + 1].

o Concerning Mp,, for any ¢ € [0, 1], since P(X >1) =P(Y >t) =1 —t, by using the previous
result, we have

Foin(t) = P(Mpin <t) =1 =P(Mypn >1t) =1-P(X >1,Y >1)
=1-P(X>1)—P(Y >1)+P(Mpa >1)
=1-PX>1)—PY >1)+ 1 — Fnax(t)
= 2t — Fpax (1) = 2t — 212401207,

The corresponding probability density function is obtained upon differentiation with re-
spect to r; we have

fmin(t) = FL (2) = 2{1 — 112007141 — )2 — 2ar(1 — 1) log () + 1]} .
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The desired functions are obtained. ]

Beyond the minimum and maximum paradigms, an interest in the two exhibited distributions
in Proposition 2 is that they are new in the literature and can be considered one-parameter
statistical models in the field of proportional or rate data analysis. Thus, in some senses, the
nature of the VPFGM copula is detoured for such univariate perspectives. Further details and
applications of the univariate distributions with support [0,1] can be found in Mazucheli et al.
(2019), Korkmaz (2020), and Korkmaz and Chesneau (2021).

5 Conclusion

In this article, we introduced and comprehensively analyzed a novel copula that amalgamates
the structural elements of variable-power and FGM-type copulas, giving rise to an innova-
tive dependence model. Our examination demonstrated that it has a diagonal symmetry and
manifests negative correlation characteristics, including negatively quadrant dependence and
negative-valued beta medial correlation, among others.

Moreover, through a numerical investigation, it was determined that the rho of Spearman
is confined to the interval [—0.4029,0], while the tau of Kendall is found within the range of
[—0.2825,0]. In addition, an adapted data generation process is described, a new bivariate
normal distribution is derived, and a distributional analysis is conducted on the minimum and
maximum of two random variables that are related by the suggested copula. These findings
represent a slight enhancement over the corresponding negative range associated with the FGM
copula. Consequently, our work makes a contribution to the advancement of variable-power-type
copulas, establishing a theoretical foundation for applied research using them.

Some potential avenues of work are described below.

e The study of the following more general and possibly diagonally asymmetric version of the
proposed copula:

Gi(x,y) = (1) W0 (x,y) € 0,117,
where 6(x) and &(y) are functions that satisfy 8(1) =0 and (1) =0, and other conditions
that need to be determined to make it valid in the mathematical sense. Like this, we
transpose the idea in Rodriguez-Lallena and Ubeda-Flores (2004) for the FGM copula to
the VPFGM copula.

e The development of a multivariate extension of the proposed copula in the following form:

" 1+alTL, (1—x;)
G(x1,X2, ... %p) = (Hxl) , o (x1,x2,..0,x,) €10,1]7,
i=1

where n denotes a positive integer. In this setting, the possible range of values on a making
G(x1,x2,...,%,) a valid copula is a challenge that we postpone for the future.
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Abstract. Regression is a generic tool used to make inferences so as to draw logical conclusions
and judgments about a particular problem. It has been widely used in engineering, sciences,
education, technology, and social sciences for a long time. Breaking down of the underlying
estimation mar the judgment and decision of the study. Chiefly among the error structure that
can lead to the drawback of the inferences of regression is the autocorrelation of error term of
both AR and MA processes. Restricted Stein-rule regression analysis was used with data injected
with autocorrelated error; H; was modeled with autocorrelated error whereas Hy was modeled
without, alternative approach in Bayes factor of AR(1) and MA(1) processes were introduced
and compared with Bayesian information criterion approach in both negative and positive p
(symmetrical). The choice of the Bayes factor (Bf) is due to the probabilistic nature of Bayesian
inference, which over the years has been performed better than the classical approach. The
datasets with five covariates was set at 25 to capture the error structure and project the property
of a small sample. The study, therefore, concluded that Bayesian inference being probabilistic
about the uncertainty of the parameters should be adopted to verify the presence or absence of
autocorrelated error in the data before estimation.

Keywords: Autocorrelated Error; Bayesian; Bayes factor; Hypothesis; Restricted; Stein-Rule.

1 Introduction

Han and Carlin (2001) attempted to compare several methods of estimations under the categories
of simple regression, hierarchical longitudinal model, and binary data latent. They thought that
the joint model parameters search space technique performs well but is only complicated in terms

*Corresponding author
Received: 31 October 2023 / Accepted: 7 March 2024
DOI: 10.22067/smps.2024.45179

© 2024 Ferdowsi University of Mashhad https://smps.um.ac.ir

37



38 Oloyede, 1.

of computing algorithm whereas marginal likelihood approach is of less difficult. They therefore
suggested from their study that the marginal likelihood approach is appropriate for researchers
with model choice setting while the joint space method can be used for comparing models of
varying dimensions. It was learned from the literature that the origin of the Bayesian hypothesis
testing was credited to Jeffreys (1961), and ordinarily it was referred to as a significant test.

Kass and Raftery (1995) reviewed the work of Jeffreys (1961) and added that the Bayesian
technique to hypothesis testing meets the test of time with moderate computation technique.
They found out that the Bayes factor is sensitive to the assumption of the parametric model
and choice of prior. Giampaoli et al. (2015) examined the Bayes factor in a restricted simple
linear regression and pointed out that their approach considered restricted parameter space to be
more informative than unrestricted parameter space, which permits evidence for null hypothesis.
Bayes factor provided a means through which two competing hypothesis may be compared; see
Johnson et al. (2023). The Bayes factor B10 is used to compute the probability of the observed
data under the alternative hypothesis H| versus the null hypothesis Hy, which is expressed as

o _Hi_ [P(Y|B)(BIH)dp
10 = =

Hy  [P(Y|B) 7 (BIHo)dB

(1)

Jarosz and Wileyr (2014) in their presentation, showcased the similarities between the Bayes
factor and p-value. They believe that bf should have similar information as p-value. The
only difference is that bf allowed the researcher to give evidence in both the alternative and
null hypothesis unlike p-value that will solely give evidence about null hypothesis. Roozbeh
and Hamzah (2020) pointed out that the restriction of parameter in partial linear regression can
overcome the problem of multicollinearity. They believed that restricted estimator outperformed
traditional estimator. They added that restriction can be hypothesis that may have to be tested.

Over the years, many studies have been carried out in Bayesian inference for linear and
nonlinear models on the premise of model averaging, parameter estimation, and hypothesis test-
ing, but most importantly restricted stem-rule are not well studied in the Bayesian framework.
Against this backdrop, this paper seems to examine nonspherical disturbance (autocorrelated
error) in the Bayesian restricted stem-rule paradigm.

2 Materials and methods

Let y = XB +u be the linear regression model, where y is an n x 1 set of observations on the
regressand, X is a set of n X p full column rank of regressors, and f is p x 1 vectors of unknown
parameters while u is an n x 1 vectors of disturbance error not necessarily well behave, which
is characterized by autocorrelated errors. Let there be m linearly independent restriction that
constrains the regression coefficients such that

r =R}, (2)
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where r is an m x 1 vector and R is an m x p matrix of rank m < p Chaturvedi et al. (2001). The
AR(1) and MA(1) processes are expressed as

1 p p2 pnfl
c? 2 : P ' pni
Qug= —" p 1 p"
N p? : : : :
pnlfl pn.72 pn.ffi 1
The MA(1) with autocorrelated error is expressed as
(1+¢?) ¢ :
) (1 + ¢2) ) . .
Q,MAZO'M2 ) ¢ (1+¢2) ¢ ,
(1+9¢%)

where ¢ ranges between —1 and 1. The generalized restricted least squares estimates are obtained
as follows: Adopting the criterion of minimizing the sum of squares (y — Xf)'Q(y — X ) subject
to the condition that R = r. This leads to the Lagrangian function

B = B+ (Xﬁx)fl [R <X§X)1R]_1R’ (r— RB), (3)

Be=B+ (X’ﬁX)ilR/ [R (X’ﬁx)]R’yl (r—RE). (4)

Thus Bk is a constrained estimates, following Chaturvedi et al. (2001), the restricted stein-
rule version of intertwined disturbance errors can be expressed as

Be— 1“(yx@l?(fx§) 5.
n BXQXp

We have
Brs = Bs + (X'0X) r {R (x'ax) B R’} B (r—RBs). (6)

~ ~ -1 ~
where Q = Q(b), in which b is a consistent and efficient estimator of f; thus b= (X 'QX ) <X ! Qy) .
Following Chaturvedi and Shukla (1990), we have modified the Stein rule estimator of beta.
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3 Bayesian restricted least squares estimator

The restricted posterior density of restricted B and ¢ is obtained by marginalizing the conju-
gate of normal-inverse gamma and restricted likelihood since both are of the same family of
distribution Oloyede (2023). The linear model is expressed as

y=XPBr+u. (7)
The likelihood function of B, X, and y, where 6 = (,A) given sample vectors X, X, =
(1,2,...,n) and y = (y;, y2,...,¥»)" and incorporating restricted P, is expressed as

L (Br,0*[X.5) = (216%) P exp [ (- Xpr) Q! <yXﬁR>] S, ®)

202

!

L (Br.0"1X.y) = (210%) Fexp 51 (v XBi) (v XBo)| — o o)

20?2

Note that normal-inverse gamma priors are conjugate priors and selected because the prior
and posterior densities are of the same family of distributions; see Oloyede (2023). Moreover,

1

[N}

p(Belo?) p (%) = (2m)t [@ (BeB)G (BB x o~ Hexp || (10

1
2

exp [

p(Belo) p (%) =0~ Hexp | o0 (BrB) B! (BB + 28] (1)
where Xis an n X kK matrix,
Br is unknown parameter,
B is a prior mean vector of B (true value),
o2 is a prior variance for 3,
G2 = ()’*XﬁR’)lﬁ()’*XﬁR)7
a—k is first hyper-parameter,
b is second hyper-parameter.
Since 62 is known, normal-inverse gamma conjugate prior is adopted. For details of the
posterior, the reader is advised to see Oloyede (2023).

Posterior density function is
RN 71 / RN 71 / _1
- (X QX) R {R (X QX) R] R| |, (12)

) ; (13)

. - N1
B ~ MVN (ﬁR . 62 (XQX)

—1

= N N -1 [ -1 / [ -1 /
ﬁRSNMVN<ﬁRS , 82(XQX) 1—(XQX> R[R(XQX) R} R

for restricted the Stein-rule estimator.
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4 Bayesian hypothesis testing

Let M; = X3 + ux be the regression model with autocorrelated error, setting up dual distinct
model M; and M, where 1 and O represent the model with autocorrelated error and without
autocorrelated error, respectively. The prior belief of parameter estimates of both models is the
same. Let D be the set of observed datasets corrupted with autocorrelated error of AR(1) and
MA(1) independently. Thus, the posterior of M; and My can be expressed as follows:

P(B|Z, My ) =< P(B| Mo)+P(D|B,Mo ) — Ho, (14)

P(B|Z, My ) =< P(B| M\)+P(D|B,M, ) — H. (15)
Bayes factor is therefore expressed as

Posterior model odds
BF iy = 16
10 prior model odds ’ (16)

P(D|p.M) P(M\D) | P(M)
P (M)’

P(D|B,My) P(Mo|D)

P(M;|D) _ P (M) % P(D|B,M, ) (18)
P(Mo|D)  P(My) ~ P(D|B,Mo )

5 Data generation processes and simulation experiment

The Markov Chain Monte Carlo simulation algorithm was adopted to examine the small sam-
ple properties of the family of restricted least squares estimators with autocorrelated error in
Bayesian frameworks. Data were generated based on the following parameters of the model:
P=6n=25 y,=XB+u,t=1,...,25 where & assumed to be generated by the AR(1) pro-
cess uy = pu,—1 + & or the MA(1) process u; = & — p&—1, + N(0,1). Moreover, ﬁ was set as
(1.2,2,0.8,0.3,2.1,1.1) while seed was set at 1234. Also, 10000 iterations were set for Bayesian
Monte Carlo simulation, and p was set at —0.8,—0.5,—0.3,0,0.3,0.5,0.8 for both AR(1) process
and MA(1) process. The restriction of parameters was set as

1

R= (19)

S O O

1 0 -1 0
01 0 1
00 0 O

—_ O O

r=(0 1 0), (20)

where B — B3 =0, B+ B4 =1 and Bs =0. All computations were carried out using Statisti-
cal software R-Core (2022). The datasets class contained the posterior sample for the model
parameters.
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6 Hypothesis metrics

Bayesian Information Criterion (BIC) and Quadratic weight loss and risk function approaches
that incorporated autocorrelated error structures were used to evaluate the Bayes factor of both

the Bayes estimate and posterior mean. Let (ER - ﬁ) = (ER — B) 0 (ER — B) be a quadratic or

square error loss function, where [§R is an estimator of B and Q is the 2? . BR weight of loss

function. For obtaining the Bayes factor for ﬁR and hatBgs, ratio of quadratic loss function of
both H; and Hy was computed as well as ratio of BIC for both H; and Hj.

7 Data analysis and discussion

Both null and alternative hypotheses were subjected to the same datasets having autocorrelation
error. Two types of autocorrelation error AR(1) and MA(1) processes were examined. The null
hypothesis was modeled in a natural setting without being generalized, but the alternative hy-
pothesis was modeled in a generalized pattern by incorporating autocorrelation error structure
into the model. Bayesian restricted least squares and Bayesian restricted stem-rule were the
predominant estimators adopted in the study. The study looked into the evidence that alter-
native hypothesis have over null hypothesis due to the presence of autocorrelated error in the
datasets in Bayesian paradigm. The threshold of 1 is the decision value.

Table 1: Bayes factor with loss and risk function approach with AR(1) process

n =25 | Bayesian Restricted Least Squares Bayesian Restricted Stein-Rule

p Bayes Estimates | Posterior Mean | Bayes Estimates | Posterior Mean
-0.8 1.001761 1.001954 1.000197 0.999665
-0.6 0.947783 0.947851 0.94699 0.946795
-0.3 0.964658 0.964679 0.964214 0.964158

0 1.000008 1.000014 0.999745 0.999731
0.3 1.039884 1.039891 1.03971 1.039685
0.6 1.073562 1.07359 1.073367 1.073277
0.8 1.094908 1.094954 1.094644 1.094493

Table 2: Bayes factor with BIC approach with AR(1) process

n =25 | Bayesian Restricted Least Squares Bayesian Restricted Stein-Rule

p Bayes Estimates | Posterior Mean | Bayes Estimates | Posterior Mean
-0.8 1.172955243 1.188872 1.010712 1.010932
-0.6 2.273047888 2.286148 1.021469 1.021607
-0.3 2.005146615 2.008686 1.013486 1.01364

0 0.998911484 0.999406 1.000062 1.000056
0.3 0.380557759 0.380816 1.035379 1.035065
0.6 0.18084545 0.181293 1.253861 1.253553
0.8 0.33050558 0.332143 2.335213 2.336675
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Tables 1 and 2 provide information about the outcome of study about the Bayes factor with
autocorrelated error of autoregressive process of order 1. Table 1 shows that the autocorrelated
error of magnitude —0.8, 0 to 0.8 provided evidence in favour of the alternative hypothesis H;
for both the Bayes estimates and posterior mean considering Bayesian restricted least squares
whereas the magnitude of —0.6 and —0.3 provided evidence in support of accepting null hypothe-
sis Hy. In the same vein, the Bayes factor for Bayesian restricted Stein-rule provided information
in favor of alternative hypothesis considering the magnitude of 0.3 to 0.8 autocorrelated errors.
In Table 2 where BIC approach was adopted to compute the Bayes factor, the magnitudes of
—0.8 through —0.3 portend evidences in favour of alternative hypothesis whereas other mag-
nitudes were otherwise. This is in Bayesian restricted least squares for both Bayes estimates
and posterior mean. Interestingly, Bayesian restricted stein rule has Bayes factor that portends
evidence in favour of alternative hypothesis for both Bayes estimates and posterior mean for all
the magnitudes.

Table 3: Bayes factor with Loss and risk function with MA(1) Process

n =25 | Bayesian Restricted Least Squares Bayesian Restricted Stein-Rule
p Bayes Estimates | Posterior Mean | Bayes Estimates | Posterior Mean
-0.8 1.052104 1.052086 1.047152 1.047216
-0.6 1.002316 1.002319 1.000276 1.000283
-0.3 0.98147 0.981478 0.980911 0.980893
0 1.000008 1.000014 0.999745 0.999731
0.3 1.058752 1.05874 1.058577 1.058607
0.6 1.069787 1.069688 1.069916 1.07014
0.8 0.799912 0.799774 0.799965 0.800259

Table 4: Bayes factor with Bayesian Information Criteria with MA(1) Process

n =25 | Bayesian Restricted Least Squares Bayesian Restricted Stein-Rule

p Bayes Estimates | Posterior Mean | Bayes Estimates | Posterior Mean
-0.8 0.428503544 0.428626 1.294917 1.294175
-0.6 1.728149432 1.729083 1.137145 1.137505
-0.3 1.770699531 1.771931 1.022389 1.022589

0 0.998911484 0.999406 1.000062 1.000056
0.3 0.373687701 0.373339 1.023952 1.023549
0.6 0.792633093 0.786735 1.050708 1.051685
0.8 41.83140879 41.63028 1.511668 1.523933

Tables 3 and 4 show Bayes factor Loss and risk function with MA(1) Process . Tables 3 and 4
provide information about the outcome of the study about the Bayes factor with autocorrelated
error of moving average process of order 1. Table 3 shows that autocorrelated error of magnitude
—0.8,—0.6, 0, 0.3, and 0.6 provided evidence in favour of alternative hypothesis H; for both
Bayes estimates and posterior mean considering Bayesian restricted least squares whereas other
magnitudes provided evidence in support of accepting null hypothesis Hy. In the same vein, the
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Bayes factor for Bayesian restricted the Stein-rule provided information in favour of alternative
hypothesis considering the magnitude of —0.8, —0.6, 0.3, and 0.6 autocorrelated errors. In
Table 4 where the BIC approach was adopted to compute the Bayes factor, the magnitudes
of —0.6, —0.3, and 0.8 portend evidences in favour of alternative hypothesis whereas other
magnitudes were otherwise. This is in Bayesian restricted least squares for both Bayes estimates
and posterior mean. Interestingly, the Bayesian restricted Stein rule has Bayes factors that
portend evidence in favour of alternative hypothesis for both Bayes estimates and posterior
mean for all the magnitudes.

8 Conclusion

This study introduced Bayes factor as an alternative to probability value, which has an age
long drawback in science, technology, education, and so on, with the view of having probability,
not only in the value of data, but also in the uncertainty of unknown parameters. The study
established and compared the BIC approach and loss/risk function approach in determining the
Bayes factor. The small sample behaviour of regression parameter with uncertainty was studied
via the violation of non-serial correlation of error terms in a restricted least squares and restricted
stein-rule least squares. The study allays fears in the minds of researchers in engineering, science,
technology, education, and so on, who have over the years unsatisfied with p-value or using it
wrongly. The Bayesian test hypothesis now provides alternative means through which they can
verify the presence/absence of autocorrelated errors in their data.
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Abstract. Many authors have studied ordering results between extreme order statistics from
multiple-outlier models when the observations are independent. However, the independence as-
sumption is not very attractive in many situations due to the complexity of the problems. This
paper focuses on stochastic comparisons of extreme order statistics stemming from multiple-
outlier scale models with dependence. Archimedean copula is used to model dependence struc-
ture among nonnegative random variables. Sufficient conditions are obtained to compare the
largest order statistics in the sense of the usual stochastic, reversed hazard rate, likelihood ratio,
dispersive, star, and Lorenz orders. The smallest order statistics are also compared with respect
to the usual stochastic, hazard rate, star, and Lorenz orders. Here, the sufficient conditions
are based on the weak-super majorization, weak-sub majorization, and p-larger orders between
the model parameters. To illustrate the theoretical establishments, some examples are pro-
vided. Furthermore, some counterexamples are provided to establish that ignorance of sufficient
conditions may not lead to the established ordering results between the order statistics.

Keywords: Archimedean copula; Dispersive order; Hazard rate order; Majorization; Multiple-outlier
model; Reversed hazard rate order.

1 Introduction

Order statistics play a vital role in many fields such as statistical inference, economics, reliability
theory and operations research. Consider a random sample Xi,...,X, from a population. Then,
the ith order statistic is denoted by X;.,, where i = 1,...,n. In reliability theory, the ith order
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statistic represents the lifetime of an (n—i-+ 1)-out-of-n system, which functions if at least
n—i+1 of n components work. In particular, the order statistics X;., and X,., represent the
lifetimes of series and parallel systems, respectively. Due to the correspondence between the
order statistics and the systems’ reliability, a lot of effort has been put to study ordering results
between order statistics in terms of many well-known stochastic orders. In this paper, we deal
with the comparison of extreme order statistics arising from dependent multiple-outlier scale
models in the sense of the usual stochastic, reversed hazard rate, hazard rate, star, and Lorenz
orders.

Due to the robustness of different estimators of model parameters, multiple-outlier models
have been widely used by many researchers. Now, we present some developments on stochastic
comparisons between order statistics arising from multiple-outlier models.

Kochar and Xu (2011) considered multiple-outlier exponential models. They showed that
more heterogeneity among the scale parameters of the model results more skewed order statistics.
Zhao and Balakrishnan (2012) took similar model and obtained ordering results between the
largest order statistics with respect to the likelihood ratio, reversed hazard rate, hazard rate,
and usual stochastic orderings. Zhao and Balakrishnan (2015) discussed stochastic comparisons
of the largest order statistics from multiple-outlier gamma models in terms of various stochastic
orderings such as the likelihood ratio, hazard rate, star, and dispersive orders. Kochar and
Torrado (2015) established likelihood ratio ordering between the largest order statistics arising
from independent multiple-outlier scale models. Sufficient conditions for the comparison of
the lifetimes of series systems with respect to dispersive order have been obtained by Fang et
al. (2016). They considered that the components of the series systems follow multiple-outlier
Weibull models. Amini Seresht et al. (2016) studied multiple-outlier proportional hazard rate
models and developed ordering results with respect to the star, Lorenz, and dispersive orders.
Furthermore, they proved that more heterogeneity among the multiple-outlier components led
to a more skewed lifetime of a k-out-of-n system consisting of these components. Balakrishnan
and Torrado (2016) obtained conditions under which the likelihood ratio order holds between
largest order statistics under the set-up of multiple-outlier exponential model. Torrado (2017)
developed the comparison result similar to Balakrishnan and Torrado (2016) for the multiple-
outlier scale models when the random variables are independent. Wang and Cheng (2017)
studied an open problem on mean residual life ordering between two parallel systems under
multiple-outlier exponential models, which was proposed by Balakrishnan and Zhao (2013).

It is noted that almost all concerned research in this area has been developed under the
assumption of statistically independent component lifetimes. However, there are some practi-
cal situations, where the condition of statistically mutual independence among the component
lifetimes is evidently unsuitable. For an example, let us consider a mechanical system. The
components of the system are suffering a common stress. Then, it is of huge interest to include
statistical dependence among component lifetimes into the study of stochastic comparison of
the lifetimes of the series and parallel systems. Furthermore, note that due to the complex-
ity of working with the dependent random variables, marginal effort was put to the study of
dependent multiple-outlier models by the researchers (see Navarro et al. 2018). These are the
main motivations to investigate ordering properties of the extreme order statistics arising from
multiple-outlier dependent scale components. The dependency structure among the random
variables is modeled by the concept of Archimedean copulas. We recall that a nonnegative
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random variable X with distribution function Fy is said to follow the scale model if there exists
A > 0 such that Fx(x) = F(Ax), where F is the baseline distribution function and A is the scale
parameter.

In this paper, we will develop different ordering results between the largest as well as the
smallest order statistics stemming from multiple-outlier dependent scale models with respect to
several stochastic orderings such as the usual stochastic, hazard rate, reversed hazard rate, star,
and Lorenz orders. Let {Xh---,Xn’;,XnH] ,--, Xy } be a set of dependent and heterogeneous ran-
dom observations. The observations are sharing a common Archimedean copula with generator
y; and are taken from the multiple-outlier scale model, where for i =1,...,n], X; ~ Fi(A1x) and
for j=ni+1,...,n", Xj ~ F(Ax), where A1, A, > 0. Note that Fi(-) and F>(-) are two different
baseline distribution functions. Also, let {Yl,...,YnT,Y,,TH,...,Yn*} be another set of dependent
and heterogeneous random observations sharing a common Archimedean copula with generator
Y, drawn from the multiple-outlier scale model, where for i =1,...,n}, ¥; ~ Fi(u1x) and for
j=ni+1,...n%,Y; ~ B(ux), where py, pp > 0.

Denote by r;, 71 and ry, 7, the hazard rate and reversed hazard rate functions for F; and
F,, respectively. Furthermore, X,.,(n1,n2), Yy (n},n3) and Xy.,(n1,n2), Yi.+(n},n3) denote the

largest and the smallest order statistics, respectively, arising from {Xi,..., Xy, Xu,+1,...,Xs} and
{Yl,...,YnT,YnTH,...,Y,,*}, where 1 <n; <nf <n} <ny, n=n;+ny and n* =nj+n5. We aim to
establish sufficient conditions, under which the following implications hold:
(A']u'nall?AQv'”)A'z) EW (u]v"‘)ul)MZ)"'a,uQ) :> Yn*:n*(”?an;) SSI [Srh}Xn:n(nlaHZ)v
—— ——— —_—— —
ny n; ny n3

(lla'-wﬂ'laa‘Za“'ylZ) tw (“17"'7.“’17.“27"'3”2) = Xl:n(”la”Z) Sst Yl:n*(nTﬂ/IZ)
——— N — ———— ——

* * * *
m n n o)

and
(uly"'>ulau2a"'au2) tw (Vlw"avlaVZa"-aVZ) :>X1:n(nl>n2) Shr Yl:n*(nTanz))

* * * *
m n m )

where u; =logA; and v; =logu;, i=1, 2.

The remainder of the paper is rolled out as follows. Some basic definitions and important
lemmas are provided in Section 2. Section 3 consists of two subsections. In Subsection 3.1, we
obtain sufficient conditions, under which two largest order statistics are comparable according
to the usual stochastic order, reversed hazard rate order, likelihood ratio, dispersive order, star
order, and Lorenz order, whereas in Subsection 3.2, we study the usual stochastic order, hazard
rate order, star order, and Lorenz order between two smallest order statistics. We also present
some examples to illustrate the established results. Finally, we conclude the paper in Section 4.

Throughout the paper, we only concern about nonnegative random variables. Increasing and
decreasing mean nondecreasing and nonincreasing, respectively. Also, the prime “/” stands for
the first order derivative.

2 Basic notions

In this section, we recall some basic definitions and well-known concepts of stochastic orders
and majorization. Let x = (xy,...,x,) and y = (yi,...,ys) be two n-dimensional vectors such that
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X,y € A, where A C R"” and R” be an n-dimensional Euclidean space. Also, consider the order
coordinates of the vectors x and y as x1., < -+ < Xy and yi., < -+ < yuu, respectively.

Definition 1. A vector x is said to be

magjorized by another vector'y, (denoted by x <"y), if for each 1 =1,...,n—1, we have
Zgzlxi:n > Zleyz':n and Z?:]xi:n = Z?:lyi:n;

weakly submajorized by another vectory, denoted by x =<,,y, if for eachl=1,...,n, we have
Z?:]xi:n < Z?:[ Yi:ns
weakly supermajorized by another vector'y, denoted by x <"y, if for each [ =1,....,n, we

have Z£=1xi:n > Zf:lyi:n-

Note that x <™y implies both x <,, y and x <"y. For a brief introduction of majorization
orders and their applications, we refer to Marshall et al. (2011). Now, we present notions of
stochastic orderings. Let X; and X; be two nonnegative random variables with probability density
functions fx, and fx,, camulative density functions Fx, and Fy,, survival functions Fx, = 1 — Fy,
and Fy, = 1 — Fx,, hazard rate functions ry, = fx, /Fx, and rx, = fx,/Fx,, and reversed hazard rate
functions 7y, = fx, /Fx, and Fx, = fx, /Fx,, respectively.

Definition 2. A random wvariable X is said to be smaller than X, in the

likelihood ratio order (denoted by X1 <; Xa) if fx,(x)/fx,(x) is increasing in x > 0,
hazard rate order (denoted by X1 <p X2) if rx,(x) > rx,(x), for all x > 0;

reversed hazard rate order (denoted by X\ <,, X2) if 7x, (x) < Fx,(x), for all x > 0;
usual stochastic order (denoted by Xy <y X2) if Fx, (x) < Fx,(x), for all x;

star order (denoted by X1 <, X» or Fx, (x) <. Fx,(x)) ifFX;lFX1 (x) is star shaped in the sense

F;IFxl (x)

that —=2——— 1is increasing in x on the support of Xi;

) Fy'(u)
xXdFx, (x) 2 gy Jo* xdFx, (x), for

F—l
Lorenz order (denoted by Xi <poren; X2) if ﬁfo X1
all ue (0,1];

dispersive order, (denoted by X\ <gisp X2) if F;ll(B) - F){ll(a) < FXZI([}) - FXZI(OC) for all
O<a<B<l.

Note that both the hazard rate and reversed hazard rate orderings imply the usual stochastic
ordering. Also, star order implies Lorenz order (see Marshall and Olkin 2007). One may refer
to Shaked and Shanthikumar (2007) for a detailed discussion on various stochastic orderings.
The next definition is for the Schur-convex and Schur-concave functions.

Definition 3. A function ¥ :R" — R is said to be Schur-convex (Schur-concave) in R" if

X =y = W(x)> (<)¥(y), forall x, yeR".
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Throughout the article, we will use the notations. (i) Z4 = {(x1,...,X,) 1x1 >x2 >+-->x, >0}
and (i) & = {(x1,..., %) 10 <x; <xp < --- <xn}. Set W (z) = %(ZZ). The following consecutive
lemmas due to Kundu et al. (2016) are useful to prove the results in the subsequent sections.
The partial derivative of & with respect to its kth argument is denoted by h)(z) = dh(z)/dz,

for k=1,...,n, where z=(z1,...,2,).

Lemma 1. Let h: 2 — R be a function, continuously differentiable on the interior of 2.
Then, for x, y € 9.,
x ="y implies h(x) > (<) h(y),

if and only if hy(z) is decreasing (increasing) in k=1,...,n.
Lemma 2. Let h: & — R be a function, continuously differentiable on the interior of &.. Then,

forx, yeé&y,
x ="y implies h(x) > (<) h(y),

if and only if hy(z) is increasing (decreasing) ink=1,...,n.

The following lemma due to Saunders and Moran (1978) is useful to establish star order
between the order statistics.

Lemma 3. Let {F)|A € R} be a class of distribution functions, such that Fj is supported on
some interval (a,b) C (0,00) and has density f that does not vanish on any subinterval of (a,b).
Then,
FL<.Fp., A<A®
if and only if
F(x)
xf2(x)

where F) is the derivative of Fy with respect to A.

is decreasing in x,

To model the dependency structure among the random variables, the concept of copulas plays
a vital role. One of the important characteristics of the copula is that it involves the information
of the dependencies between the random variables apart from the behavior of the marginal
distributions. Archimedean copulas are important class of copulas. These are used widely
because of its simplicity. Let F and F be the joint distribution function and the joint survival
function of the random vector X = (Xj,...,X,). Suppose there exist functions C(z) : [0, 1]" — [0,1]
and C(z) : [0,1]" — [0,1] such that for all x;, i € .%,, where .#, is the index set

F(xl,...,xn) = C(Fl()q),---,Fn(xn))

and
F(xl,...,xn) = é(Fl(xl),...,Fn(xn))

hold. Then, C(z) and C(z) are said to be the copula and survival copula of X, respectively. Here,
Fi,...,F, and Fy,...,F, are the univariate marginal distribution functions and survival functions
of the random variables X,...,X,, respectively.
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Now, let y: [0,0) — [0, 1] be a nonincreasing and continuous function, satisfying y(0) = 1 and
W() =0. Also, let y = ¢! =sup{x € Z: ¢(x) > v} be the right continuous inverse. Furthermore,
suppose Y satisfies the conditions (i) (—1)'yi(x) >0, i=0, 1,...,d —2 and (ii) (—1)42y? 2 is
nonincreasing and convex. That implies the generator y is d-monotone. Then, a copula Cy is
said to be an Archimedean copula if it can be written as the following form

Cy(iyeeesvn) = W(O(v1) +---+9(vy)), forallvi €[0,1], i€ 7.

For further discussion on Archimedean copulas, one may refer to McNeil and Neslehova (2009);
Nelsen (2006). A few well known Archimedan copulas including different properties of the
generators are enlisted in Table 1. Next lemma is taken from Li and Fang (2015), which has
been used to prove the results in Theorems 1, 7 and 9.

Lemma 4. For two n-dimensional Archimedean copulas Cy, and Cy,, if ¢ 0y is super-additive,
then Cy, (z) < Cy,(z), for allz € [0,1]". A function f is said to be super-additive, if f(x)+ f(y) <
f(x+y), for all x and y in the domain of f.

3 Main results

This section is completely devoted to establishing sufficient conditions, under which the extreme
order statistics arising from multiple outlier dependent scale models are comparable in different
stochastic senses. The usual stochastic, hazard rate, reversed hazard rate, star, and Lorenz
orders are used in what follows. Throughout this section, we denote two-dimensional vectors by
bold symbols. For example, A = (A1,42) and u = (ug, t2).

3.1 Orderings between the largest order statistics

This subsection addresses ordering results between the largest order statistics arising from
multiple-outlier models. The following three consecutive theorems present different conditions,
for which the usual stochastic order between the largest order statistics holds.

The distribution functions of Xy, (n},n3) and Y.« (nj,n3) are, respectively, given by

FY e (n1.n3) (X) = W1 [n; ¢1 (Fi(xli))} = i [m 1 (Fi (A1) + n391 (F2 (xAz))] (1)

and

Fx oo (i n3) (X) = W2 =y [ni ¢ (Fi (xpu)) +n3¢2 (F2 (x42))] - (2)

i¢z<ﬂ<xui>>

Li et al. (2016) established comparison results between two largest order statistics in the
sense of the usual stochastic order when the underlying random variables follow the dependent
scale models. The authors have used same baseline distribution.

In this section, we consider two sets of dependent observations where the random variables
follow multiple-outliers dependent scale models sharing Archimedean copula with same/different
generators. Here, the first n; observations of {Xi,...,X,,, Xy, +1, ..., X, } have baseline distribution
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function F; and remaining observations have baseline distribution function F,. Furthermore, as-
sume that first n} observations of {Y],.. o Yur Yarg, - ., Y+ } have a baseline distribution function
Fi, and remaining (n* —n}) observations have baseline distribution function F,. It is also assumed
that the number of observations n (=n; +ny) and n* (= nj +n3) may be different. Now, we inves-
tigate whether the usual stochastic order between Y,-.,-(n},n}) and X,.,(n1,n2) holds under this
set-up. To obtain this result, we first prove following two theorems. In the following theorem,
it is assumed that the dependence structures of two sets of samples having multiple-outliers
are different. Also, first nj observations of {X1,...,Xu:, Xy 41, ..., Xy } have baseline distribution
function F; and remaining observations have baseline distribution function F,. Before presenting
the first result, we state the following assumption.

Assumption 1. Let Xi,..., X, ben* dependent nonnegative random variables sharing Archimedean
(survival) copula with generator yi, with X; ~ Fi(xA1), for i=1,...,n] and X; ~ F>(xA;), for
j=ni+1,....,n*. Also, let Y1,...,Y, be n* dependent nonnegative random variables sharing

Archimedean copula with generator W, with Y; ~ Fy(xi), for i=1,...,n] and Y; ~ F(xu2), for
j=n]+1,...,n". Here, nj+n5=n", yg = (])f and Y = ¢2

Theorem 1. Under the set-up as in Assumption 1, let 71(x) > (<)F2(x) and let n > (<)n3. Also,
let A, we & (24), ¢poy be super-additive and let Wy or W, be log-convex. Then,

(7/) <ll yoe. 7/‘1'17127 cee 712) iw (.ul yerey M1, M2, e ,‘UZ) = Yn*:n* (nTvnE) <& Xn*:n* (n]kan;); p,rovided | (X)
nj n; nj n;
or F2(x) is decreasing;

(11) (A, A, A0, A2) =P (e s Moy oy M) = Yo (1], 105) <o Xpeonr (0,15, provided x7y (x)

nj n; n ns
or xip(x) is decreasing.

Proof. Here, we prove the first part. Second part can be proved by similar argument. Denote

A, y1,x) = Fx . (ni.ny) (X) and B(W, ¥, x) = Fy,(ur 3)(x) (given in (1) and (2)). Using the fact
that ¢, oy is super—addltlve one can easily obtain A(u, y,x) < B(u, y,,x). Therefore, to prove
the desired result, we have to show that A(A, y;,x) < A(u,y;,x). This is equivalent to establish
that the function A(A, y;,x) is increasing and Schur-concave with respect to A (see Marshall et
al. 2011, Theorem A.8). Furthermore, on differentiating A(A, y,Xx) with respect to A; partially,
we get

IA(A, y1,x) vi (91 [F (A | v
— T = Fi (o) e Fn(XAn))| 3
o TR PR ©)
where i = 1,2. From (3), it is not difficult to check that M >0 fori=1,2. Thus, A(A, y,x)
is increasing in A;, for i = 1,2. To establish Schur—concawty of A(A,y,x), in view of Lemma 2
(Lemma 1), we only need to show that for 1 <i < j <n*, the following inequality holds:

aA(AW Wl?x) o aA(A‘v l[/l,X)
oA, %

> (<)0, for A € & (24). (4)

Next, consider three cases.
Case I: For 1 <i< j<nj, 4 =A;=A;. In this case, aA%’/{’_Il X _ aA(g’%’x) =0.

Aj
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Case II: For n} +1<i< j<n*, 4 =A;=A. Here, aA(giIl’x) - aA(Q;{’.’"’“) =0.

Case III: For 1 <i<njand nj+1<j<n*, 4;=A; and 4; = A,. Fojr this case, consider 4; < (>
)A2, which implies @ (Fi(xA1)) > (<)@1(Fi(xA2)). Furthermore, under the given assumption, we
get ¢1(F1(xA2)) > (<) 91 (F2(xA2)). Hence, ¢1(Fi(xA1)) = (<) @1 (F2(xA2)). Again, vy is log-convex.

Therefore, we have

vi(w) _wi(w)
; > (<) -5 .
Y (W) lw=¢,[Fi (x41)] Vi (W) lw=61[F(x22)]

Moreover, 7 (w) is decreasing in w > 0; hence

()

Fi1(xA1) > (S)F(xAz). (6)

Also, 7i(x) > (<) (x) gives
7 (x)uz) > (S)f”z(x/lz). (7)

Equations (6), (7) and nj > (<)nj, together imply
ni7(xAr) > (<)nyfa(xAz). (8)
Finally, combining (5) and (8), we obtain (4). O

The following corollary, which is a direct consequence of Theorem 1 presents some special
cases.

Corollary 1. In addition to Assumption 1, let y = yr =y, let nj > (<)nj, and let y be
log-convex. Furthermore, let A, u € & (2+). Then,

(1) (M, A A, A) =Y (e L fo,y -y ) = Yoo (0, 15) <y XKoo (0], 13), provided 7y (x)

* *
l’ll }’l2 nl n

or F2(x) is decreasing and 71 (x) > (<) (x);

(ii) for 7| =y =TF, we have

()‘l»' . 72’17;\’%’ . 7)’2) tw (‘LL],.. . ,[J],,LLZ,...,[.Lz) = Yn*:n*(”f;”;) SS[ X”*Zn*(ni(’nz)v
nj nj ny n;

provided F(x) is decreasing.

The next theorem states that the ordering result holds between the largest order statistics
Xun(n1,n2) and X+ (n],n3) according to the usual stochastic ordering. Here, the samples are
collected from multiple-outlier dependent scale models. Also, it is assumed that the samples are
sharing Archimedean copula with a common generator.

Assumption 2. Let Xy,..., X, ben* dependent nonnegative random variables sharing Archimedean
(survival) copula with generator yi, such that X; ~ Fi(xAy), for i=1,...,n] and X; ~ F>(xA,),
for j=ni+1,....,n". We assume that there exist two natural numbers n; and ny such that

1 <n <nj<n;<m. Also, n=n;+ny, n* =nj+n; and 1;/1:(1)1_1.
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Theorem 2. Let Assumption 2 hold with F; > F,. Then, for A € 9, we have
(1’11,1’12) Zw (n’f,ni) = Xpronr (n’f,nﬁ) <ot Xn:n(”lanZ)-

Proof. The distribution functions of X,.,(n1,n2) and X, (nj,n;) can be, respectively, written as

FY, (. (%) = W1 (i o1 (Fi (X/Ii))> = Yi[m 91 (Fi (xA1)) + 121 (F (xA2))]
i=1

and

Fy e (1 3) (X) = W1 (i o1 (F; (xfli))> = y1[n¢1 (Fi (xA1)) + 301 (F2 (xA2))].

To obtain the desired result, one needs to show Fx, (s, ny)(X) < Fx,. . (n:.n3)(x), Which is equivalent
to establish

v (Z o1 (F, (xx,-») <y (Z o1 (F <xx,->>>
i=1 i=1

= m @1 (F1 (xA1)) +m2¢1 (F2 (xA2)) > ni ¢ (F1 (xA1)) + 501 (Fa (xA2))
= (] —n1)¢1 (F1 (xA1)) < (m2 —n3) @1 (F2 (xA2)) - (9)

Now, (n1,n2) =y (nj,n5) = (n1 +n2) > (nj +n3) = (no—n3) > (nj —n1) > 0. Also, 41 > 1, =
01 (F> (xA2)) > ¢1 (F1 (xA1)) > 0. Combining above two inequalities, we have the inequality given
in (9). O

Next, we observe that two largest order statistics X, (n1,n2) and Y.+ (n],n3) are comparable
with respect to the usual stochastic order under the presence of Archimedean copula. It is worth
mentioning that the order statistics are constructed from two multiple-outlier dependent samples
having sample sizes n and n*. The pairs of the sizes of both the outliers (nj,ny) and (n},n}) are
assumed to be connected according to the weakly submajorization order and p-larger order. The
following assumption is useful for the next theorem.

Assumption 3. Let X1,...,X, ben nonnegative dependent random variables sharing Archimedean
( survival) copula with generator yi, such that X; ~ Fi(xA1), fori=1,...,n and X; ~ F>(xA3),
for j=n1+1,...,n. Also, let Y1,...,Y,» be n* dependent nonnegative random variables sharing
Archimedean copula with generator W, such that Y; ~ Fi(xpy), fori=1,...,n] and Y; ~ F(x2),
for j=nj+1,...,n". Here, 1 <n; <nj<nj<ny, n=n;+ny and n* =nj +n3.

The following result states as remark immediately follows from Theorems 1 and 2.

Remark 1. Assume that Assumption 3 holds with 7(x) < Fy(x). Let (ni,n2) =, (nj,n}), let
A, WE Dy, let ¢roy be super-additive, and let Yy or Yy, be log-convex.

(i) A1y, A A0, A2) 27 (Moo i, (2, - o) = Yo (0], 03) <g Xpen(n1,m2), provided 7y(x)
—— — —
ny n nj n

or F2(x) is decreasing;
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(11) (A, A, A0, A2) =P (e s Moy ey M) = Yoo (17, 105) <o Xnen(m1,m2), provided x7y (x)
. —_—— —_———— ——

* * * *
n n m n

or xip(x) is decreasing.

The condition stated in Remark 1 “¢ oy is super-additive” demonstrates that the copula
having generator Y, is more positively dependent than that having generator y;. Therefore, from
Remark 1(i), one can conclude that in the presence of the Archimedean copula for more positively
dependent components having multiple-outlier dependent scale models, less heterogeneous scale
parameter vector (with respect to the weakly supermajorized order) leads to less reliable parallel
system in the sense of the stochastically smaller lifetime.

Remark 2. From Table 1, one can see that in literature, there are several Archimedean copulas
whose generators are satisfied all the conditions of Theorems 1 and 2 and Remark 1. For
example, we can consider Independence copula, Clayton copula, Ali-Mikhail-Haq copula, and

Gumbel copula.
We now present a numerical example, which provides an illustration of the result in Remark
1.
Example 1. Set A = (1172'2) = (572)7 u= (""17“2) = (673)7 (n17n2) = (1711)7 (nfan) = (576)7 ‘I’l(x) =
1 i Il
e y(x) =e ", x> 0. Consider the baseline distribution functions as F>(x) = 1 —el- (14>
and Fi(x) =1—e*, x> 0. Here, both the reversed hazard rate functions 7| and 7, are decreasing
and satisfy 71 (x) < 7 (x), for x > 0. Furthermore, y; and y, are log-convex and ¢, o y; is super-

additive (see Table 1). Thus, all the conditions of Remark 1 are satisfied. Now, we plot the
graphs of Fy,, (1,1 ,)(x) and Fy, | (s.6) (x) in Figure 1, which shows that Y;1.11(5,6) <g Xi2:12(1,11)

holds.

== = Fr (L 1)(2) |
Frn(5,6)() |4

09 -
08 P
0.7 ’

,
0.6 /
05 /
04f [
03 |1
02/

!
01

0 2 4 6 8 10 12 14 16 18 20
X axis

Figure 1: Plots of the distribution functions Fy,, ,(1,11)(x) and Fy,  (s6)(x) as in Example 1.

Next, we present a counterexample to illustrate that the result does not hold if 7 (x) > 7 (x)

and A € & in Remark 1.
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Counterexample 1. Consider A = (4;,42) =(2,6), u = (1, 12) = (8,2), (n1,n2) = (1,8), (nj,n}) =
1 1

(3,4), yi(x) =e™, ya(x) =", x> 0. Baseline distribution functions are taken as Fj(x) =

l—e*and F(x) =1—(14+2x)7%, x> 0. It can be seen that all the conditions of Remark 1 are

satisfied except A € 2, and 7i(x) < 72(x). Now, we plot the graph of Fy ,( 8)(x) — Fy,;(34)(x) in

Figure 2, which reveals that ¥7.7(3,4) £y Xo.9(1,8).

0.015

Fy,(1,8)(x) = By, (3,4)(a) |

0.01

0.005 [

(=}
T

-0.005
-0.01 |
-0.015 |
-0.02 [
-0.025 J

-0.03

0.035 . . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
X axis

Figure 2: Plot of Fx (1 8)(x) — Fy,,(3.4)(x) as in Counterexample 1

In the preceding results, we have derived sufficient conditions, under which the largest order
statistics from multiple-outlier dependent scale models obey the usual stochastic order. However,
naturally, it is of interest to extend the ordering results to some other stronger concepts of the
stochastic orders. In this part of the subsection, we establish sufficient conditions, under which
the reversed hazard rate order holds between the largest order statistics. The following theorem
shows that the largest order statistics X« (n,n3) and Y-« (n},n3) have the reversed hazard rate
ordering when the scale parameters are associated with the weakly supermajorization order. The
samples are heterogeneous and follow multiple-outlier dependent scale models.

Theorem 3. Let Assumption 1 hold with ri =r, =r, nj > (<) n} and y; =y, = y. Also,
-y 1— [1,1‘/
v v v

suppose that W is log-concave, that is decreasing, and that |" is increasing. Then,

(llv"'72’172’27"'72‘2) EW (:ul?' "7”17u27' i ,,u«Z) = Yn*in*(n]kﬂné) Srh Xn*iﬂ*(n)lkﬂné)7

* * * *
m ) m )

provided A, u € & (D), r(x) is decreasing and xr(x) is decreasing and convex.

Proof. Under the given assumption, r; = r, = r implies Fy = F, = F. The reversed hazard rate
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function of X+, (n],n3) is

}

v zwwxx ] [Z ,m}

w’[ xAi))
)

v S0 (F W[ & i Ar () [1— wlo <F<xm>n}
; ,

FX,,*:”* (n},n}) (x) =

[
v ¢ (F (xA))] V(¢ (F (x4:))]

where f is the probability density function corresponding to F. Denote z = nj¢ (F (xA1)) +
n3¢ (F (xAz)). The partial derivative of Fx . (s 1) (x) with respect to A; is obtained as

sy d (V@] [ lF )] [ Af ()
e = g S St Lyl <F<xxi>>]}
n%x_rx,zwz) y(v)d [1-y(v
e 8 [ [t B

(10)

iw r(w -y o [F )] v'(2)
1} | ()]wzm[ V' [0 [F (2] } v(z)’

for i = 1,2. Utilizing (Marshall et al., 2011, Theorem A.8), to obtain the desired result, we need
to prove that Fy . . ,,;)(x) is decreasing and Schur-convex with respect to A. Using the given
assumptions and (10) the decreasing property of Fx . .(u a3 (x) with respect to A is obvious.
Furthermore, according to Lemma 2 (Lemma 1), to show the Schur-convexity of . . (ut.n5)(%)s

we have to establish for 1 <i < j<n*,

P, (n1,15) (X)) I[Pk, (], m5) (X))

<(>)0, for A € & . 11
87(4 a)tj = (—) , Ior SCES (-@Jr) ( )
Now, consider the following three cases.
D NPy o ettty @] 9y (o ) (¥)]
Case I: For 1 <i< j<nj, 4 =A; =A;. Here, —l22— — ”'"(Ml 22— =0.
Iy v, 1.5 X)) 3[7x nt ) ()]
Case II: For nj+1 <i< j<n*, ;; =A; = A,. Hence, ””al Mlz =0.

Case III: For 1 <i<nj and nj+1<j<n*, ;;=A; and A; = A,. Consider 7Ll < Ay, which gives
O(F(xA1)) > ¢(F(xA2)). Here, we only dlscuss the proof when A1 < Ay. The other case when

A1 > A, can be proved in the similar way The concavity property of Iny provides 4 i ["V',,((ﬂ <0.

Again, using decreasing property o
l_qul(W) < 1_/7W(W) <0. (12)
V(W) lw=glF(i)] = W (W) lw=9g[F(xh)]

Furthermore, it has been assumed that r(x) is decreasing and that xr(x) is decreasing and convex.
Therefore, using nj > n3, we have

r(xA1) > r(xAdz), (13)
mxAir(xAy) > nyxAar(xAy), and (14)
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L d L d
nl% [Wr(w)]w:xll < nZ% [wr(w)]w:xb <0. (15)
Moreover, 1;};(/5;;) %[%&VV;)] is increasing. Therefore, we obtain the following inequality:
{1—w(w>d{1—w(w)” S [l—w(w)d[l—w(w)” >0, (16)
y(w) dw | y'(w) Feay] L W wW) dw L v (W) ] siran)

Now, combining (12)—(16) and the given assumptions, we obtain that the inequality given by
(11) holds. O

In the next theorem, we show that the largest order statistics Xp.,(n1,n2) and X+ (n},n5)
are comparable according to the reversed hazard rate order.

Theorem 4. Let Assumption 2 hold with yy =y and ry =ry =r. Then, for A € D, we have

(I/ll,l’lz) Ty (n]kyn;) = Xy (n’f,né) <rh Xn:n(n1,n2)a

provided Iny is concave and 1;,,‘" and xr(x) are decreasing.

Proof. The stated result will be proved, if we show that Fy, (4 n,)(X) = Fx,. . (a1.n3)(x). Equiva-
lently,

v [i o (F (xli))} [Z o (F (xA; ))} HZ’ ¢ (;fgxx(l;)gxll))“
= X >3 Ar(A) (1= (o (F (x2)]] ()
[zw xm] [Z >>] ey

The preceding inequality holds if the following two inequalities are satisfied:

v [Z?;fP(F(xli))} >1,/[ . ( ( ))]

and
& (@A) [1 = w9 (F (x4)]] = Air(x ) [1— w9 (F (x4))]]
; V'[9 (F (xA:))] - ,; V(¢ (F (xA:))]
o M) = wg (F (vh))]] ey 22r O [1 = (8 (F ()]
B e T B A T €725 R
Furthermore,
(n1,m2) = (n,n3) = (n1+n2) = (n) +ny) = (n2 —n3) = (np —my) = 0. (20)
Also,
M>A=0(F(xA)) >0 (F(xA)) >0
Moreover, 1;,‘” is decreasing. Thus,
1- V/(W) < 1- II/(W) (21)

V(w) lw=g[Fxhy)] = W' (w) lw=g[F(xA1)] —
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Using the decreasing property of xr(x), we have
xAr(xAr) < xAar(xAz). (22)

Combining (20), (21), and (22), the inequality (19) can be obtained. Using (20) and the assump-
tion that w is log-concave, we get the inequality (18). O

Now, we are ready to state a result which shows that the largest order statistics X,.,(n1,n2)
and Y,+(n},n}) can be compared with respect to the reversed hazard rate order. Here, n and
n* may be different.

Theorem 5. Let the set-up in Assumption 3 hold with Yy =y, =¥ and ry =r, =r. Also,
assume A, U € Dy and (ny,np) =, (nj,n3). Then,

(l],...,kl,lz,...,kz) iw (.U~17~~7N17N27---7.U2) :>Yn*;n*(}’l>1k,l’l§) Srhxﬂi”(n17n2)7

* * * *
n n n L)

provided Y is log-concave, 1;—,‘" is decreasing,

ﬂ[l—w

e |" is increasing, xr(x) is decreasing and

convez, and r(x) is decreasing.

Proof. According to Theorem 3, we have

(l],...,k],lz,...,lz) tw ([,Ll,...,,ul,.uz,.. . ,‘le) = Yn*;n*(l’lT,l’li) Srh Xn*;n*(n’f,ni). (23)
—_——— —— ——— ——

* * * *
n n n )

Also, from Theorem 4, we get
(”l )nZ) Ty ("f{anz) = Xy onr (n“f,né) <on Xn:n (l’l] ,I’lz). (24)

Thus, the proof of the theorem follows after combining the inequalities given by (23) and (24).
O

Below, we consider an example to illustrate Theorem 5.

Example 2. Consider A =(3,2), u=(6,5), (n1,n2) =(2,10), (n],n3) =(3,4), y(x) —ea(1=¢) x>
0. Also, let the baseline distribution be F(x)=1—(2)"", x>5>0, a > 0. It is not hard to see
that, for d =0.2, a=5 and b =1, all the conditions of Theorem 5 are satisfied (see Table 1).
Furthermore, we plot the graph of Fx,, .2 10)(x)/Fy,,34)(x) in Figure 3. This shows that the
result in Theorem 5 holds.

Remark 3. Let us consider (i) Independence copula with generator y(x) =e ™, x>0 and (ii)
Ali-Mikhail-Haq copula with generator y(x) = elx_f‘;, o €[—1,0), x>0. One can easily check that
the above two copulas satisfies all the conditions of Theorems 3— 5 (see Table 1).

Now, we derive conditions such that the star order holds between Xy, (n,n5) and Y.+ (n},n5).
Denote Azp = max{A;, A2}, Ad1o =min{A;, A2}, poo = max{u, o}, and py = min{gy, Lo }.
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Figure 3: Plot of the ratio of two distribution functions Fy,, ,(210)(x)/Fy,,(34)(x) in Example 2.

Theorem 6. Under the set-up as in Assumption 1, with 7y =7 =F and Wy, = Y = ¥, we have

Mo Moo
— > = Yn*:n* (l’lT,né) < Xn*:n* (I’ZT,HE),
Ao 7 2

provided % is decreasing and conver, X;’(g) is decreasing, and xF(x) is increasing.
Proof. Under the assumption, 7| =7, = gives Fj = F» = F. The distribution functions of X,;-.,« (n},n})
and Y,-.,-(nj,n}) are, respectively, given by
Fy oo () (%) = W [n10 (F (xA1)) + 139 (F (x22))]
and
By ey ) (%) = W [0 (F (xpir)) +m39 (F (xpi2))] -
To obtain the required result, we consider two cases.

Case I: 41+ 4, = M1+ Up.
For convenience, we assume A; +A; =y + tp = 1. For this case, it is clear that (1;,4;) ="

(U1, 12). Now, take A = A > Ay, up = > u;. Hence, A; =1—A and u; =1 — u. Based on this,
the distribution functions of Xy«.,+(n},n3) and Y.+ (n,n3) can be written in the following form

F ) (9) < B (x) = Wi (F (x(1=2))) +m39 (F (¥1))]
and .
() (%) < Fu(x) = Wt (F (x(1— ) +n39 (F (xip)].
Now, according to Lemma 3, we have to show that ;;é(();)) is decreasing in x € R, for A € (1/2,1].
The derivative of F,, with respect to A is given by
rey - VIO(F(A =) | o o VIO (F (xA))]
) = ey F =) PN Y (F o))
Xy [n]¢ (F (x(1—=1))) +m¢ (F (xA))]. (25)
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Also, the probability density function corresponding to Fj is
VIO (F (1 =A))] ;o IO (F (5A))]

Sl = (A=A s (B (1= 1) Vo (F (1)
Xy [n]¢ (F (x(1=1))) +m3¢ (F (xA))]. (26)
Therefore,
o VIO (F (x2))] B
A I I 7 T 3) R
AT wer(a(1 — 2y VIO F 7))
" V[0 (F (x(1-1)))]
Thus, it suffices to show that L(x) = ( (xl)wwi))))]]) /( (x(1 —l))%) is decreasing

X
in x € RY, for A € (1/2,1]. The derivative of L(x) with respect to x is obtained as
¢

]’_ (1=2)(x(1-2))
F((1=2)x)

Under the assumptions made, ng) is decreasing and x7(x) is increasing. Therefore, for A €
(1/2,1],
XAF(xA)  x(1=2A)F (x(1—21)) 5 i
= = >x(1— — 1)) >0.
FaA) (1= 1) <0 and xAF(xA) > x(1 —=A)F(x(1—A1)) >0 (27)

Also, since W, is decreasing and convex, we have

VIFEE)T _ [yloFE1-))]]
[w'm(F(m))]] S{w'ww(x(l_m))] 0. (28)

Now, combining (27) and (28), we get L'(x) <0, for x € RT.
Case II. A1 + A2 # Uy + Wo.

In this case, we can take A} + A, = k() + U2), where k is a scalar. Hence, (kuy, k) =" (A1,A2).
Let us consider n* dependent nonnegative random variables sharing Archimedean copula with
generator y, such that Z; ~ F(kuix), for i=1,...,nj] and Z; ~ F (kpox), for j=nj+1,...,n*. Here,
ni +n; =n*. Then, from Case I, we have Zy,-(n},n3) <. Xy-p+(nj,n3). Furthermore, star order
is scale invariant, and hence we obtain Y.« (n},n5) <, Xy-.n-(n7,n3). O

Remark 4. Let us consider y(x) =e™*, x>0 in Theorem 6. Then, Theorem 6 reduces to
(Zhang et al., 2019, Theorem 3.14) when oy = o = 1.

Using the fact that the star order implies the Lorenz order, the following result is a direct
consequence of Theorem 6. Furthermore, since the Lorenz order is mainly used to compare the
income distributions, the following corollary is more interesting from the point of its applications
in the study of incomes.
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Corollary 2. Under the set-up as in Theorem 0,

Ao o2
T > —= =Y (n’f,né) <Lorenz Xu*:n* (I’f{,n;),
12 2

7 (x)

. ]’l/ . . X . . ~ . . .
provided Vs decreasing and convex, o 18 decreasing, and xF(x) is increasing.

In the following theorem, an interesting result has been developed to compare Y., (n},n3)
and X+ (n},n}) according to the dispersive order.

Theorem 7. Under the same assumptions of Theorem 0, let us consider % be decreasing and
% be decreasing, and x7(x) be increasing. Also, let Ay < tp <y < Ay. Then,

(2’17"'72‘172’27"'712) EW (ulv"'7u17u27' <. 7.““2) = Yn*:n*(}’lik,n;) Sdisp Xn*:n*(n*fvné)'

* * * *
n n n n

conver, F(x),

Proof. Ahmed et al. (1986) established that, for two continuous random variables X and Y, if
X <.Y holds, then X <y Y = X <y, Y. Therefore, from Corollary 1(ii), we have Y., (n*,n*) <y
Xy (n*,n*). Hence, considering Theorem 6, we can conclude that the required result holds. [J

Remark 5. It is notable that, in Theorem 7, if we take y(x) =e™*, x>0, then Theorem 7
reduces to (Zhang et al., 2019, Theorem 3.15(i)) when oy = o = 1.

Remark 6. Let F(x) = (2)!, 0 <x <a. For this baseline distribution, it can be easily checked
that 7(x), x;gg) are decreasing and xF(x) is increasing. Therefore, we can consider the power
distribution as the baseline distribution function in Theorems 6 and 7.

The following theorem provides some conditions for comparing two largest order statistics
Xun(ni,n2) and Y- (nj,n}) according to the likelihood ratio order. This can be proved by the
similar approach of Theorem 3.12 of Torrado (2017). Here, we consider y(x) =e*, x > 0, as the

generator of the Independence copula. Also, denote u(x) = x7(x), n(x) = —% and v(x) = %
Theorem 8. Let Xi,...,X, be n nonnegative dependent random wvariables sharing indepen-
dence copula with generator Y, such that X; ~ F(xA1), for i =1,...,n] and X; ~ F(xA2), for
j=nj+1,...,n". Also, let Yy,...,Y, be n dependent nonnegative random variables sharing In-
dependence copula with generator W, such that Y; ~ F(xuy), for i=1,...,n1 and Y; ~ F(xl),
for j=ni+1,...,n. Assume that v(x) is decreasing and that n(x), x*#(x), and u(x)V'(x) are in-

creasing. Suppose U <A <A < and 1 <ny <nj <nj <ny, n=n;+ny, n* =nj+nj;. Then,
(n1,n2) =" (ni,n}) and

(Alyees Ay gy A2) =Y (Hy ey iy M2y e e oy ) = X (01, 12) <pp Yeopr (0], 15).
—— — —_—— ——

* * * *
ny n, n ny

3.2 Orderings between the smallest order statistics

In the previous subsection, we focus on the conditions, under which the largest order statistics
are comparable according to various stochastic orders. Here, we develop conditions such that the
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usual stochastic, hazard rate, star, and Lorenz orders hold between the smallest order statistics.
The reliability functions of Xj.,-(n},n}) and Yi.,-(n},n}) are, respectively, given by

Fx e ) (X) = W1 [i‘i 91 (F (xli))} =¥ [ni¢1 (Fi (xA1)) + m3y¢1 (2 (x22)))] (29)

and

Fy ety () = W2 = Y2 12 (A (xpin)) + 32 (Fa (xiaa))] - (30)

i% (F ()

Li et al. (2016) compared two series systems with same number of components in the sense of
the usual stochastic order when the corresponding random variables follow the dependent scale
model with same baseline distribution function.

Here, we consider multiple-outlier models with different baseline distribution functions and
prove the usual stochastic order between X.,(n1,n2) and Yi.,-(n},n}). This is presented in The-
orem 7. To obtain this result, let us first prove the following two theorems. In the following
theorems, it is assumed that the samples are heterogeneous and taken from the multiple-outlier
dependent scale models with different baseline F; and F,. We now consider the following as-
sumption.

Theorem 9. Under the set-up as in Assumption 1, with ri(x) < (>)ra(x) and nj < (>)n},

(A’la"wa’l’A’Za“'?Az) tw (ﬂ1a~--all17#27---;ﬂ2) :>X1:n*(n’f,n§) SSl Ylin*(”T?”%)?

* * *

d
m n m

n
provided A, W€ &y (D1), oy is super-additive, Wi or W, is log-convex, and ri(x) or ry(x) is
imncreasing.

Proof. Let us denote C(A, y1,x) = Fx, . (w ny) (*) and D(W, y2,x) = Fy, (s u3)(%) (given in (29) and
(30)). According to Lemma 4, the super-additivity property of ¢ o y; provides C(u, yp,x) <
D(U,ys,x). In order to prove the desired result, we need to show that C(4,y;,x) < C(u,y,x).
This is equivalent to show that C(A,y;,x) is decreasing and Schur-concave with respect to A.
Taking derivative of C(A, yy,x) with respect to A;, for i = 1,2, we get

IC(A, ¥, %)

oA = —nfxri(x/li)w% [n; o1 (F; (xli))} . (31)

V1 [01 (F; (xA))]

Equation (31) shows that C(A,y;,x) is decreasing in A;. The other part can be proved in the
similar argument as of Theorem 1.

O
The following corollary is immediate from Theorem 9.

Corollary 3. Let the set-up as in Assumption 1 hold with y; =y, =y and nj < (>)n}. Also,
let w be log-convex and let A, u € & (Z4+). Then,
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(1) (M, s A Ay, A2) = (U e i, f2y ey ) = Xy (0, 15) <g Yiene(n,05), provided ry(x)
nj n; ny n;
or ra(x) is increasing with ri(x) < (>)ra(x).
(11) (M, A, A, A2) = (Moo s M2y o) = X (0], 15) <o Yi(n],05), provided r(x)

* * * *
n n m )

is increasing, where ri(x) = rp(x) = r(x).

The next result reveals that the smallest order statistics Xj.,+(n},n5) dominates Xj.,(n1,n2) in
the sense of the usual stochastic order under the condition that (n},n}) is weakly submajorized
by (n1,n2). The following assumption will be helpful to prove the next two results.

Theorem 10. Let Assumption 2 hold. Then, for A = (A1,A2) € & and F) < F,, we have
(I’l],l’lz) Zw (I/IT,I’Z;) :>X1;n(n1,n2) <ot Xion (n}‘,nﬁ)

Proof. Using the similar approach of Theorem 2, one can obtain the required result.

The following remark follows from Theorems 9 and 10.
Remark 7. Let Assumption 3 hold, with ri(x) <r(x). Also, let A, u € &. Then, for (ni,nz) =,
(ni,n3),

Ay A Aoy A2) 2 ([ e M, M2y H2) = X (1, m2) <g Vi (n7,03),
—_— — —_— ——

* * * *
m ) m L)

provided ¢, oy is super-additive, Yy or Y is log-conver and ri(x) or ry(x) is increasing.
As an illustration of Remark 7, we present the following example.
1
Example 3. Take A = (2,6), u =(1,3), (n1,n2) = (4,8), (nj,n3) =(6,7), yi(x) = e
1

Y (x) = e " , x>0, d, dy € [1,0). Also, let Fj(x) = (ﬁ)l, O<x<aand F(x)=1—¢*, x>0.
It can be seen that, for d =9, dy = 10 a =400 and [ =2, all the conditions of Remark 7 are
satisfied (see Table 1). Now, we plot the graph of Fx, (4 s)(x) — Fy, (6.7) (%), given in Figure 4.
The figure suggests that X.12(4,8) <y Y1.13(6,7) holds.

and

Next, we present a counterexample, which shows that the stated usual stochastic order in
Remark 7 does not hold if the conditions ri(x) < rp(x) and r; is increasing, are dropped out.

Counterexample 2. Take A =(1.2,3.6), up = (1.4,3), (n1,n) = (2,11), (n},n3) =(3,9), yi(x) =

1 1
e and yh(x) = e, x> 0. Also, suppose Fi(x) =1 —e ¥ and F(x) =1 — (1 +2x)7%, x> 0.
Clearly, all the conditions of Remark 7 are satisfied except r| < ry and r, is increasing. Now,
the graphs of Fy,,;(2,11)(x) and Fy,,(3,9)(x) are depicted in Figure 5. It reveals that the usual
stochastic order in Remark 7 does not hold.

Upon using Remark 7, one can easily conclude the following corollary.
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Figure 4: Plot of Fy, ,(8)(X) = Fy, (6.7) (%) as in Example 3.
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Figure 5: Plots of FX1:13(2,11)(X) and Fy1:12(379) (x) as in Counterexample 2
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Corollary 4. Let Assumption 3 hold with y, =y, = y. Also, let A, u € &y, v is log-conver
and (ny,n2) =, (nf,n3). Then,

(i) A1y, A, A0, A2) =0 (M e e oy s Moy ) = Xip (1, 12) <g Yiger (n],13), provided ry(x) or ra(x)
n " n ns
is increasing and ry(x) < ry(x).

(11) (M, A, A, A2) = (M s M2, s M) = Xin(n1,m2) <y Vi (nf,03), provided r(x) is
—_— — —_— ——
ny n; nj n;
increasing, where ry =ry =r.
Next, we provide three consecutive theorems, which deal with the hazard rate ordering
between the smallest order statistics.
Theorem 11. Let Assumption 1 hold with n} < (>)n, yi =y, =y, Ff =F, =F, r1 =7 =F
)

V?:S

and r; = rp, =r. Also, suppose that W is log-concave, that 1;/, is decreasing, that [
increasing, and that A, u € & (Z4). Then,

v

(mlu"'7m17m27"'7m2) iw (V],...,Vl,Vz,...,Vz) :>Xl:n*(n51ﬂ7n§) Shr Y]:n*(l’lik,né),
N — N—— ——— N —
n n n n

where m; =logA; and v; =logu;, i =1, 2, provided r(x) is increasing, xi(x) is increasing and
convet.

Proof. Denote by f the probability density function corresponding to the distribution function
F. The hazard rate function of Xj.,-(nj,n}) is given by

def Vg | & emfxe™)
rx, L) (x) = &Em) =
Ko ) ()= S = L (F (e
v'lZ] Z em(xe™)[1 — yg (F (xe™))]]
Vg i=1 V(¢ (F (xe™))] ’
where z =n{¢ (F (xe™)) +n3¢ (F (xe"™)), m; =logA;, for i = 1,2 and m = (m;,my). Also, f is the
probability density function of F. The partial derivative of &(m) with respect to m; for i = 1,2
is given by

9¢ (m) W’(Z)Hl—l[lf[g’[ﬁ(xem")]]} ¢S (xe™) ]

ami = —n?Xemif(xemi)jZ |: w(z) — (xemi))] 121 II/ [¢( (xem,))]
—nr(xe™) [x[e"™]?F(xe™ JAORRID —¥0)
frxe™) [xle™ ) r(re™)] <>[ <>[ [ V) H] Plaem)
4 wi(w ; L= V0[P (xe™)]) v
-H’L i dw [ ( )]W:xemz [ [F (xe’”l)]] W(Z) . (32)

From (32), it is easy to see that & (m) is increasing with respect to m. Now, we only need to show
the Schur-convexity of & (m) with respect to m. This is equivalent to show that for 1 <i < j<n*,

9&(m)  9&(m)

am,’ 8mj

} < (2)0, for me & (7). (33)
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Utilizing the assumptions made, the rest of the proof follows from the similar arguments of
Theorem 9. Thus, it is omitted for the sake of conciseness.

O

The following theorem demonstrates that under some conditions, the hazard rate ordering
between X.,(n1,n2) and Xi.,-(n},n}) exists.
Theorem 12. Let Assumption 2 hold with yy =y and 7y =7, =F. Then, for A € &, we have
(n1,n2) =y (n7,13) = Xip(n1,m2) <pr Xiops (n7,13),

1y
l[/l

provided x7(x) is increasing, ¥ /y and are decreasing.

Proof. The required result can be proved if we show that ry, , »,)(X) > 7y, . (n}.13) (x) and equiv-
alently,

w’[z,m(f(mm[ n A1y (FeA))) ] < v/[z:imw(xm)][ AT (1= (9 (F (k)]
YIES O(FG))] |&i=1" Wo(F ()] = Y 0Fea)] [Z=T WITERA)) :

(34)
To prove inequality (34), it is sufficient to show that the following two inequalities hold:
(ni —m)(F(xA1)) < (n2 —n3)9(F (x2)) (35)
and
gy TR WO F )] xR ) YO (F )]

V'[9 (F (xA1))] V'[9 (F (xA2))]
Furthermore, (n1,n2) = (nj,n}) = (n1 +na) > (nj +n3) = (np —n3) > (nj —ny) > 0. Also, 4; <
A2 = 0 (F (xA2)) > ¢ (F (xA;)) > 0. With the help of decreasing property of =¥, we obtain

W/
1—y(w) 1—y(w)
) el S re s ol < O (37)
Since x7(x) is increasing,
xkl 7()63.1) S X)Qf”(xﬂ.z). (38)
Thus, the proof is completed from(37), (38), and the given assumptions. O

The next theorem states that if the scale parameters are connected with the weakly subma-
jorized order and the sample size pairs (n1,n2) and (n},n}) have weakly submajorized order, then
the smallest order statistics of Xj.,(ni,n2) is dominated by Yi.,-(n},n}) according to the hazard
rate order.

Theorem 13. Let Assumption 3 hold with Wi =vw, =y, ri=r,=r and /'y =7, =F. Then, for
A, ue &y and (ny,n2) = (n},n3),

(ml,...,ml,mz,...,mz) ~w (vl,...,vl,V2,...,V2) :>X1;n(n1,n2) <ur len*(n*[,n;),

* * * *
m n m n

17}’/]’% and r(x) are increasing, xi(x) is increasing
1,2

provided Y is log-concave, 1;—,‘" is decreasing, |

<

and convex, where m; =logA; and v; =logl;, i
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Proof. The proof of the theorem follows from Theorems 11 and 12. Thus, it is omitted. O
To illustrate Theorem 13, we now consider the following example.

Example 4. Set A = (€%3,e%0), u = (e92,¢%3), (n1,m) = (2,11), (n},n3) = (3,7), and y(x) =
eé(l’ex), x>0, be (0,1]. Furthermore, let F(x) = (%)1, 0 <x <a. It can be easily shown that for
b=0.99, a = 1000, and [ = 2, all the conditions of Theorem 13 are satisfied (see Table 1). Now,
FY1;10(377)(X)

2 in Figure 6, which is consistent with the result in Theorem 13.
Fx, .5 (2,11)(x)

we plot the ratio

28|

26

24

22

18

16

14 r

12

X axis

Figure 6: Plot of Fy, 37)(x)/Fx, (2,11 (%) as in Example 4.

Remark 8. Consider the Independence copula with generator y(x) =e™*, x > 0, which satisfies
all the conditions of Theorems 11-13 (see Table 1).

In the next theorem, we develop some conditions under which two smallest order statistics
are comparable according to the star order.

Theorem 14. Under the set-up as in Assumption 1, with F{ =7, =F and Yy = Y =y,

Ao Moo
— > = len*(”’f,nﬁ) <i Xl:n*(nT’nZ)’
Mo~ M2

/
provided ¥, is decreasing and convex and = ®) 4nd xr(x) are decreasing.
% r(x)

Proof. The distribution functions of Xy.,«(n],n3) and Yy.,-(n],n3) are, respectively, given by

Fx,,. (n7,13)(x) = 1=y [n1¢ (F (xA1)) +n30 (F (xA2))]
and
Fy,,,. (n7,n3)(x) = 1 =y [n]¢ (F (xp1)) + 139 (F (x2))].

Now, the rest of the proof follows using similar arguments as in Theorem 6. Thus, it is
omitted. Ol
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The following result is a direct consequence of Theorem 14.

Corollary 5. Under the assumptions as in Theorem 1/,

xrrég) and xr(x) are decreasing.

provided % is decreasing and conver and

Remark 9. Suppose F(x) =1—(3)4, 0<x<b, a> 0. For this baseline distribution, it is easy to
check that )

r(x)
as the baseline distribution of Theorem 1/.

and xr(x) are decreasing. Therefore, one can consider this distribution function

4 Concluding remarks

In this paper, we discussed some comparison results between the lifetimes of both parallel and
series systems consisting of multiple-outlier dependent scale components in the sense of the
usual stochastic, reversed hazard rate, dispersive order, hazard rate, likelihood ratio, star, and
Lorenz orders. The dependence structure has been modeled by Archimedean copulas. Sufficient
conditions have been established for the purpose of the comparisons of the order statistics.
Several examples and counterexamples are presented to illustrate the established results.
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Randomized versions of the underlying counting problems are shown to lead, in general, to
Markovian triangular sequences.

Keywords: Combinatorial probability; Distinguishability; Forests; Markovian triangular sequences; Ran-

domization; Simply generated and increasing trees.

1 Introduction

The purpose of this note is to present explicit and asymptotic methods to count various kinds of
topological trees (for which there is no data giving the distance between any two of their nodes).
In all cases, the use of generating functions (g.f’s) is an essential ingredient. Explicit formulas are
derived with the help of Lagrange’s inversion formula. On the other hand, singularity analysis
of g.f’s leads to asymptotic formulas aiming at describing large trees.

The analysis concerns counting of the following labeled tree structures (with no restriction
on the degree of their nodes):

- Simply generated labeled trees, either ordered (plane) or not (Cayley trees).

- Recursive increasing labeled trees, either ordered (plane) or not.

- The height, depth, and number of leaves of such trees.

- A weighted version of such trees.
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- Forests of such trees are also considered.

The various labeling conditions translate various distinguishability possibilities of the nodes
(somewhere called here, alternatively vertices or atoms) of the tree (or forest). We will herewith
be also concerned by the stochastic randomization of the underlying strictly combinatorial as-
pects of the counting issues. Relation of enumeration problems of trees and forests to random
walks can be found in Pitman (1998).

Focus will be on sequential growth of trees and forests as given, after randomization, by
Markov triangular probability sequences. By that, we mean the update of their shapes when
the number of its atoms goes from n to n+ 1, in an aggregation process of individuals. Whenever
the additional atom connects to one of the internal nodes of the size-n tree, the number of
external nodes (leaves) grows by one unit, whereas if the additional atom connects to one of
its leaves, the number of its leaves remains constant. Leaves of a tree consist of its boundary,
connecting it to the external world. When dealing with forests, the additional atom can either
connect to one of the trees of the current forest (aggregation) or generate a new tree (nucleation).
Trees are efficient graph structures to fully connect people as the number of edges required to
do so is minimum but these are fragile in that the deletion of an edge disconnects the subtree
below it from the main tree.

If, by recursion from the root, ®(z) solves the functional equation

B (2) = zelia 1), 1)
then
cn = ["]@(2),
(the z"-coefficient in the power series expansion of ®(z)) is the number of rooted unlabeled size-n
trees (see (Wolfram.com) and the references therein). The number of unrooted such trees is
given by ¢} = [7"| ®* (z) = ¢, /n, where

D" (z) =P (2) - % [@? (2) - (%))

The enumeration of such trees with n up to 6 is given in (Wolfram.com). There are no known
expressions for ¢, (or ¢) but, from local singularity analysis, ¢, ~ Bn=3/2z." (respectively, ¢} ~
Bn—3/2z-") for large n, where B = 0.5349... and 1/z. = 2.955765... is defined from ®(z.) = 1.
Note that the functional equation (1) is also,

P(z)=z[J(1-2")"",

n>1
with HnZl (1 7Zn)*cn = eZkZl %‘P(zk) the unordered téexponentialn of (D(Z) ' Moreover,
P (Z, M) = Zezkak’] [(Mfl)zu*%‘b(zk,u)] =z (1 . Z)u—l ezkzl %(I’(Zk,u)

is the joint g.f. for the nodes (vertices) and the dangling nodes (culs de sac or leaves) of such
trees, with

Cnk = [Z"uk} D (z,u)
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the number of unlabeled rooted trees with size-n having k dangling nodes, k=2,...,n—1. From
Wolfram, cg, =1, cg, =1, cg3 =2, cg4 =2, and cg s = 1. For each such tree, the question of
how many ways they7 can be labeled to yield simple or recursive unrooted trees arises.

Let B; be a 0-diagonal n x n matrix with entries in {0, 1} whose the first row is (0; 1,..., 1;0,...,0)
(with n; > 1 ones), the second row is (0;0,...,0;1,...,1;0,...,0) (with n; > 1 following 1 ’s not
overlapping the n; first ones), ..., whose the /th row is (0;0,...,0;0,...,0;...;1,...,1) (with n; > 1
final 1’s not overlapping the nj +...+mn;_; previous ones). The remaining rows are zero-sum
rows, and ny+...+n; =n—1 is the overall number of edges in the size-n unrooted tree; the
nonoverlapping condition in the formation of B; guarantees that there are no cycles in the tree
graph.

If ny >ny > ... >mn; > 1, then there are p,_;; such matrices B;, where p,; is the number of
unordered partitions of n into / positive summands, with p,; obeying the three-term recursion

Pnl = Pn—1,1—1 +pn—l,la

with boundary conditions p,; =0 if / <0 or [ > n. Upon transposition of B;, the symmetrized
matrix
A; =B —i—B;

is thus, up to permutation of its rows and columns, the incidence matrix of unrooted unlabeled
trees with k =n — [ dangling nodes. Both the row and column sums vectors of A; are the same.
We conclude that ¢ ., k=2,...,n—1, is the number of matrices obtained as PA;P', where P runs
over all permutation n x n matrices (the equivalence class of A;).

2 Number of atoms and leaves in a size-n simple tree

We shall distinguish two main types of simply generated (or simple) trees, namely, as follows:

- Ordered (or plane) trees: The reason is that one can draw the tree in the half-plane so that
the children of every parent are ordered from left to right, say from the youngest child to the
oldest one. Embeddings obtained from cyclic rotations of the sub-trees around the root are not
allowed.

Such trees are amenable to the Ulam-Harris-Neveu ordering of their nodes (horizontal or-
dering holds), and they can be represented as strata with the founder on top and the successive
layers below; see Neveu (1986). Given that an individual of the population at generation k has
been labeled by vertex v =vj...v; (as a concatenation of k positive integers) and gives birth to
Ky > 1 children, its offspring is labeled by vl1,...,vKy. Each individual at generation k thus gets
a concatenated label v=v;...v; for which label v|...v;_; is one of its mothers, v;...vt_», is one
of its grandmothers, ..., up to 0, is the conventional label of the root. Such ordered trees are the
combinatorial versions of Galton—Watson trees in the theory of branching processes.

- Unordered (nonplane) trees: If the above condition is not imposed, then such trees are
called Cayley trees.

2.1 Nonincreasing (simply generated) trees

By recursion from the root, the number of labeled simply generated (or simple) trees of size n
generated by the local g.f. ¢ (z) (with nonnegative @, := [z"] ¢ (z), m >0, ¢ (0) = 1) is obtained
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Co=n![2"]®(2), (2)

where ®(z) solves the functional equation ®(z) = z¢ (P(z)), ®(0) = 0. Lagrange inversion for-
mula states that for all n > 1

210 = [0 ()" Q

In enumeration problems from combinatorics, k!¢ are assumed to be nonnegative integers.
A more general form of Lagrange inversion formula states that (with ’ denoting derivative)

LIh@ )= [ (D)), (@

for any arbitrary analytic output function A; see Surya and Warnke (2023).

2.1.1 Cayley (unordered) trees Rényi (1959)

For rooted and labeled Cayley trees, ¢ (z) = ¢°. By Lagrange inversion formula,

n—1

<I>(z):Zn Z

|
=1 on!

solves @ (z) = ze®@ (with ¢ (z) = €% and C, = n""!).

Note ze =sup(z > 0: P (z) <o) =1/e with ®(z.) =1, ®(z.) = . The probability to observe
a particular size-n tree 7, among all such size-n trees is 1/c,. The tilted probability to observe a
tree of size n among all possible trees is

7'C, /n!
D(z) ’

for those z € (0,z], where z. = 1/e. Tilting is necessary because the overall number of Cayley
trees, regardless of their sizes, is infinite.
The joint g.f. of their nodes and leaves reads:

D (z,u) = z(u—1+¢%Y),

hence with

"] ®(z,u) =

Therefore,

= e oten =1 () [ -

n!

:?;Sn—l,n—ka kzl,...,n—l, (5)
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due to the vertical “g.f. of Stirling numbers of the second kind” S, :

1 k!
ZS”k py # = [Zn] (ezf l)k = *'Sn,k.
n>k : n:
We get
kCopix=k(n+1)Cop+(n+1)(n—k+1)Cpp_1, (6)

with boundary conditions C, 0 = C,, =0, C,1 =n! and C,,—1 = n. In addition,

Co:=["|®P(z,1) = ol = Z Ch-
h—

Assuming uniform sampling, we have P (L, = k) = C””‘ >0,k=1,. - (otherwise 0): The law
of L, has finite support, varying with n. From (6), Wlth P(L, = k)

n
n+1

n—1
Pt =0 = () WP =+ (= )P (L = k- 1), 7)

The latter recursion (6) may be written as
P(Lii =k) =g \P(Ly = k) +q;" P(Ly=k—1),
defining the (positive) transition coefficients q,((nlz and 61;(:1,)1 » Which are not transition probabilities.
This three-term (“space-time” inhomogeneous) recurrence is therefore not one of standard

Markov chains with a usual probability transition matrix. However, it is one of triangu-
lar Markov probability sequences whose support varies with n linearly. Note that the ratio

Pkn _qk 1k/f]kk—(”—(k—1))/k obeys

oAl < Vifk> (nt1)/2,
o\ lagl > itk<(n+1)/2,

translating that L, is attracted to the central part of its support, whose two endpoints {1,n— 1}
are (asymmetrically) weakly repelling. Introduce the superdiagonal transition matrix

0 .. .. 0
Onn = () w |
0 0 qnn—l,n—l qnn l,n
0 v
and let Q,_1, be its (n—1) x n truncated version. With 7 := 1, taking indeed into account
the boundary conditions, the distributions zt:= (P (L, = k), k€ {1,...,n—1}), n > 2, satisfy the
recursion

L L L
Tyt = (n'n 70) Qn7n =T, anl,n, n>2.
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Thus, n,f = ﬁm:27,,,7n_1Qm_17m, n >3 is an integrated form solution of the recursion, as a
left product of nested rectangular matrices (starting from Q,_2,-1 to the right, ending up with
Q12 to the left). Because for each n > 1, xl is a probability vector, we get that zl is or-
thogonal to the 1-shifted column sum vector q,—; —1 of Q,_, with kth entry q,({nlz ~|—q](:,2 a1
k=1,...,n—1. This can easily be seen while post-multiplying 77:nL+1 by the column vector 1 and

observing 7t [ 1=mt1=1.

Next, the identity (Rényi 1959)

nil C X (nfk) _ xn—l
n, -
=1 (nfk)

yields (with x =n—1): Y1~ kC,p =n(n—1)""". Also,

8,4613(2,1):#&1)7
with
n _ n— 1 _ 1 n— 1 / z
[Z]auq)(zvl) - [Z 1]1_(1)(271)_11—1[1 2] <<1—Z> e)
= nn-1)"",
so that

E(L) = 202D _, (1 J)"l ~n/e,

"] ®(z,1) n
o* (L) = ”(”—1)<1+>n1+n(1_’11>nl_nz(l_:)z("“
e—2

The variance term is obtained while plugging x = n—2 in the identity. The Central Limit
Theorem (CLT) therefore holds:

L,—E(L,) 4
W%W(O,l). (8)

Rényi (1959) and Steele (1987) rather studies unrooted Cayley trees (there are n"~2 such trees)
with no major difference with the rooted case here. Trees, in Rényi’s writing, consist of the
optimal graphs to connect n cities with just one path joining any pair of cities, passing through
their most recent common ancestor.

2.1.2 Ordered (plane) trees
For rooted ordered trees, ¢ (z) =1/(1—z). The g.f.
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solves @ (z) =z/ (1 —®(z)) (with ¢ (z) =1/(1—2)).

Note zo =sup(z > 0: P (z) < o0) =1/4 with ®(z.) =1/2 and &' (z.) = o0. ®(z) has an algebraic
singularity at z. = 1/2.

Here, C, = n![7"|®(z) = % and ¢, = [7"] P (z) ~ ﬁn_3/24”_1 (by singularity analysis of
®(z)). Note also Cpp1 =2(2n—1)C,.

Here, C,, counts the number of labeled size-n trees respecting the Ulam-Harris-Neveu ordering
of the children, while ¢, counts the number of such size-n trees, dropping the global labeling
condition. There are thus ¢, = IS!Z(';:ZI))!!

Let us now come to leaves of such trees:
With ®(z) = ®(z,1), the joint g.f. of nodes and leaves solves

rooted ordered trees with n atoms.

P(zu)=zu—1+1/(1—-P(z,u))).

Hence,
q)(w):1+<u_1>z—¢<12+<u_1>z>2_4w7
with
@) = o[ etz (1-2)"
= SEIE ()
= SB[l oo e
n\ [n—k|
- i,{_zo(k) (k—lk)'l k
1 & () (n—2
@6
Therefore,
c,,,k::n![z"u"}cb(z,u)z(n—l)!G)(’;:f), k=1,....n—1. (9)

Using (Pascal triangle)

and
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entails (with C,; =n! and C,, =0)

nn—1) nn—1)
n = Cn Cn —1 10
Corre=— = Gkt — =7 Cni (10)
from which the following three-term recurrence for P (L, = k) = CC"};" can be deduced (with P(L, =n) =
P(L,=0)=0):
Chil, nn—1 1 1
Py —h)=otk 20D P g gy Lpg,en].

Cov1 2(2n—1) [n—k k—1

For such random walks, the next step is either a no-move step or a move-up one. What (11) says
is that whenever L, approaches its extremal values, either 1 (or n— 1), there is a smaller chance
(inversely proportional to this value) that the next connection will result in a no-move step

(a move-up step); anti-preferential attachment rule holds. Here, the ratio py, := q,({li)l,k/q,({tllz =
(n—k)/(k—1) obeys

Al < k> (ne1) /2,
e > Titk<(n+1)/2

translating that L, is again attracted to the central part of its support, whose two endpoints
{1,n— 1} are (asymmetrically) repelling. Here,

[ @ (z,1) = (2” 2)! nicnk
- g
Next,
z 1—<I>(z)

AP (z1) = 2 TovicEk ‘1202

1 1
n! [Zn] 8MCI>(z, 1) =n! [Zn_l] (2 + m) = gCn for n > 2.

1921 _n
[ ®(z,1) 2’
6% (Ly) ~ n/s.

E(Ln) =

The variance term can be computed from (see Drmota 2009, p. 83)
0% (Ly) = n![2"] [2®@ (2, 1) + 0@ (z,1)] /C — [n! [2"] uP (2, 1) /Ca)*.

A CLT holds.
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2.2 Increasing (or recursive) trees

A size-n rooted and increasing Cayley tree has vertices with indices or labels {1,...,n} increasing
for any path from the root to its leaves. Wherever a new connection is created in this tree, the
adjunction of a new node with index n+ 1 will result in a size-(n+ 1) rooted increasing tree.
Increasing trees can in addition be unordered (Cayley) or ordered. Such trees were studied by
Bergeron et al. (1992).

2.2.1 Cayley (unordered) increasing trees

The g.f. of unordered, rooted increasing trees solves the ordinary differential equation @' (z) =
e®@ ®(0) =0, hence ®(z) = —log (1 —z) with z. =sup(z>0:P(z) <o) = | with ®(z.) = oo.
Hence, ®(z) has a logarithmic singularity at z. = 1. We get C, = (n—1)! and ¢, = 1/n.

The joint generating of nodes and leaves solves:

0.@ (z,u) = u— 1+ P,

D(z,u) dz’
Z:/ )
0 u—1+4e?

@ (z,u) = log <1_”> .

1 — uex(1—u)

Hence,

with solution

With k=1,...,n—1, we have

1—
Cuy:=n! {z"uk}@(z,u):(n—l)![z”_luk] w14t
’ 1 — uez(1-u)
= Lyp—1k, k:1,...,l’l—1, (12)
a shifted version of the first kind Eulerian triangle, for which

Cn+]"k Ikak—i-(n—k—l-])Cn_’k,]. (13)

Also, from
(I)(Z’ 1) = _10g(1 _Z)v

Co:=["|®P(z,1)=(n—1)!= ni:lCn’k.
k=1

With P(L, =k) = %’f, k=1,...,n—1, therefore,

C k—1
P(L,,H:k)zc”*”‘:kP(Ln:k)+<1— >P(Ln:k—1), (14)
n+1 n n

the dynamics of a conventional inhomogeneous Markov chain with transition probabilities. Mul-
tiplying (14) by k (respectively, k) and summing over the admissible range of k yields recurrences
for E(L,) (respectively, E (L2)) from which
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"] 0P (z,1)
"] ®(z,1)
6> (L,) = Tn/124+1/3 ~7Tn/12.

=n/2,

A CLT holds.
What (14) says is that, whenever L, approaches its extremal values, either 1 (or n—1), there
is a large probability (proportional to this value) that the next connection will propel the walker

back inside its support. Else, the ratio px, 1= q,(:i)l k/q,((nlz = (n—k+1) /k also obeys:

dhila < Litk>(n+1)/2,

dhla > Titk<(n+1)/2,
translating that the dynamics of L, is attracted by the central body of its support, whose
endpoints remain repelling.
2.2.2 Increasing ordered (plane) trees

The exponential generating function (e.g.f.) ®(z) of such ordered, rooted increasing trees solves:
D (z)=1/(1-®(z)), ®(0) =0. Hence, ®(z) =1—+/1 —2z with

Co=n!["|®(z) = 2n—=3)11 =270V (20 —-2)1/ (n—1)1, (15)

and C,41 = (2n—1)C,. There are thus 2"~! more of simple ordered n-trees than increasing
ordered n-trees. The factor 2"~ is the number of ordered partitions of n into positive summands.
Here, zo =sup(z > 0: P (z) <o) =1/2 with ®(z.) =1, P (z,) = oo.
The joint e.g.f. of atoms and leaves solves:

0P (z,u)=u—1+1/(1—-P(z,u))

o d7
Z_/o u—1+1/(1—-2)

With C(z) = ¥,>1 %z” the Cayley function solving C (z)e“® =z,

u—C (ue’”ez(l’”)z)

or

D (z,u) = =%
as the inverse function of
/‘Z dz Clog(1+(1—u)z/u)—(1—u)z
o u—1+1/(1-2) (1—u)? ’

(see Bergeron et al. (1992)). The triangular array

Cp :=n! [z”uk}cb(z,u), k=1,....n—1,
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constitutes a shifted version of the second kind Eulerian triangle, with
Cn+1,k = kCnJ{ + (21’1 — k) ka,l . (16)
Furthermore,

n—1
Co=n!["|®(z,1) = (2n=3)!1 =) Cuy-
k=1

WithP(L,,:k):%l",kzl,...,n—l,therefore,
Coi1k k k—1
P(L,.1=k) = = = P(L,=k 1——|P(L,=k—1). 17
Lo =0 = = Ept, =0+ (1 ) ) (17)

Multiplying (17) by k and summing over the admissible range of k yields recurrences for E (L,)

from which
_ [2"] 0, ® (2, 1) _2n—1

E(L,) := C. 3
A CLT holds.
Remark: When conditioning, as above, on the number n of nodes of a tree with g.f. ®(z), the
law of L, has bounded support 1,...,n— 1. One may wish to consider the distribution of say

Ny, the number of nodes of the tree given its number of leaves is k; but then, the law of N; has
unbounded support k,k+1,.... To this end, we first observe that the probability law of N, the
number of nodes in a tree with g.f. ®(z), is given by the tilting
7'Cy/n!
P(N=n)=———,
( )= "% o

for any z < z. (z < z¢), depending on ®(z.) = (P (z.) < o0). Tilting is necessary in the random-
ization process because of the divergence of the series ¢,. Then, with n > k,

B B . 2'Cy/n!
P(Ny=n) = P(L,=k) (0 /rgkNum
_ Z'Cui/n!
k)@ (z,u)’

where [uf]® (z,u) = ¥,;5¢2"Coy/n! is the horizontal g.f. of ®(z,u). The law of N; necessarily
depends on z.
3 Root degree
With @ (z,1) = ®(z) solving ®(z) = z¢ (P (z)) or @' (z) = ¢ (P (z)), define
R(z,u) = z¢ (u®(z)) or R(z,u) = /qu) (u® (<)) d7, (18)
where u marks the root-degree of the tree in that
Rk :=n! {ukzn} R(z,u)

is the number of trees with n nodes and root-degree k.
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3.1 Nonincreasing trees
3.1.1 Cayley (unordered) trees

- If R(z,u) = 2¢®@), 9,R(z,1) = z®(z) ¢®® = d(z)>. By Lagrange inversion theorem, E(R,) =
2 (1 — %) ~ 2. More generally, we have

R (zu) = [7'1/(1-u®(z))
1

= : (2] ¢ (uz) ¢ ()"

= e e
_ L n—21 z(u+n—1)
e
u(u+n—1)"2
(n—1)!

3
< |

Hence,

(19)

a shifted binomial distribution for which E (uR") = ue~ 174 the probability generating function
Nn—yco

(p.g.f.) of a shifted Poisson (1) random variable (r.v.).

3.1.2 Ordered (plane) trees

- If, as for this case, R(z,u) =z/ (1 —u®(2)),

IR (zu) = [7']1/(1-u®(z))

= i [ o w)'e (2"

= 3 [72] ¢ (uz) ¢ (2)" "
U a2 1

n—1 [ ] (1_MZ)2(1_Z)n71
1 = oan—k—1

- n—ll;lk( n—2 )uk’

S
<

N

k (2n—k—-1
= =45 ()
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Ry _ l’l![z"]R(Z,u)_ u n—2 1
E(u) = C, *(2:_—12) [z ](l_uZ)Z(l_Z)n—l
o k-1 y
-G k—1k< n-2 >
We have
3
auR(z,l):q)(Z) and
Z
2
F1RED = 00 = 25T
o )
[ duR(z,1)  3n! (2n—3\ (n—1)!  3n 3
E(R,) = Cy _n+1<n—2>(2n—2)z_2(n+1)N2'

For simple trees, there is a small (finite) number of root sub-trees (at least one of which must
be very large!).

3.2 Increasing (recursive) trees
3.2.1 Cayley (unordered) trees

- For nonplane increasing trees (see Bergeron et al. 1992, p. 40 and Mahmoud et al. 1993), with
®(z) = —log (1 —z), we have

azR (Za ”) = eud)(z) = (1 _Z)—u’
1—u
R
n[|R(z,u) = [u,_,
n! [z"uk}R(z,u) = |su—14| = Rup,
B = L
ER) = CORED _ g togn, (20)

o (R,) ~ logn.

A CLT holds.
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3.2.2 Ordered (plane) trees
For plane increasing trees, with ®(z) = 1 —+/1 — 2z, we have

1 1
1—ud(z) 1—utu/1-2z

1—v1-2 11—
R(z,u) = S Zulog(l—u—I—u\/l—Zz).
u

J:R (Zv ”)

u
Hence,

- (2n—k—3)!

n![Z”}R(Z’”) = k=l (n—k—1)!
- \/Tekz/(zln)’
n
and
PR, =)= "LHIRGY) 1 (2n—k—3)!
T T an=n T @32 (k1)1
E(Rn) — [Z]“Cw ~ \/ﬁ (21)

4 Height of a size-n tree (Flajolet and Sedgewick, 2009, pp. 216—
217)

The height parameter is an extremal one. The height H, := h;, of a size-n tree 7, is the height
of one of its nodes at largest distance to the root. It obeys

hy, =1+ maxh,
T<T,
where the maximum is over all root sub-trees T of the full size-n tree 7,. Taking into account
that the number of trees with n nodes and root-degree k is R,y = n!r,x, with C, (h) = n!c, (h)
the number of labeled trees’ configurations with size n having height less than h, the following
bivariate recurrence holds:

k

n
Cn+1 (h+1):Zrn,k Z

cn, (h).
k=1 ni+...4+n=nr=1

There are ('IZ:}) terms in the sum over n; > 1, I =1,...,k (the number of ordered partitions of n
into k parts). We have P(H, < h) =c, (h) /cy.
Alternatively, let @y (z) be the g.f. of those simple trees generated by ¢ with height < h. We

have
D11 (2) =29 (1 (2)) D (z) =z,
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where n![z"|®y(z) =: Cy(n) is the number of size-n labeled trees whose height is < h. With
cn(n) :=Cy(n) /n! and ¢ = [2] ¢ (), it holds that

k=1
n k
=Y % X cn(nr). (22)
k=1 ny+...+np=nl=1

Therefore, with N, the number of trees whose height is less than or equal to &,

_ n! [ P e (n
P(i=n)= n![[zzj] <I>h((zz>) - hci :

where ® (z) = @ (z). We have Nj, = n if and only if H, < n. From implied linear recurrences and
a complex analysis based on Mellin transforms:

- Cayley trees: Rényi and Szekeres (1967) have shown that (27n)
weak limit. Hence E (H,) ~ v/27n.

- For ordered trees (see De Bruijn et al. 1972): E(H,) ~ v/7n.

In both cases, E(H,) ~ A/n, where A = (JIC)l/2 with § = (p%f),éf,)(zr) and ¢ (1) = 79’ (7).

Furthermore, H,/E (H,) 4 x , where X has theta density, with ¢g-moments (¢ > 1): E(X9) =
q(qg—1)T'(g/2) 4. See Proposition VII.16 of Flajolet and Sedgewick (2009).

-1/ an has a nontrivial

The e.g.f. ®,(z) of the number of increasing trees whose height is < h obeys

Dt (@)= [ 0@ (), @)=z

with Cy (n) =n!["| @ (z) and P (N, = h) = C”C—(:) A bivariate recurrence similar to (22) holds with
(n+1)cpyq (n+1) instead of ¢ 1 (n+ 1) at the left hand-side.

It holds:

- Cayley increasing trees Pittel (1994): E(H,) ~ elogn, H,/logn — e (a.s.).

- Ordered increasing trees Pittel (1994): E(H,) ~ 5-logn, H,/logn — 1/(2s) (a.s.), s¢’ =1
(s = 0.27846...).

Increasing recursive trees’ height is much smaller than the one of simple trees; concomitantly,
their root degrees are much larger than the ones of simple trees.

5 Depth of a size-n tree

The depth D, of a size-n tree is the height of a randomly chosen node in this tree. So,

N
D, =h w.p. Z" h=0,...,H,,
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where N, , is the number of nodes at height 4 in the size-n tree (Np, = 1), the profile of trees. It
requires the joint law of (Nj,;h=0,...,H,) obeying ZhHioth =n. With N(r) N,y i.i.d. copies,

Nip1 = ZN,E’&M h=0,... H,

r=1

- For Cayley increasing trees, Devroye (1998) and Mahmoud et al. (1993) have shown that
E(D,) ~logn, 62(D,) ~logn. A CLT holds.

- For ordered increasing trees, Mahmoud et al. (1993) have shown that E(D,) ~ 1logn,
02 (D,) ~ 2logn. A CLT holds.

Equivalently, the mean depth can be obtained as the mean path-length/n, (see Bergeron et
al. 1992, pp. 36-37), where the path-length is ZhHQONhﬂ.

Define some local additive parameters g.f. generated by a sequence a,’s as

ZCu
n>1

The global additive parameters generated by the a,’s will be

AT,, :an+ Z A’L’v

T<T,

where the sum is over all root sub-trees T of the full size-n tree 7,.

For tree size: a, =1, a(z,u) = u®(z); For path length: a, =n, a(z,u) = ®(zu); For leaves:
an = 6p1, a(z,u) = zu.

With A (z,u) = Zn21C,,uA"% the additive parameters global g.f., we get

Simple : A(z,u)=a(z,u)—a(z,1)+z2¢ (A(z,u)),
Recursive : A(zu)=a(z,u)—a(z, 1)+ /OZ ¢ (A(Zu))dZ.
Concerning the mean, with A, (z,1) denoting the derivative with respect to u evaluated at u =1,
Simple trees: A, (z,1) = a, (z,1)+2¢’ (A(z,1)) Ay (z,1),
so (owing to: A(z,1) =@ (z)) ¥ (2) = ¢ (P (2)) /(1 —2¢" (P (2))),

a, (z,1)
1—2¢" (@ (2))’

where a, (z,1) =¥, G ann, is the e.g.f. of the Hadamard product sequence C,a,.

Ay(z, 1) =

Recursive trees: A, (z,1) =a,(z,1) —|—/ 0" (A(Z,1))Au(Z,1)dZ,
0

e 1

whose integrated form is (a,(z,1) =¥, Cu ann,, auz(2,1) = Y51 Culn oy = -)

az . (7, 1
(I)/ / Z,u
) (b/ Z)
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As a result, we get for the mean path lengths: (simple trees) a,(z,1) = z®'(z) and (recursive
trees) ay;(z,1) = P (2) + 29" (2).
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taking the explicit convolution form:
n 1
[Z ]Au (Z’ 1) = ; ((1, >kb~)rﬁl )

with a, =m(m+1)* and b,, = n”/m!. Next, by the Stirling formula,

n 1 _
_ ~ n 3/26n’

n! V2n
translating that ®(z) shows up an algebraic singularity of order —1/2 at z. = 1/e. Equivalently,
observing ®(z.) =1,

@)~ 1—V2(1—z/2)" as 7= 2,

and so
)] 1 _

so with [Z"] A, (z,1) ~ 1/2-€". We conclude that

n! Az 1) _ ["Au(z1) \/ﬁnm
C, a Cn 2 '

The mean depth therefore is %nl/ 2,
- For simple ordered trees: ¢ (z) = (1—2z) ', ®(z) = (1-V1—4z) /2, @' (2) = (1 — 47712,

u(z1 1 —4z)" 172
Aulz,l) = a(,z’) __l-4%)
S0 @@) (4
(14+V1—%)°
1—4z)”"
. u(l ITE).
2
Hence,
L (1—dg)™h 4!
”Au 1) ~ [ 1 ( _ .
214G ~ [ L ;
Owing to ¢, = [7"]| P (z) = rglz(’:;zl))!! ~ ﬁn—3/24n—17
Mwlﬁny;
Cn 2
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The mean depth therefore is %\/ﬁnyz/n = %\/ﬁnlﬂ.
- Concerning recursive Cayley trees (with ®(z) = —log(1 —z) and @' (z) =1/(1—2)),

M) = @) [ TETE

' (7)
= [ (e ()
~ —log(1—2)
T

Therefore, [Z"]|A,(z,1) ~logn = n![Z"|A,(z,1)/(n—1)! = nlogn. The mean depth therefore is of
order logn.
- For recursive ordered trees,

2z—log(1—22)
4(1-27)'2

Owing to ¢, = ["]|®(z) = [z"] (1 — V1 —22) ~ —2"n 32 /T (-1/2),

Ay(z,1) =

[7")Au(z,1) ~ 2" /T (1/2)n" 2 logn = 2" A, (z,1) [cn = glogn.

The mean depth therefore is of order %10gn.

6 Forests (nucleation/aggregation process)

Besides aggregation of atoms to a preexisting tree, growth of trees can also result from the
creation of new trees forming a forest. Whenever an incoming atom launches on a new tree, we

speak of a nucleation event.
With ®(z,1) = ®(z) solving ®(z) =z¢ (P (z)) or ¥’ (z) = ¢ (P(z)), define

K (z.u) = (or K (z,u) = 1/ (1 -ud(2))), (23)
where u marks the number of trees (connected components) in a forest in that

n!

= [Z']® (2)* or (24)

Cpy:=n! {ukz"} K (z,u)

Cui:=n! [ukz"} K (z,u) =n!["| @ (2)*

is the number of unordered (or ordered) forests with n labeled nodes and k trees, k =1,...,n.
Furthermore,
n
Co = Y Cou= 2K (1) = [27]e% (unordered),
k=1
_ n_ 1
C, =) Coi=[7"1K(z,1) = [7"] ———— (ordered),
k; wik = 2" K (z,1) [z]l_q)(z) (ordered)

is the number of forests with n atoms, regardless of its number of (in) distinguishable trees.
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6.1 Nonincreasing (simple) trees
6.1.1 Cayley (unordered) trees Rényi (1959)

- If @ (z) = 2¢®), with K (z,u) = ¢“®@)| the by Lagrange inversion theorem,

[Zn]K(Z, u) _ Z [anl] ez(qun)
= )
— —1
1| n,k _ _ n n—k _
n {zu}K(z,u) nk <k—1>n ) k=1,....n,
P(K, = k) n! [2"uf] K (z,u) 1 n—1\ ,_«
n—= = — n ’
n!z" K (z,1) (1+4n)" " \k—1

n—1\ , n n—k—1
(k_1>n (k)kn .

Takécs (1990) rather gave C,x = kn"*=1 as the number of unordered forests with k Cayley trees
while fixing the k different founders of the distinct trees out of (Z) different ways. See also Rényi
(1959). Also,

-\ n[Z"|K(zu) 1 u \"!
E(”K)—,mm—”<1‘1+n+1+n> ’ (25)

a shifted binomial distribution. In particular, E(K,) = lz—fn ~ 2. A remarkable fact is that R, 4
K,_1. Note

E (uKn) ~ uei(liu) as n is large, (26)

the p.g.f. of a shifted mean 1 Poisson r.v..
We finally observe as in Clarke (1958) that the triangular array C,x obeys the backward
recursion

(I’l — k) 6n,k = nk6n7k+1 .
Hence, P (K, =k) =Cnx/Cy , k=1,...,n obeys

k
P(K,=k)= ——P(K,=k+1),  k=n—1,..L,

with terminal condition P (K, =n) = (n+ 1),

6.1.2 Ordered and unordered forests

- (ordered forests of ordered trees) For such models of forests of trees, the trees themselves
are assumed distinguishable, resulting in ordered forests. If ®(z) = (1 —\/1—41) /2, solving
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P(z) =z/(1—P(z)), with K(z,u) =1/ (1 —uP(z)), then

K = TR g -9
- rlz,;k(;[an]—nkg! k
- L)
KD = el E o (Y,

where we used the identity

eiwen =25 (") = ()

Hence Pk, 1) — n; Ez[zu}kyiz(zl)u) _ n(%»l)l S <2nn _k; 1>. (27)
Dmerine 2K (61) =B () /(1 - B (2)2,
218K (1) = [ (11_;%
= e a—g Y e a o)
- % <n2—nZ> %
sy = BT -
RS

The variance can be computed using
%K (2,1) =29(2)* / (1-(2))°.

We get E(K, (K,—1)) = 10% ~ 10, so that 62 (K,) ~ 4 and showing that the limit law is not
Poisson.

For such tree models, there is a small number of connected components (at least one of which
must be very large).
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- (Unordered forests of ordered trees): If K (z,u) = ®@ for k=1,...,n, then

Coi = n [0 K (e = 1 2100
- e
g =

(
(n—1! [0, .  @n—k—1)!
(k—1)!'(n—k)! (k=1 (n—k)!

These C,;’s are readily checked to obey the three term recurrence

— — n
Cn_;'_],k = (2]’1 — k) Cn_’k + mcmk_l .

Furthermore,

4 1 _ _ (2n—k—1)!
I G O = ey
Lo (n+l-1)!
= 2
Lt (28)
6.2 Increasing trees
6.2.1 Cayley (unordered) trees
- In the case of nonplane increasing trees for which ®(z) = —log(1—z),
K(zu) = P9 =(1-7",
n! "] K (z,u) = [u],,
n! {znuk] K(z,u) = |suxl,
K, _ [u]n

Here Cx = |sux| = Sux (—1,0,0) are the signless Stirling numbers of the first kind, obeying

6n+1,k = nEn,k +6n,k71, (29)
" d,K (z,1
(k) = A~ togn
n

o? (K,) ~ logn.
A CLT holds.
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6.2.2 Ordered (plane) trees
- In the case of ordered increasing trees for which ® (z) = 1—+/1 —2z solving ®(z) =1/ (1 = ®(z)),

K (z,u) = e (1VI7Z) (30)
Here, with S, s (—2, —0t;w2) the generalized Stirling triangle defined in Hsu and Shiue (1998),
! _
n 2| K (2w = % 2@ (2)* = Cox 1= S (=2, —10),
_ 2n—k—1
Cok = Sui(-2, 1,0) = (2(n—k) 1)< 2(n—k) )
Q=K =D (2n—k—1\ 1 (2n—k—1)!
okl (p—k— I\ 2(n—k) ) 2v K (n—k)! (k—1)!"
Cosik = (2n—k)Cpi+Cpp-i.
Hence, -
Cy
P(K,,H:k):6 (2n—k)P(K,=k)+P(K,=k—1)). (31)
n+1

s = . wn 1] (ntl=1)
With Cp := Y Co = Z?:ol 2 Ilg?n—l—l))!’

n! [z”uk] K(z,u) C,
P(Kn:k): l’l![Zn]K(Z,l) = 6,,](’

Cup1=(2n4+1)C,—(Cy),
6}1—&-1

_ n[23K (z,1) _ (Cy)
Cy ~oan-1=EK) = n 2K (z,1)  C, 2

K, has a shifted Poisson(1) limit law. We have
k
(1 - Zz)k/2> )

(—u)

_u

K(z,u)=e (I-FE T

with singularity at z=1/2. Singularity analysis of the singular expansion yields

7

k>1

) . —u k nfk/22n 1
n![Z"| K (z,u) = nle (1; ( k!) n F(—k/2)>
~1)2

(n—1)12"e" (MS\/E +0 (n3/2)> .

2

Therefore ,

~1/2

n! [Zn]K(Z, 1) ~ (I’l— 1)!2"3 (Z\/ﬁ +0 <n3/2>> :

n+1 _i -2 -~ N
2n<1 2n+0(n )) 2n—1.

al
I

Al

Al
=



On random growth of trees 97

Therefore,

E(uf) = DEIZOW (- 39
(M ) z 1) ue ’ ( )
the p.g.f. of a shifted Poisson(1) r.v..

This three-term recurrence, giving P (K, =k) in all cases, is the one of triangular Markov
probability sequences. The latter recursion (31), for example, may be written as

P (K1 = k) = g }P (Ky = k) +4” P (Ky =k—1),

defining the transition coefficients q,(cnlz and q,(("_)l_ « (not probabilities). Introduce the superdiagonal
transition matrix

4" 4 0

0 . 0
Qn,n = )
0 0 qflnf)l,nfl quri)un
0 )

and let Q,_1, be its (n—1) x n truncated version. With zK := 1, taking into account the bound-
ary conditions, the distributions X := (P(K, =k), k € {1,...,n}), n > 1, satisfy the recursion
n'f = (%,{Sl,O) Onp = JT,I,{,lanLn, n > 2. Thus, Jrf = [Tm=2,..nOm—1,m, n > 2 is an integrated form
solution of the recursion, as a left product of nested rectangular matrices. Because for each n,
il is a probability vector, we get that L is orthogonal to the 1-shifted column sum vector q, — 1

of Oy 41 With kth entry q,({n,:rl) —|—q,(<nk++ll) -1, k=1,...,n

7 Weighted trees

Simply generated weighted trees are weighted versions of rooted trees and have been introduced
by Meir and Moon (1978). They are obtained while assigning to each node x of a size-n tree 1,
a weight wy, (), where b, (x) is the outdegree of x. The weight of a particular tree 7, is then the
product e, Wp,(x), and while summing over all 7,, we get the weight of all size-n trees.

7.1 Weighted simple trees

Let w(t,) = Z;(l)wzb(f") be the (multiplicative) weight of an unlabeled rooted tree 7, with n
nodes (|1,| = n) having ny (7,) nodes with outdegree (branching number) b. The weight w(1,)
is the product over the n nodes x of 7, of the wy, (,)’s, where b, (x) is the outdegree of x. Then
W, =Y. w(t) is the weight of all size-n such trees associated to the weight sequence w :=
(wp >0, b>0). The number of these trees is ¢, := C,/n! = [Z"] P (z). Let Py (z) = ¥,517"Wh.
Then @y (z) solves Dy (z) = zg (Pw (2)), where g(z) = Lpsowpz’

By Lagrange inversion formula, we get the identity

n—1
W= (0) = % e @" =L T waw = ZIH)WZZ’(T")-

T, XET,
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Examples of w are as follows:

- w=(&; b>0) with & € {0,1}. Only the branches of the tree with &, =1 contribute to its
weight.

- wp =a1d5, ai,ax > 0 with g(z) = a1 L0 (a22)" = a1/ (1 —azz) . Note w(1,) =a "a5 1 in view
of Y- onp(t,) =n and Y} bny(t,) =n—1 (the total tree length). As a result, W, = ald} 'c,,

where ¢, = C,/n! = (2(” 1)), In that separable case, each tree 7, has equal weight aa)

W, = didy 'c,. Note @y (2) = (1 —/T—4a1a:2) / (2a2) = P (a1a22) [a>.

- If the sequence of weights wy, is summable, then g (z)’s can be normalized to yield the p.g.f’s
g(2) /g (1) ; the corresponding integrated solutions change from @y (z) to Oy (z/g(1)).

- If w:=(w, >0, b>0) is directly a probability sequence with Y,~qw, =1, then &y (2) is
the g.f. of the total progeny of a Galton—Watson tree with branching mechanism g, solving
Dy (z) = 28 (Pw (2)), Pw(0) = 0. The numbers [7"]| Py (z) = W, are the (sub-)probabilities of a
progeny with size n.

=1 and

FEzxamples:
e (Poisson offspring) If w, = e #u®/b!, b >0 with p > 0, then, with g(z) = e*~1) and ®(z)
solving ® (z) = z¢®®, the Cayley e.g.f., we have

1 1
P (@) = ®lue ) =

L

The Borel e.g.f. ®y(z) has thus now a displaced algebraic singularity of order —1/2 at z. =
Lot > 1 with @y (z0) = 1/p and @, (z.) = . Note

u o< 1:
u > 1:

Dy (1)=1,
Gy (1) =p < 1/n,
where p is the extinction probability of the supercritical Poisson GW process solving g(p) =
e”(pfl) = p

e (geometric offspring) If w, = aa’, b > 0 with a € (0,1) and @ = 1 —a, then, with g(z) =
a/(1—az) and ®(z) solving ®(z) =z/(1 —P(z)), the e.g.f. of ordered trees, we have

1—+v/1—4aaz

By (2) = éd)(ﬁaz) S

Also, Py (z) has thus now a displaced algebraic singularity of order —1/2 at z. = 1/ (4aa) > 1
with @y (z.) = 1/(2a) and @}, (z.) = . Note, with u = a/a, the mean offspring number is

po< o1 @y (1) =1,
u > 1: &y(l)=p<1/(2a),

where p = a/a is the extinction probability of the supercritical geometric GW process solving
g(p)=a/(1—ap)=p.

In both cases, there is a possibility for such weighted trees that they are finite with some
nonzero probability.
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7.2 Weighted increasing trees

Consider the increasing ordered tree g.f. ®(z) solving @' (z) = 1/(1—(®(z))), ®(0) =0, with
®(z)=1—+/1—2zand

Co=n!["|®(z) = 2n—=3)11 =2""D (20 —-2)1/ (n—1)!.

Let W, = Y., w(1,) (where w(1,) =[T}/_yw Z” @) ) be the weight of all size n increasing labeled
rooted trees (|7,| =n) associated to the weight sequence w:= (w; >0, b > 0), with wj, = [z°] ()
the weight of an atom with out-degree b. Let then ®y (z) = Zn>1 Z'W,/n!, with W, = n! [Z"] Dy (2).
Then @y (z) solves P, (z) = g (Pw (z)), where g (z) = Y0 wpz’. Note @ (z) is obtained when wj, =1,
b > 0: the number of such n-trees is C, = (2n—3)!!.

The probability to observe a particular size-n tree 7, among all size-n trees is w(1,) /W,. The
tilted probability to observe a tree of size n among all possible trees is

7'"W, /n!
Dy (z) ’

for those z € (0,z.), where z, = inf(z > 0: ®y (z) = ) = [+ 4 g( with z, =inf(z > 0: g(z) = ).
Examples of w are as follows:
- wp = ayas[c], /b!, a1,az,c >0 with g(z) —al):b>0 (azz) =a)(l—axz)” ¢
-wp =a1d5, aj,a; >0 with g (z) = a1/ (1 —axz). In that separable case, each tree T, has equal
weight aa) Fand W, = a’{agflCn with W1 /W, = aja; (2n—1).
For the three special g.f’s,

g2 = (1—oq2) 2" V(> >00<0a:=a/o<]l),
g(z) = €% (obtained from the latter g(z) when oy — 0), or
gz) = (I+mz)?, o >0de{23,...},

the weighted e.g.f’s ®y, (z) solving @y, (z) = g (Pw (z)), Pw (0) = 0 are, respectively,

Dy (z) = 1 (1 —(1— azz)al/az)
o
= —log(l—oz) as og — 0
1 (<140 —a(@—1g D).
oy
Note that these special g(z)’s can be normalized to the p.g.f’s g(z) /g (1) with the corresponding
integrated solutions changing from ®y (z) to @y (z/g(1)). The normalized p.g.fs g(z) /g (1) are
then, respectively, negative-binomial, Poisson, and binomial p.g.f’s.
The formation of such increasing trees admits the following recursive tree evolution scheme
(label 1 is assigned to the root):
With probability p, (n) := K; ' (b4 1)wp41/wp, attach uniformly node n+1 to any of the
np (7,) nodes with out-degree b € {0,...,b*} of a previous size-n increasing tree 1, (b* <n—1).
The normalization constant is K, = ZZ;(l) np (Ty) (b+ 1) wpy1/wp, representing the “number”
of ways the new atom with label n+1 can be inserted in 7,. This preferential (or uniform)
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attachment procedure results in a realization of 7,:1; see Panholzer and Prodinger (2007). With
(Bp (np (70)) ,b € {0,...,b*}) mutually exclusive Bernoulli r.v.’s (summing to 1), each with success
probability ny, (7,) py (n), for each n > 1, we have

no(Tur1) = no(T)+1—Bo(no(t)),
mp (Tat1) = np(T) +Bp—1 (p—1(T0)) — By (np () , be{l,....b"},
M1 (Tar1) = 0+ By (npe (T0)) -

Whenever a connection to a node with outdegree b occurs, the number of nodes with out-degree
b (respectively, b+ 1) decreases (increases) by one unit. In addition, a new node with outdegree-
0 is always created whatever the degree of the node to which the new incoming atom connects
to 1, . Here ng(7,) is the number L, of leaves in a size-n tree.

From the first equation above giving the evolution of the number of leaves,
{ Lyy1 =L, + 1 with probability 1 —L,pg (n), (33)
L,+1 = L, with probability L,pg(n).

This is one of standard space-time inhomogeneous Markov chains.
For the three particular ®y-models generated by the special g’s above, using ):Z;(l) n (T,) =n
and ZZ;%bnb(Tn) =n—1 for any 1,, we get

l—a+ab 1 d—>b
n—o ' n 1+n(d—-1)

py(n) =

respectively, depending only on (b,n) and not on the full sequence of weights (wp;b=0,...,b").
In the first two examples, b € {0,...,b* =n—1} while b € {0,...,b* =d — 1} in the third d-ary
labeled plane trees case. The number C, of such d-ary plane trees is obtained while integrating
@, (z) = g4 (Py (2)), where g4(z) := (1+2)7. We get

Dy, (2) = —1+[1—(d—1)7 4V with

Co=n )@y (2) = (d— 1) [1/(d= D], = [1:d—1],,

where [a:b],:=a(a+b)...(a+(n—1)b).

Note that for g(z) = (1— alz)f(‘h/al*”, z=1/ay, zc = 1/0p and Dy (z.) = 4.

Such increasing trees may serve as models for phylogenetic trees in which nodes represent
species and labels encode their order of appearance, and thus the chronology of evolution. The
leaves of the tree are the currently living species; the different trees consist of genera.

Remark:(33) is the weighted tree extension of (17) and (14) obtained, respectively, when
Hp=1>a=0and oy =2> 0y =1.

The joint e.g.f. of the number of atoms and the number of trees of the forests is

Kw (z,u) = e”q)W(Z),
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with

Cpy=n! [z”uk] Kw (z,u).

The generalized Stirling numbers

Ql

Spi (—0,—0430), k=0,...,n,
0if k > n,

nk

Al
|

nk

are defined by the identity Hsu and Shiue (1998)

n

[W: OCz]n = ch,k [W : Otl}k.
k=0

The C,x obey the (Stirling’s triangle) recurrence
Cri1x = (noy —ko) o+ Cri—i (34)

n! [z”uk]Kw(z,u) .

with boundary conditions C, o = 6,0 and C,, =1 for all n > 0. With P (K, =k) = EK D =

Cux
C,’

therefore

C
P (K1 =k) = =" [(nay —koy)P (K, =k) +P (K, =k—1)], (35)
n+1
where C, 1= Y Cox = n![2"] Ky (z,1) = n!["] ). The e.g.f. Ky (z,1) = ¢®(@) has an algebraic
singularity of order —a at z. = 1/05; by singularity analysis therefore

nnfa’
)%

C, ~ —(n—1)1———
¢ (n )alF(—a

S to(
n+1 nop (1 +0 (n ))7 for large n.

Ql

Summing (34) over k, B B B
Coi1 = (nop+1)Cp— a1 (Cy),
C 1 Z"] 0uKw (2,1 C,

G L gy =R @D (G

Cn+l noy n! [Zn] Ky (Z7 1) Cn
Multiplying (35) by k and summing over k yield E (K?) ~ (1+1/a;) /a; hence 62 (K,,) ~ 1/ 0y ~
E(K,).

By the Lagrange inversion formula, we have

[Kw(z,1) = =[2""]eg ()"

(a.*b)

S|I—=3|~=

n—1>

where a,, = 1/m! and
b =[2"g(2)" =[] (1 = an2) "V = o [n(1 = )], /.
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Proposition 1 (condensed phase). If g(z) = (1— alz)f(%/a‘*l) with ap >0y >0, 0 < @ :=
o/ < 1, then K, has a Poisson limit-law with mean 1/ as n — eo. It corresponds to the
distribution

=, k=0,...,n,

of the normalized weight of unordered forests with n labeled atoms and k increasing ordered trees,
resulting from a random uniform choice of a configuration proportional to its weight.

Remark: (35) is the weighted tree extension of (29) and (31) obtained, respectively, when
=1>a =0and p =2> a; =1. When a; — 0, K, diverges logarithmically, with both E (K},)
and 62 (K,) ~ o logn.

- Finally, we mention a random version of increasing trees. With m >0, w:= (w, =mm, >0, b > 0),
where (m,) is a probability sequence (Y,>¢7, = 1), ®w(z) is the e.g.f. of the total progeny of
a Galton-Watson increasing tree with branching mechanism g(z) = ¥5>¢ m,z" and parameter m.
If the total progeny is finite with probability (w.p.) 1, @y (1) =1 and ®/, (1) =m is the mean

number of its nodes, fixing m = fol %.

The numbers W, /n! = [7"] @y (z) =m" ¥, TT}—, xzb(f”) /n! are then the probabilities of a progeny
with size n. The e.g.f. @y (z) solves

1 (@@ d7 1
= — =: —P(®y .
= /0 = P @)

By Lagrange inversion formula,
n
_ <
n! [ @y (z) =m" (n— 1)1 ["] <P(Z)> =W,.

With z, =sup(z>0:g(z) <eo) € [l,00], the convergence radius of @y, (z) is

/
Ze=sup(z>0:Py(z) <°°):nl¢/oz*gcz§’)’
with @y (z.) = z« owing to
1 (= d?
Ze—2= m[bw(z)g(z’)'
Assuming m < [;* % then z. > 1. If so, @y (1) < o0 and Py (z) is a g.f. candidate. It is

w(l) dZ/
8(&)
): the model is supercritical, having p as its extinction probability. The total progeny is finite

only w.p. p and @, (1) =mg(p) is the mean number of its nodes on the extinction set. Fixing
the parameter m to its critical upper value m, = fol % entails @y (1) =1, &, (1) =m. > 1.

a defective p.g.f. only if m < [ ﬁj) because then p :=®y (1) <1 (in view of 1 = %fgp

The size of the corresponding tree is then finite w.p. 1, with mean value m.. Note that if
m=1<m.= fol ﬁg), then @y (1) < 1 for all p.g.f’s g.

When m = m,, the e.g.f. ®y(z) is proper. It admits a closed form integrable expression in
the following cases (respectively, binomial, Poisson, and negative-binomial):
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g(z) = (no+mz)d ; Py (z) = % ((1 —z/zc)fl/(dfl) - 1) y =1/ (1 —ng”) ,

g(z) = e+l ;‘Pw(Z):—:LIOg(l—z/zc),zczl/(l—e“),

09 = (1) 1ow@ =t (1 zzg o), sy (1),

1—pz P

With a, A € (0,1), suppose g (z) =1—A (1 —z)* withw,=aA[1— ], ,/b!,b>1andz, =1 (a

k
Sibuya branching mechanism with infinite mean ). In that case, z, = % 01 g‘g) = %Zkzo 11% < oo,

with z. > 1 if and only if m < fol % =m,. When m=m, > 1, zz. =1 and ®y (1) = 1. There is no
major impact of the mean value p of the branching mechanism on the extinction possibility of
the increasing tree.
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Abstract. Let X(¢) denote the remaining lifespan of a device. Two-dimensional degenerate
diffusion processes (X(¢),Y(¢)), where Y(¢) is a variable that influences the remaining lifespan,
are proposed to model the evolution of X(¢) over time. These processes are defined in such a way
that X (¢) will be strictly decreasing as time increases: dX () = p[X(¢),Y (t)]dt, where p is a strictly
negative function and {Y (¢),# > 0} is a diffusion process. Next, optimal control problems for such
diffusion processes, in which the final time is the random time when the device is considered to
be worn out, are considered. This type of problems is known as homing problems. The dynamic
programming equation satisfied by the value function is derived and particular problems are
solved explicitly for diffusion processes {Y(¢),# > 0} that are important for applications. To do
so, we must solve non-linear partial differential equations, subject to the appropriate boundary
conditions.

Keywords: Brownian motion; Degradation; Diffusion processes; First-passage time; Optimal control.

1 Introduction

Let D(r) be the amount of degradation, or wear, of a device at time ¢. Numerous papers have
been written on models for the evolution of degradation over time. Shahraki et al. (2017) wrote a
review paper in which they gave 126 relatively recent references on degradation modelling. The
models proposed by various authors include gamma, Wiener and inverse Gaussian processes.

Whitmore and Schenkelberg (1997), Nicolai and Dekker (2007), and Ye et al. (2013), in
particular, used one-dimensional Wiener processes as models for the stochastic process {D(z),t >
0}. More recently, Zhang et al. (2017) as well as Zhai et al. (2018) proposed random-effects
Wiener processes to model degradation. In Zhou et al. (2021), a generalized Wiener process
is used. Ghamlouch et al. (2015) considered a jump-diffusion process for the evolution of the
health indicator of a system.
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All these papers are of good quality. Indeed, depending on the choice for their infinitesimal
parameters, one-dimensional diffusion (or jump-diffusion) processes can produce good results.
However, in general degradation D(¢) should be a strictly increasing function of ¢, while the
remaining useful lifetime (RUL) should decrease as time ¢ increases. As is well known, any
diffusion process both increases and decreases in any time interval.

Rishel (1991) has pointed out that in order to obtain a strictly increasing degradation with
models based on diffusion processes, one must consider (n+ 1)-dimensional degenerate diffusion

processes defined by a system of stochastic differential equations of the following form (see
(Oksendal (2003)):

dX(r) = p[X(@),Y1(2),...,Y,(2)]de, (1)
4Y,(t) = XU (1), Yol0)]di SIX (1), Vo 1), Yal) dB) @)
for i=1,2,...,n, where Y|(¢),...,Y,(t) are variables that influence the wear or degradation X(¢),
p is a function that is always positive, and B;(¢),...,B,(t) are independent standard Brownian

motions. If X(¢) represents the remaining lifespan, rather than the degradation, of the device at
time ¢, then the function p should be always negative.

The author has written a number of papers on the optimal control of wear processes; see, in
particular, Lefebvre and Gaspo (1996a) and Lefebvre and Gaspo (1996b), and Lefebvre (2000).
He also computed in Lefebvre (2010) the mean first-passage time to zero for wear processes.

In this paper, we will propose in Section 2 two degenerate two-dimensional diffusion processes
that could be used to model the remaining lifespan (or degradation) of various devices. Then,
in Section 3, optimal control problems for such processes will be set up and solved explicitly. In
these problems, the optimizer tries to maximize a certain performance criterion from the initial
time #ty) = 0 until the time T when the device is considered to be worn out. This time 7 is a
random variable.

Remark. The function p must be strictly increasing (or decreasing) in the interval [0, 7], not
necessarily for any 7. Moreover, if the probability that the remaining lifespan X (¢) will increase
(or the wear will decrease) in [0, 7] is negligible, then the proposed model is considered to be
acceptable in practice.

Optimal control problems for which the final time is a random variable were called homing

problems by Whittle (1982). He also considered the case when the cost criterion is risk-sensitive;
Whittle (1990).
Finally, we will make a few concluding remarks in Section 4.

2 Integrated diffusion processes as models for the remaining
lifespan

First, we recall an important result on n-dimensional stochastic processes; see Lefebvre (2007).
Proposition 1. Let {X(¢),t >0} be an n-dimensional stochastic process defined by

dX(r) = (AX(t) +a)ds +N'/2dB(r),
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where {B(t),t >0} is an n-dimensional standard Brownian motion, A is a square matriz of order
n, a is an n-dimensional vector, and N2 is a positive definite square matriz of order n. Then,
given that X(ty) = X, we may write that

X(t) ~N(m(r),K(1))  fort>10,

where
m(r) := (1) <X+ ttQD_l(u)adu)
and .
K(7) := ®(¢) ( \ & (u)Nj@™! (u)]’du> (1),

where the symbol prime denotes the transpose of the matriz, and the function ®(t) is given by
_ > t—1o)"
B(r) = A0 =y ar=H0)"
(1):=e ;O o

In two dimensions, the system (1), (2) can be written as follows:

dx(r) = p[X(@1),Y(1)]d, (3)
dv(r) = f[X(1),Y(¢)]dr+0[X(2),Y(z)]dB(t). (4)

We will now give two examples of degenerate two-dimensional diffusion processes that could
serve as models for the remaining lifespan X (7) of devices, and for which Proposition 1 can be
used to obtain the distribution of X ().

Example 1. Consider first the two-dimensional degenerate diffusion process (X (¢),Y (¢)) defined
by

dX(r) = cY(r)dr,
dY(r) = pdr+odB(r), (5)

where c is a negative constant and {B(f),r > 0} is a standard Brownian motion, so that {Y(z),r >
0} is a Wiener process with drift coefficient u € R and diffusion coefficient ¢ > 0. Moreover
{X(t),t > 0} is an integrated Brownian motion multiplied by ¢. Assuming that (X(0),Y(0)) =
(x,y), we find (see Lefebvre (2007), p. 212) that

1 2
m(r) = [ x+cyt+5cut ]
y+ut
and 2 52 3/ 2 2/
cco°t’ /3 cot7/2
K(t) = [ co’t?/2 o’ ] '
Now, in theory, the Wiener process {Y(¢),r > 0} could become negative before X(¢) =0, so
that the remaining lifespan would start to increase. Since Y (t) ~ N(y+ ut,6%t), we have

o) = PIY () <0 = (2.
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0.000157

0.00010

0.00005

1 2 3 4 5 6 7 8 9 10
t

Figure 1: Value of p;(t) :=® (7\3/;’> in the interval [0,10].

where here ®(-) denotes the distribution function of a N(0,1) random variable. Hence, if y is

large enough and u > 0, the above probability becomes rapidly negligible. For instance, if y=3

and U =0 =1, we see in Figure 1 that p,(¢) :=® (_\3[7) is smaller than approximately 0.00016.

Moreover, since Y (7) has a Gaussian distribution, the parameters y and o are easy to estimate.

Remark. To obtain an appropriate model for the degradation of the device, one has simply to
assume that the constant ¢ in Eq. (5) is positive instead of negative.

Example 2. Next, we consider the degenerate two-dimensional diffusion process Z(t) = (X (¢),Y (¢))
defined by the system of stochastic differential equations

dX(r) = cY(t)de,
dY(t) = —aY(t)dr+0odB(1),

where ¢ < 0 and o > 0 are constants, a # 0 and {B(r),r > 0} is a standard Brownian motion.
Hence, if o >0, {Y(¢),t > 0} is an Ornstein-Uhlenbeck process and {X(r),r > 0} is its integral
times the constant ¢c. We suppose that (X(ty),Y (1)) = (x,y), with x>0 and y > 0.

We have
. 0 C o 0 ]/2_ 0 0
A_<O —O£>’ a—<0> and N _<OG>'
A2 0 ¢ 0 ¢ (0 —ca
“\0 -« 0 —a/) \0 o )’
Ad = 0 ¢ 0 —ca\ (0 co?
“\0 —a 0 o /] \o0o -0

We calculate
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A4 — 0 ¢ 0 co? (0 —ca’
“\0 —« 0 —a*) L0 ot :

Hence, we deduce that we can write that

_1\n—1 n—1
A":<8 ( z)l)f;i ) for n € N.

and

It follows that

n

e
ZA ( n‘O)

n=0 :
B 1 0 i 1)" Lean=1 Y\ (t—1o)"
- lo1 )T & ~1)"a” n!
(10 c(t—1y)e 1)
- 01 7Oct to) __
1 ) t l‘()
= ( 0 —a(t—1g) >
Next,
O (1) = X0 e
- c 0 I
1 —c(t—1)
- 0 e%t—to) :
We have )
- x 0\| [ x+c(t—ty)e *0y
s [(3)+()]-(r s
and

0 1 0
o? —c(u—ty) e*un)

0
0
1 0
—c(u—19) e
— ( c?o (u—t0)2 —CcO (u—to) o(u—to) )

—co? (u _ lo) e (u—to) o2 20 (u—1to)

so that we obtain the symmetric matrix

t
M([) = (I)*I(M)N[q)fl(u)]/du
fo
2get=0) S 1t[a(r—t)— 1]
|

2a

— o
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Finally, we calculate

K(1) = ®()M(1)®'(1)
1 ot —t)e—%—t) 1 0
= < 0 (t eioog(t—to) )M(l) ( c(t—to)e_‘x(’_")) o—0li—0o) )

_ <K11 K12>
Kio Ky )’

where
2o (t—to)
Kj = —————216-(9/2 _ 200 .2
11 Tl {6 (9/2)oc(t —19) + .~ (t —19)
— 6e71710) _(3/2) (1 —19) aeza(tt‘))} ,
Ky = co? [Z—Oc(t—t )—2e ) _ g (1 —1 )e*Z“(’*’O)}
=503 0 0

and

2
Ky i= o {1 _6—206([—!0)} )
2a

pat) = (%) (6)

that Y (¢) <0 is negligible if @ < 0, as can be seen in Figure 2. However, if @ > 0, Y (0) =y must
be large for p,(¢) to be very small. Finally, since Y(7) has again a Gaussian distribution, the
parameters o and o can be easily estimated.

The probability

In the next section, optimal control problems for degenerate two-dimensional diffusion pro-
cesses that can be used to model the evolution of the remaining lifespan of devices over time
will be set up and solved explicitly.

3 Optimal control

In this section, we consider controlled versions of the two-dimensional diffusion processes defined
in the previous section (see Rishel (1991)):

qu(t) = p[Xu(t)aYu(t)’”([)]dty
d¥v, (1) = f1Xu(2),Yu(2),u(t)]dr + 0[X, (1), Yu(1), u(1)]dB(2),

where u(t) (= u[X,(¢),Y,(t)]) is the control variable, which is assumed to be a continuous function.
We define the first-passage time

t(x,y) = inf{t > 0: X(t) = d | X(0) = x,¥(0) = y},
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0.000010

0.000008;

0.000006

0.000004H

0.0000024

Figure 2: Value of the function p;(t) defined in Eq. (6) in the interval [0,10], when o = —1,
o=1andy=3.

where x > d and y > 0, and d > 0 is a value for which the device of interest is considered to be
worn out. The random variable 7(x,y) represents the remaining useful lifetime of the device,
denoted by RUL.

We look for the value u*(¢) of the control variable that maximizes the expected value of the
performance criterion

o)
J(x,y) = /0 (ru(0)] = e[Xa(0), Ya(2)]} b,

where ru(t)] > 0 and c[X,(¢),Y,(t)] > 0 are respectively the return and the cost per unit time.

To find the optimal control u*(r), we will use dynamic programming. First, we define the
value function:

Flxy)=  swp  EU(xy)). @)
u(t),0<r<7(x,y)

That is, F(x,y) is the expected reward (or expected cost, if it is negative) obtained when the
optimizer chooses the optimal value of u(z) in the interval [0, 7(x,y)).
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Let u(0) = ug. Making use of Bellman’s principle of optimality, we can write that
At
Py = s E] [T o] - 0.0 o
u(t),0<r<t(x,y) 0
+F [x+p(x,y, MO)At7y+f(x7ya uO)At + G(X,y, uO)B(AI)]:|
+ o(Ar)

= sup E [[r(uo) —c(x,y)] At

u(r),0<r<Ar
+F [x+p(x,y, MO)Atvy+f(x>ya MO)At+ G()C,y, uO)B(AI)]:|
+ o(Ar). (8)

Next, assuming that the value function F(x,y) is differentiable with respect to x and twice
differentiable with respect to y, we deduce from Taylor’s formula for functions of two variables
that

F [X+P(xay7 MO)At7y+f(x7y7 MO)AI+ G(x7y7 MO)B(At)]
= F(xvy) +P(X,y7MO)Afo(xa)’)
+ [f(xay,MO)Af‘F G(xayy MO)B(AI)] Fy(xay)
+ 4 (£ (6, 3,u0) At + 0 (x,y,110) B(AN)]? Fyy(x,y) + 0(A1).

Since, as is well known, E[B(At)] = 0 and E[B*(At)] = V[B(At)] = At, Eq. (8) implies that

0 = s {wuo)—c(x,yﬂm+p<x,y,uo>ArFx<x,y>

u(t),0<t<Ar
+ f(x,y,u0) At Fy(x,y) + 5 6% (x,y,u0) At Fyy(x,y)}
+ o(Ar). 9)

Finally, dividing both sides of Eq. (9) by Ar and letting At decrease to zero, we obtain the
following proposition.

Proposition 2. The value function F(x,y) defined in Eq. (7) satisfies the dynamic programming
equation (DPE)

0 - sup{r<uo> () P (o) Fey) + f (e yoti0) By (x,3)

g
+ %62(%)’7“0)Fyy(x7y)}v (10)

subject to the boundary condition
F(d,y)=0 Vy>0. (11)
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Rishel (1991) has considered the following particular cases for the optimal control of wear
processes: first, he assumed that

PIXu(t),Yu(t),u(t)] = polXu(), Yu(r)]u’(2),
FIX(0),Ya(0),u(t)] = folXu(t), Yu(0)] (1),
o [Xu(1),Yu(t),u(r)] = o0[Xu(r),Yu(t)]u(t),
rlu(®)] = rou(t),
where ry is positive constant. He proved that the optimal control can then be expressed as
follows: )
iy = (ry) = 20,

Next, he chose

Substituting these functions into the DPE (10), we obtain (after differentiating with respect to
up) that the optimal control is given, in terms of the value function, by

po(x,y) Fe+ fo(x,y) Fy,+ro
G(%(x)y)}g’y

u*(xay) =

Remark. There is a minus sign missing in Eq. (26) of Rishel’s paper.

It follows that the value function satisfies the partial differential equation (PDE)
[po(x,y)Fx —I—fo(x,y)F;; + ro]Z + 2C()C,y) Gg(xa)’)Fyy =0, (12)

subject to the boundary condition (11). This time, Rishel did not find an explicit expression for
u*(x,y), but Lefebvre and Gaspo (1996a) first generalized Rishel’s result and then solved three
particular problems.

In this paper, we will solve three new problems for important diffusion processes {Y(z), > 0}
when X () represents the remaining lifespan of a device.

Problem I. Suppose that fy(x,y) = foo and 67 (x,y) = 64", where ogo > 0 and v € {0,1,2}.
Then, Eq. (4) becomes
dY (t) = foodr + G0 Y V/?(r) dB(1).

If v=0, {Y(¢),r >0} is a Wiener process with drift fyo and dispersion parameter opy. As we
have seen in Section 2, although this diffusion process is Gaussian, the probability that it will
become negative is negligible if fyo is large enough and Y (0) =y is not too small.

When v =1 (and o, =2), {Y(¢),t > 0} is a squared Bessel process of dimension § = fo. It
can be shown that if § > 2 and y > 0, then the process cannot attain the origin. Therefore, it is
a good model for the remaining lifespan (or the wear) of a device.

In the case when v =2, we have the following proposition.
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Proposition 3. The diffusion process {Y (t),t > 0} with infinitesimal mean foo >0 and infinites-
imal variance 630 y? has an exit boundary at the origin. That is, starting from Y (0) =y >0, the
process can reach the origin in finite time and, if it does, it will remain equal to zero indefinitely.

Proof. We define (see Eq. (9.7.19) in Kannan (1979), p. 279, but there is a mistake in the

equation)
Y, Joo
h(y) = 2 d
(v) =exp { /a pEa u}
and 5
H(y) = ———.
g0y h(y)

We calculate

w= [ [ o) HE)dva:

and

o] = /Oa/:H(y)h(Z)dydz.

We find that g = e and 0] < . Then, we can state that the origin is indeed an exit boundary.
|

Assume that (—d)
x J—
po(x,y) = —poo S

where pgp > 0. We must then solve the PDE

(x—d) ?
y

Fe+ fooFy+ro| +2c(x,y) 03y" Fpy =0, (13)

—Poo

subject to the boundary condition F(d,y) =0 for any y > 0.

Remark. We will see that with the function po(x,y) defined above, the optimally controlled
process X, (t) will actually decrease immediately to d if ¥,/ (¢) decreases to zero. Hence, here the
type of boundary at the origin for the diffusion process {Y(),r > 0} does not really matter.

Let us look for a solution of the form
F(x,y)=Fy [e(xfd)y - 1} forx>d, y>0, (14)

which satisfies the boundary condition F(d,y) = 0. Substituting F(x,y) into Eq. (13), we obtain
the following proposition.

Proposition 4. If poo = foo and the function c(x,y) is given by

r%e_(x_d)y
72F00'§0y" (x—d)?’

clx,y) = (15)

where Fy <0, then the function F(x,y) defined in Eq. (14) is the value function in Problem I.
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Remark. Notice that the value function is negative. Thus, with the cost c(x,y) defined in

Eq. (15), the best that the optimizer can do is to minimize the losses.

We deduce from Eq. (3) the value of the optimal control.
Corollary 1. The optimal control in Problem I is

o e—(x—d)y
_Fo Ggoyv (x—d)?

u*(x)y) =

(16)

Remarks. (i) The optimal control is positive, so that the optimizer does not try to make

P[Xu(t),Y,(t)] become positive.
(ii) We have

dX, (1) P (1), (1), u (1)) dt

Bl =d] ey yo(o)]ar

u

i
_nexp{ld—X;(0]¥; (1))
Fo o3, [ O]+ % 1)~ d]

= —Poo

d.

Therefore, as mentioned above, the optimally controlled process X' (¢) will decrease at once to

d if Y (t) decreases to zero.

Problem II. Assume now that fy(x,y) = foo (K —y), where fyo and k are real parameters, and

o3 (x,y) = 0a,y. With these choices, Eq. (4) becomes

dY (1) = foo [K =Y (¢)]dt + 600 Y /> (t) dB(1).

Therefore, {Y(t),t >0} is a (generalized) Cox-Ingersoll-Ross (CIR) process. This process is used

in financial mathematics as a model for the evolution of interest rates. When
2 foo K > G,

the process, starting from Y (0) =y > 0, will always remain positive.
The transition density function of {Y(¢), > 0} is known to be

Cuey (V\9/2
p(1:0,10) = e (5) 1,(2 V),

where

2 foo . Cple) ‘
l—e*foo(f*to)) 5 Ui=Yyoe Soo( 0)7 Vi=yy, gi= 5

yi=
( Ogo 00

2fook

1

(17)

and I,(-) is a modified Bessel function of the first kind of order ¢ (see Abramowitz and Stegun

(1965)).

Assume that both fyo and x are negative, and that the condition in Eq. (17) holds. We try
a solution of the PDE (12) of the same form as in Problem I: F(x,y) = Fy [e®~¢” —1]. One can
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check that this function is indeed a solution of Eq. (12) that satisfies the boundary condition
F(d,y) =0 if and only if
(x—d)

Po(x,y) = —foo (kK =) (<0)
and c(x,y) is the same as in Eq. (15), with again Fy < 0. Moreover, the optimal control is given
by the function defined in Eq. (16), with v =1.

Problem III. In this last problem, we now assume that X (¢) represents the wear of the device,
rather than its remaining lifespan. Therefore, the function py(x,y) should be positive. Moreover,
we suppose that X(0) =x € (0,d). The differential equation that we must solve is the same PDE
as above, and the boundary condition is still F(d,y) = 0.

Let us choose

d— 1
o Joley) = and G(xy) =1,

po(x,y) =
We then find that the function

Fuyy:%[APWuJ] for0<x<d,y>0

is a solution of Eq. (12) that satisfies F(d,y) =0 if and only if

2 ,(d—x)y
Reld—)

c(x,y) :—m7

where Fj is negative. Furthermore, the optimal control is

(d—x)y
* __Tee
u (x7y)* F()(d*X)z.
Remarks. (i) In this problem, the value function is positive. Therefore, it is a reward, rather
than a cost as in the previous problems.
(ii) The diffusion process {Y (), > 0} is a Bessel process of dimension or parameter oo = 3. For
Bessel processes of dimension o > 2, the origin is an entrance boundary, which means that if
X(0) =x > 0, the process will never hit the origin. The transition density function of {Y (¢),z > 0}
is (see Karlin and Taylor (1981), p. 368)

2 Vel Y .. Yoy
1370,0) =/ — —20 2 L2 h(—)
P(y Yo ) o exp{ 7 ¥ sin "

fort >0, yo >0 and y > 0.

4 Concluding remarks

In this paper, we proposed models for the evolution of the remaining lifespan X (¢) of devices
that are more realistic than one-dimensional diffusion processes. Indeed, the degenerate two-
dimensional processes defined in the paper were such that X (z) was a strictly decreasing function
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of time, as should be. Actually, in Section 2, we mentioned the fact that there was a positive
probability that X (z) would increase before reaching the value d > 0 for which the device is worn
out. However, we saw that in practice this probability can be really negligible. Moreover, the
aim in Section 2 was to give examples for which it is possible to compute the exact distribution
of X(z). This is possible, thanks to Proposition 1, when the diffusion process {Y(¢),t > 0} is
Gaussian and the function p[X(¢),Y ()] in Eq. (3) is affine.

In Section 3, we presented three optimal control problems for degenerate two-dimensional
diffusion processes that could serve as models for the remaining lifespan of devices. These prob-
lems are particular homing problems. Obtaining exact and explicit solutions to such problems
in two or more dimensions is generally a very difficult task. In Lefebvre and Gaspo (1996a),
the authors used the method of similarity solutions to reduce the PDE that must be solved to
an ordinary differential equation. Here, we proposed a simple function for the value function
F(x,y), and we saw that this simple function was indeed the exact solution to the problem con-
sidered, if certain conditions hold. Furthermore, the three problems solved in Section 3 were for
diffusion processes {Y(¢), > 0} that are very important for the applications, whereas the ones
solved in Lefebvre and Gaspo (1996a) were purely mathematical problems.

When it is not possible to find the exact solution to a particular optimal control problem,
one may try to make use of numerical methods to obtain the value function and the optimal
control in any special case. It is also sometimes possible to determine upper bounds for both
the value function and the optimal control, as Makasu (2022) did for certain homing problems.
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