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Letter from the Editor-in-Chief

It is my great pleasure to present this issue of Stochastic Models in Probability and Statistics
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probability, and statistics—with a particular focus on reliability and related disciplines.
SMPS publishes two issues annually and is proudly supported by the Department of Statistics,
Faculty of Mathematical Sciences, Ferdowsi University of Mashhad.

The journal’s mission is to promote the development and dissemination of innovative method-
ologies and ideas that bridge stochastic modeling in probability and statistics with real-world
applications. In this spirit, SMPS welcomes high-quality contributions across a broad range of
topics, including reliability theory, lifetime data analysis, stochastic modeling in industrial and
systems engineering, operations research, statistical methods in information theory, and depen-
dence modeling.

On behalf of the editorial board, I would like to express my sincere gratitude to all authors
for their valuable scholarly contributions, to the reviewers for their thoughtful and constructive
evaluations, and to the editorial team for their unwavering dedication and professionalism. The
continued success of SMPS is made possible by the collective efforts of this dynamic community
of researchers and practitioners who share a common goal: advancing the field of stochastic
modeling and statistical reliability analysis.

Finally, I warmly invite readers and contributors around the world to support SMPS by submit-
ting original research, citing published work, and sharing new ideas that help shape and expand
the journal’s vision.

Jafar Ahmadi
Editor-in-Chief
Stochastic Models in Probability and Statistics (SMPS)
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On the use of sampling costs in quality control to
select an estimator for the variance and standard

deviation
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Stochastic Models in Probability and Statistics
Vol. 1, No. 2, 2024, pp. 119–142. Research Paper

Abstract. In R and S-charts in quality control applied to a normal population one mostly
uses a linear transformation of the range or the sample deviation as unbiased estimators of the
unknown process standard deviation. In this paper, we propose related statistics as alternative
estimators of the unknown standard deviation and variance having a smaller mean squared
error. At the same time, we give a theoretical explanation for the rules of thumb recommended
in quality control which unbiased estimators to use. Since obtaining samples from different
independent subgroups is costly, we propose a mathematical model for selecting these samples
to satisfy the budget constraint. The used estimator for the variance or standard deviation has
a minimal mean squared error within a certain class of estimators. It is shown that selecting the
whole sample from one particular chosen subgroup is a good strategy for linear sampling costs.

Keywords: Mean squared error; Pooled statistics; Quality control; R-estimator; S-estimator.

1 Introduction.
In R and S-charts (see Section 4.7 and the Appendix of Chapter 4 of Ryan (2011) or Montgomery
(2009)) applied to a normal population, one uses a linear transformation of the range or the
sample standard deviation as unbiased estimators of the unknown process standard deviation.
Within quality control, there is a tradition to use only unbiased estimators. However, if one
uses as a quality measure of an estimator its mean squared error, there is no need to restrict

∗Corresponding author
Received: 22 February 2024 / Accepted: 23 July 2024
DOI: 10.22067/smps.2024.45525

© 2024 Ferdowsi University of Mashhad https://smps.um.ac.ir

119



120 Amniattalab A. and Frenk J. B. G.

to unbiased estimators. In this paper we will consider a class of estimators containing both
biased and unbiased estimators from which it is easy to derive a (biased) estimator having a
minimal mean squared error among this class. A similar set-up was also followed in Woodall
and Montgomery (2000), Mahmoud et al. (2010) and Vardeman (1999). Our analysis extends
their approach. Since the theoretical properties of the R and S estimators in R and S-charts are
already known for a long time most of the proofs of these results can be found in papers written
more than thirty years ago. Also these results coincide with classical results in statistics and
as a consequence of this no papers appeared on this topic recently. After the introduction of
these estimators in quality control the focus shifted on how to apply these estimators to different
industrial applications. For a recent overview on the practical use of these so-called univariate
charts to all kind of different settings like healthcare and environmental control the reader is
referred to Suman and Prajapati (2018), Zwetsloot et al. (2023) and Arciszewski (2023).

As in statistics it is mostly assumed in quality control models that gathering data does
not involve any costs. However, in practice data gathering might be costly and subject to
budget restrictions. Due to these restrictions we need to decide beforehand from which available
resources we will generate our data. These available resources should be selected in such a
way that our constructed estimator will satisfy the quality measure imposed on an estimator.
In this paper this can be either an estimator within the class of unbiased estimators having a
minimal mean squared error or a biased estimator within a given class of estimators satisfying
this property. In this paper we will propose a simple static optimization problem dealing with
the selection of the available resources from which the data are generated.

The outline of this paper is now as follows. In the first subsection of Section 2, we present
a compact overview of the classical unbiased estimators of the standard deviation used in S
and R-charts for single groups. Computing the mean squared error of these estimators we also
confirm theoretically some empirical rules of thumb applied in the literature which estimator to
use. In the past these rules of thumb were advised without any theoretical explanation.

In the second subsection of Section 2 we propose related biased estimators having a smaller
mean squared error than the classical used estimators for both the standard deviation and
the variance. At the same time we extend these results for a normal population consisting of
either single or multiple independent subgroups to a population having a location-scale family
of distributions.

In section 3 of this paper we formulate in the presence of a budget constraint on collecting
data a simple static model constructing an estimator for both the variance and standard de-
viation having the smallest mean squared error. In this set-up we are allowed to sample from
different independent subgroups each having different sampling costs. Due to the separable
structure of the mean squared error objective function this optimization problem can be solved
by a dynamic programming procedure. As a special case this model confirms the intuitively
clear result that for linear sampling costs it is a good strategy to generate the whole sample
from a single subgroup.

Finally in Section 4 we list our findings in this paper and give in the Appendix the proofs of
our main results. Observe that the first subsection of Section 2 can be regarded as an elementary
and unifying note on the property of the classical estimators used in R and S-charts discussed
in standard textbooks on quality control.
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2 On classical and alternative estimators of the standard devi-
ation and variance used in quality control.

In the first subsection we will discuss the main properties of the classical unbiased estimators for
the standard deviation used in R and S-charts. The result in Lemma 1 about the normalisation
constant used in a S-chart seems to be new. In the second subsection we propose for single
and multiple subgroups some alternative biased estimators for both the standard deviation
and variance having a smaller mean squared error than the classical unbiased estimators. We
will also analyze in this subsection the differences between these estimators and compute the
ratios of their mean squared error. In the same subsection encountering multiple independent
subgroups of data having different sample sizes the relation of these estimators to so-called
pooled estimators (see page 360 of Irwin and Miller (2004) or Arnold (1990)) is also discussed.

2.1 On the main properties of the classical unbiased estimators in R and
S-charts.

In this section we first give for completeness an overview of the estimators used in quality
control to estimate the unknown standard deviation for normal populations. Similar results
can be found in Mahmoud et al. (2010) and Woodall and Montgomery (2000). Introducing
in a normal sample X⊤ = (X1, ...,Xn), the largest order statistic Xn:n := max{X1, ...,Xn} and the
smallest order statistic X1:n := min{X1, ...,Xn}, one uses in R-charts within quality control as an
unbiased estimator of the unknown standard deviation σ > 0 in a sample of size n the statistic

TR(X) := θnRn(X), (1)

with Rn the so-called sample range given by

Rn(X) := Xn:n −X1:n,

(see page 229 of Montgomery (2009)). Of course, it is assumed this sample is taken from a
system in control. To compute the constant θn in this unbiased estimator, we observe that

Rn(X)
d
= σRn,s(Y),Rn,s(Y) := Yn:n −Y1:n, (2)

with Z1
d
= Z2 meaning the random variables Z1 and Z2 have the same distribution and Rn,s(Y) :=

Yn:n−Y1:n the range of the sample Y⊤ = (Y1, ...,Yn) from a standard normal population. As shown
in the remainder of this paper it is easy to generalize the above observations for a normal
population to location-scale families of distributions. By the symmetry of a standard normal
distribution around zero, we obtain by relations (1) and (2) that

σ = E(TR(X)) = E(θnσRn,s(Y)) = θnσE(Rn,s(Y)) = 2σθnE(Yn:n),

with Yn:n the largest order statistic of a sample of size n coming from a standard normal distri-
bution. This shows

θn = (E(Rn,s(Y)))−1 = (2E(Yn:n))
−1. (3)
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Introducing the mean squared error of an estimator T of some unknown constant b defined by

MSE(T ) := E((T (X)−b)2),

and the bias of an estimator given by

bias(T ) := E(T (X))−b,

yields by relation (2) and (3) that the mean squared error of the unbiased estimator TR(X) =
θnRn(X) is given by

MSE(TR) = Var(θnσRn,s(Y)) =
σ2Var(Rn,s(Y))

(E(Rn,s(Y)))2 =
σ2Var(Rn,s(Y))

4(E(Yn:n))2 . (4)

Since in general, it seems impossible to derive an elementary expression for the above ratio
divided by σ2 (Arnold et al. (2008)), tables are used within quality control (Montgomery (2009),
Harter (1960)). In our computational experiments, we generate sample paths of the stochastic
range process R = {Rn,s : n ∈ N} and use Monte Carlo simulation to compute both Var(Rn,s(Y))
and E(Rn,s(Y)) for n ≤ 50. The density of the random variable Rn,s(Y) is given by David (1970)

fRn,s(Y)(t) = n(n−1)
∫ ∞

−∞
φ(u)(Φ(u+ t)−Φ(u))n−2φ(u+ t)du, t ≥ 0,

with φ the standard normal density and Φ the standard normal cdf. Using relation (2) this
implies that the density of the unbiased estimator TR(X) = θnRn(X) is given by

fTR(X)(t) =
1

σθn
fRn,s(Y)

(
t

σθn

)
, t ≥ 0,

and so it is possible to give a plot of the density of the cdf of this estimator. On page 112 of
Montgomery (2009), as a rule of thumb, the unbiased estimator TR is recommended for samples
from a normal population of size n with n ≤ 6 instead of the unbiased estimator TS used in a
S-chart. In an S-chart, the unbiased estimator TS(X) := γnSn(X),n ≥ 2 is applied with S2

n denoting
the well-known unbiased sample variance estimator of σ2 given by

S2
n(X) :=

1
n−1 ∑n

i=1(Xi −Xn)
2,Xn :=

1
n ∑n

i=1 Xi,

with Xn representing the sample mean. The constant γn is selected in such a way that the
estimator γnSn is an unbiased estimator of the unknown standard deviation σ . By the properties
of a normal distribution it is well known (Casella and Berger (2002)) that

Sn(X)
d
= σSn,c(Y) and (n−1)S2

n,c(Y)
d
= Z, (5)

with Sn,c the sample standard deviation of a sample Y⊤ = (Y1, ...,Yn) from a standard normal
population and Z a random variable having a chi-square distribution with n − 1 degrees of
freedom. This yields

σ = E(γnSn(X)) = E(γnσSn,c(Y)) =
γnσ

2
√

n−1
E( 2

√
Z) = γnσ 2

√
2

n−1
Γ( n

2)

Γ(n−1
2 )

,
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with Γ(α) =
∫ ∞

0 xα−1e−xdx the well known gamma function. Hence we obtain for every n ≥ 2 that

γn = (E(Sn,c(Y)))−1 =
2

√
n−1

2
Γ
( n−1

2

)
Γ
( n

2

) . (6)

Using S2
n,c is an unbiased estimator of the known variance of a standard normal population and

so E(S2
n,c(Y)) = 1, it follows by relation (5) and (6) that the mean squared error of the estimator

γnSn,n ≥ 2 is given by

MSE(γnSn) = Var(γnσSn,c(Y)) = σ2 Var(Sn,c(Y))

(E(Sn,c(Y)))2 = σ2(γ2
n −1). (7)

Since MSE (γnSn) ≥ 0, we obtain for every n ≥ 2 that γn ≥ 1. In the next result, we list some
global properties of the sequence γn,n ≥ 2. Before discussing these properties, we introduce the
following definition.

Definition 1. The non-negative sequence δn, n ≥ 2 is called log-convex if the first order differ-
ences ∆δn := δn+1 −δn, n ≥ 2 are increasing.

For the sequence γn := (E(Sn,c(Y))−1, n ≥ 2 one can show the following result. Its proof is
given in the Appendix.

Lemma 1. The sequence γn,n ≥ 2 is decreasing and log-convex and it satisfies γ2 = 2
√π

2 and for
every n ≥ 2 the first order non-linear recurrence relation

γn+1 = γ−1
n

2

√
n

n−1
. (8)

Moreover limn↑∞ n(γn −1) = 4−1 and for every n ≥ 3

1 ≤
(

n
n−1

) 1
4

≤ γn ≤
(

n−1
n−2

) 1
4

. (9)

By relation (8), it is easy and numerically stable to compute the constants γn, n ≥ 2. Hence
it is not necessary to use tables for the sequence γn, n ∈ N, n ≥ 2. Since

(n−1)S2
n(X)

σ2
d
= Z,

with Z a random variable having a chi-square distribution with n−1 degrees of freedom (Casella
and Berger (2002)) having density fZ(z) = e−

z
2 z

n−1
2 −1

2
n−1

2 Γ( n−1
2 )

this yields

TS(X) = γnSn(X)
d
=

γnσ 2
√

Z
2
√

n−1.
. (10)

Since the density of the non-negative random variable 2
√

Z with Z having a chi-square distribution
having n−1 degrees of freedom is given by

f 2√Z(z) =
z

n−1
2 e−

z2
2

2
n−3

2 ,Γ(n−1
2 )

, z > 0.
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This yields by relation (10) that the density fTS(t), t > 0 of the estimator TS(X) = γnSn(X) equals

fTS(X)(t) =
2
√

n−1
γnσ

f 2√Z

( 2
√

n−1t
γnσ

)
=

σ 2
√

2Γ(n
2)

Γ(n−1
2 )

f 2√Z

(
σ 2
√

2Γ(n
2)t

Γ(n−1
2 )

)
,

and so it is possible to give a plot of the density of this estimator. In Figure 1, we give a plot
of the functions n → MSE(γnSn,c) = γ2

n − 1 and n → MSE(θnRn,c) for 2 ≤ n ≤ 50. As this figure
shows, comparing the mean squared error of both the R and S estimators defined in relations (4)
and (7), it is always better to use the estimator TS = γnSn instead of the estimator TR = θnRn for
n ≥ 7 while there is a slight preference for the S-estimator when n ≤ 6. This confirms the rule
of thumb given in Montgomery (2009) or Vardeman (1999) and the recommendation of always
using the S-estimator in Mahmoud et al. (2010). An additional advantage of the S-estimator is
that the constant γn can be numerically computed in a stable way applying relation (8) without
making use of tables, while θn needs to be computed by using tables or (if not available) by
simulation or numerical integration. This means computing θn can be less accurate.

𝜸 𝑺

𝜽 R

Figure 1: Plot of the mean squared errors of R and S estimators (left panel) for σ = 1 and their
ratio (right panel).

In the next subsection we introduce related unbiased estimators having a smaller mean
squared error.

2.2 On some alternative biased estimators for the standard deviation and the
variance

It is well known within statistics that biased estimators of a unknown parameter having a
smaller mean squared error (Woodall and Montgomery (2000)) can under certain conditions be
constructed using a linear transformation of the unbiased estimator of the same parameter. The
construction of these alternative estimators for both the range estimator and sample standard
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deviation estimator used in R and S-charts is discussed in the following result. Its proof is given
in the Appendix.

Lemma 2. Let k > 0 and X⊤ = (X1, ....,Xn),n ≥ 2 be a random vector of size n satisfying

Xi
d
= a+bYi,1 ≤ i ≤ n,

with unknown location parameter a ∈ R and scale parameter b > 0 and the random vector Y⊤ =
(Y1, ...,Yn) consisting of independent and identically distributed random variables has a known
cdf F having a finite variance. If the statistic T : Rn → R is an estimator of the unknown scale
parameter b > 0 and

T (X)
d
= b f (Y).

for some function f : Rn →R satisfying E( f k(Y))> 0 and E( f 2k(Y)) finite, then among the class
of statistics αT k,α ∈ R, used as an estimator of the unknown parameter bk the estimator α⋆T k

with
α⋆ =

E( f k(Y))

E( f 2k(Y))
,

is an estimator of bk with the smallest mean squared error. Its bias is given by

bias(α⋆T k) =
−bkVar( f k(Y))

E( f 2k(Y))
,

and its mean squared error by

MSE
(

α⋆T k
)
=−bias(α⋆T k)bk.

Since Var( f k(Y))≥ 0, we obtain by Lemma 2 that on average for every k∈N we underestimate
the unknown parameter bk using the estimator α⋆T k for bk. The result in Lemma 2 can also
be applied to a non-normal population. Since we know the cdf of the random variable Y1 it is
possible by simulation to determine the value of α⋆. Observe in a normal population it follows
for the standard sample deviation estimator that the constant α⋆ is given by an elementary
expression. As shown in Corollary 3 this constant is given by γ−1

n with γn listed in relation (6).
As an example of a non-normal population we mention a nonnegative sample X⊤ = (X1, ...,Xn)
satisfying

Xi
d
= aY b

i ,a > 0, b > 0, (11)

with Yi, i = 1, ...,n, nonnegative independent and identically distributed random variables having
a known cdf F and the random variables ln(Yi) having a finite variance. Well known examples
covering this case are Y1 exponentially distributed with parameter 1. In this case the random
variable Xi has a Weibull distribution. Another example is given by Yi has a gamma distribution
with scale parameter 1 and known shape parameter α > 0. In this case the random variable Xi

has a so-called generalised gamma distribution (Abbaszadehpeivasti and Frenk (2023)). Since
by relation (11) it follows

ln(Xi)
d
= ln(a)+b ln(Yi), (12)
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we can easily apply Lemma 2 replacing in the used statistic the random variable Xi by the
random variable ln(Xi). In case the nonnegative independent random variables Xi, i = 1,2, ..,n
are log-normal distributed, it follows by definition that the random variables ln(Yi) are standard
normal distributed. Another example is given by

Xi
d
= (a+bYi)

β ,a > 0, b > 0,

with β > 0 known and Yi, i = 1, ...,n a sequence of non-negative and identically distributed
random variables having a known cdf F and finite variance. In this case it follows that

Xβ−1

i
d
= a+bYi,

and we replace in the used statistic the random variable Xi by the random variable Xβ−1

i . The
above transformations resemble the Box-Cox transformations used in statistical Process Control
transforming non-normal charts into charts which are approximately normal distributed (see
section 3 of Figueiredo and Gomes (2006)). If we compare the mean squared error of the unbiased
estimator α0T k, α0 := E( f k(Y))−1 of the parameter bk with the minimum mean squared error
estimator within the class of estimators αT k, α ∈ R the next corollary follows immediately.
Corollary 1. If the conditions of Lemma 2 hold and the unbiased estimator α0T k of bk with
α0 = E( f k(Y))−1 is considered, then

MSE(α⋆T k)

MSE(α0T k)
=

E( f k(Y))2

E( f 2k(Y))
≤ 1.

Proof. It follows by relation (32) that

MSE(α0T k) = b2k pk(α0) =
b2kVar( f k(Y))

E( f k(Y))2 .

Applying Lemma 2 implies the desired result.

We now apply Lemma 2 (for k = 1) to the classical unbiased estimators used in a R and
S-chart for a normal population. The next result is an easy application of Lemma 2.
Corollary 2. If X⊤ = (X1, ....,Xn), n ≥ 2 is a random sample of size n from a normal population
then the estimator TR(α⋆) := α⋆Rn of the standard deviation σ > 0 with

α⋆ =
E(Rn,s(Y))

E(R2
n,s(Y))

,

and Y⊤ = (Y1, ...,Yn) a random sample from a standard normal population satisfies

E(α⋆Rn(X)) =
σE(Rn,s(Y))2

E(R2
n,s(Y))

.

Among the class of estimators TR(α) := αRn,α > 0 of the standard deviation σ > 0 in a R-chart
applied to a normal population the biased estimator TR(α⋆) has the smallest mean squared error
and this is given by

MSE(α⋆Rn) = σ2 Var(Rn,s(Y))

E(Rn,s(Y)2)
.
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Proof. Since in a normal population we know that

(X1, ...,Xn) = (µ +σY1, ...,µ +σYn),

with Y⊤ = (Y1, ...,Yn) consisting of independent and standard normal distributed random vari-
ables we obtain

Rn(X) = max{µ +σY1, ...,µ +σYn}−min{µ +σY1, ...,µ +σYn}= σRn,s(Y).

Since f (Y) =Yn:n−Y1:n =Rn,s(Y) and E(Rn,s(Y))> 0 for n≥ 2 we may apply Lemma 2 substituting
k = 1. This shows the result.

As already observed, one uses in a S-chart in quality control the unbiased estimator TS = γnSn

with γn listed in relation (6). The next result is again an application of Lemma 2 for k = 1.

Corollary 3. If X⊤ = (X1, ....,Xn), n ≥ 2 is a random sample of size n from a normal population
then the estimator TS(α⋆⋆) = α⋆⋆Sn of the standard deviation σ > 0 with

α⋆⋆ = γ−1
n = 2

√
2

n−1
Γ(n

2)

Γ(n−1
2 )

,

satisfies

E(α⋆⋆Sn(X)) =
2

n−1
Γ2(n

2)σ
Γ2(n−1

2 )
= γ−2

n σ .

Among the class of estimators TS(α) = αSn, α > 0 of the standard deviation σ > 0 in a normal
population the biased estimator TS(α⋆⋆) has the smallest mean squared error and this is given by

MSE(α⋆⋆Sn) = σ2

(
1−

2Γ2(n
2)

(n−1)Γ2(n−1
2 )

)
= σ2(1− γ−2

n ). (13)

Proof. Again using (X1, ...,Xn) = (µ +σY1, ...,µ +σYn) with Y⊤ = (Y1, ...,Yn) consisting of inde-
pendent and standard normal distributed random variables we obtain Sn(X) = σSn,c(Y) and
so

f (Y) := Sn,c(Y) =
2

√
∑n

i=1(Yi −Y n)2

n−1
.

Since E( f (Y)) > 0 for every n ≥ 2, the conditions of Lemma 2 are satisfied for k = 1 and this
shows the result observing E

(
f 2(Y)

)
= 1 and

E( f (Y)) =
1

2
√

n−1
E
(

2
√

Z
)
= 2

√
2

n−1
Γ(n

2)

Γ(n−1
2 )

.

with the random variable Z having a chi-square distribution with n−1 degrees of freedom.
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Observe the above results also hold for any sequence of independent and identically dis-
tributed random variables Xi, i = 1, ...,n, for which the normalized random variable Yi = b−1(Xi−
a) has a known cdf. If this holds we cannot compute the optimal α but need to approximate
this value by simulation. By relations (7) and (13) we obtain for a normal population

γ2
n MSE(α⋆⋆Sn) = MSE(γnSn).

Since by relation (9) we know ( n
n−1)

1
2 ≤ γ2

n ≤ (n−1
n−2)

1
2 ,n ≥ 3, this implies that both the optimal

biased and unbiased estimators of the standard variance in a normal population have almost
the same mean squared error for already relatively small values of the sample size. Observe the
mean squared error also depends linearly on the unknown variance. Hence, if it is suspected
that the variance is large and the mean squared error is regarded as a more important quality
measure of an estimator than whether an estimator is biased or unbiased, one should apply the
biased estimator α⋆⋆Sn. In Figure 2, we now list the mean squared error of the most important
three different estimators excluding the classical range estimator for σ = 1. As expected, the
estimator α⋆⋆Sn has the smallest mean squared error.

Figure 2: Plot of the mean squared errors of the three estimators of the standard deviation.

In case we like to give an estimation of the variance we identify in the next lemma the best
possible estimator with respect to the mean squared error within the class of linear transforma-
tions of the sample variance. The next lemma is actually a special case of Lemma 2 for k = 2.
The proof is listed in the Appendix.

Lemma 3. If X⊤ = (X1, ...,Xn),n ≥ 2, is a random sample of size n from a population satisfying

Xi
d
= µ +σYi, (14)

having unknown expectation µ and standard deviation σ and the random vector Y⊤ = (Y1, ...,Yn)
consists of independent and identically distributed random variables having a known cdf F and
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a finite 4th moment, then the estimator T 2
S (α⋆⋆⋆) = α⋆⋆⋆S2

n of the variance σ2 > 0 with

α⋆⋆⋆ =
n

E(Y 4
1 )−

n−3
n−1 +n

,

satisfies

E(α⋆⋆⋆S2
n) =

nσ2

E(Y 4
1 )−

n−3
n−1 +n

.

Among the class of estimators T 2
S (α) = αS2

n, α > 0 of the variance σ2 the biased estimator
T 2

S (α⋆⋆⋆) has the smallest mean squared error and this is given by

MSE(α⋆⋆⋆S2
n) = b4(1−α⋆⋆⋆) =

b4((n−1)E(Y 4
1 )−n+3)

(n−1)E(Y 4
1 )−n+3+n2 .

Suppose we consider M independent samples Xm = (X1,m, ...,Xnm,m) of different or equal sizes
nm ≥ 2, m = 1, ...,M from location-scale families having possibly different unknown location pa-
rameters but the same unknown scale parameter. This set-up often occurs in quality control.
Typically, an initial series of independent samples or independent subgroups is used to estimate
the mean and standard deviation of a process. During this initial phase, the process should be
in control. These estimations are then used to produce control limits in R and S-charts. Since
the means might be different in each of the samples we consider for the estimation of the scale
parameter the following class of statistics

T (X1, ...,XM) = ∑M
m=1 αmT k

m(Xm),αm ∈ R, (15)

with Tm : Rnm → R the statistic used to estimate the scale parameter in sample subgroup m =
1, ...,M. This means we use a weighted combination of estimators for the estimation of the
unknown scale parameter. One can now show the following generalization of Lemma 2. This
result is also mentioned in Woodall and Montgomery (2000) without proof for the special case k =
1 and the normal population applying the sample standard deviation statistic to each subgroup.
For completeness its elementary proof is listed in the Appendix.

Lemma 4. Let k > 0 and for m = 1, ...,M the random vectors

Xm = (X1,m, ...,Xnm,m),

nm ≥ 2 are independent random samples of size nm,m = 1, ...,M, satisfying

Xi,m
d
= am +bYi,m, (16)

for every 1 ≤ i ≤ nm with the random vector Ym = (Y1,m, ...,Ynm,m) consisting of independent and
identically distributed random variables having a known cdf Fm,m = 1, ...,M. If for m = 1, ...,M
the statistic Tm : Rnm → R is an estimator of the unknown scale parameter b and

Tm(Xm)
d
= b fm(Ym), (17)
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for some function fm : Rnm → R satisfying E( f k
m(Ym)) > 0 and E( f 2k

m (Ym)) is finite then among
the class of statistics ∑M

m=1 αmT k
m,αm ∈ R used as an estimator of the parameter bk the estimator

∑M
m=1 α⋆

mT k
m with

α⋆
m =

(
1+∑M

m=1

(
E( f k

m(Ym))
)2

Var ( f k
m(Ym))

)−1
E( f k

m(Ym))

Var( f k
m(Ym))

,

is an estimator of bk having the smallest mean squared error among this class. Its bias equals

bias
(
∑M

m=1 α⋆
mT k

m

)
=−bk

(
1+∑M

m=1

(
E( f k

m(Ym))
)2

Var( f k
m(Ym))

)−1

,

and its mean squared error

MSE
(
∑M

m=1 α⋆
mT k

m

)
=−bias

(
∑M

m=1 α⋆
mT k

m

)
bk.

If we restrict ourselves to the class of unbiased estimators within the class of estimators
T = ∑K

k=1 αmT k
m,αk ∈ R and select that unbiased estimator with the smallest mean squared error

one can easily show the following result. Its proof is listed in the Appendix.

Lemma 5. Under the same conditions as in Lemma 4 the unbiased estimator of bk with the
smallest mean squared error among the class of estimators T = ∑M

m=1 αmT k
m,αm ∈ R is given by

∑M
m=1 α⋆⋆

m T k
m with

α⋆⋆
m =

(
∑M

m=1
E( f k

m(Ym))
2

Var( f k
m(Ym))

)−1 E( f k
m(Ym))

Var( f k
m(Ym))

.

Its mean squared error is given by

MSE
(
∑M

m=1 α⋆⋆
m T k

m

)
= b2k

(
∑M

m=1

(
E
(

f k
m(Ym)

))2

Var( f k
m (Ym))

)−1

.

The next result is a generalization of Corollary 1 for independent samples.

Lemma 6. If the conditions of Lemma 4 hold and ∑M
m=1 α⋆⋆

m T k
m is the unbiased minimum mean

squared error estimator of bk and ∑M
m=1 α⋆

mT k
m the biased minimum mean squared error estimator

of bk then
MSE

(
∑M

m=1 α⋆
mT k

m
)

MSE
(
∑M

m=1 α⋆⋆
m T k

m
) = ∑M

m=1
(E( f k

m(Ym)))
2

Var( f k
m(Ym))

1+∑M
m=1

(E( f k
m(Ym)))

2

Var( f k
m(Ym))

.

If the independent random variables Y (m)
i , 1 ≤ m ≤ M, 1 ≤ i ≤ m mentioned in Lemma 4 and

5 have a standard normal distribution then for the estimation of the standard deviation σ > 0
we apply Lemma 4 with k = 1 and fm(Ym) = Snm,c(Ym). By relation (6) it follows that

E( fm(Ym)) =
1

γnm

,Var( fm(Ym) = 1− 1
γ2

nm

. (18)
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By Lemma 4 for k = 1 it follows using relation (18) that the weights α⋆
m, m = 1, ...,M of the

minimum mean squared error estimator of the standard deviation within the class ∑M
m=1 αmSnm ,

αm ∈ R are given by

α⋆
m =

(
1+∑M

m=1
1

γ2
nm
−1

)−1 γnm

γ2
nm
−1

,1 ≤ m ≤ M. (19)

and this estimator has mean squared error

MSE
(
∑M

m=1 α⋆
mSnm

)
= σ2

(
1+∑M

m=1
1

γ2
nm
−1

)−1

. (20)

Applying Lemma 5 and relation (18) it follows that the weights α⋆⋆
m , m = 1, ...,M of the minimum

mean squared error unbiased estimator of the standard deviation within the class ∑M
m=1 αmSnm ,

αm ∈ R equal

α⋆⋆
m =

(
∑M

m=1
1

γ2
nm
−1

)−1 1
γ2

nm
−1

,1 ≤ m ≤ M (21)

and this estimator has mean squared error

MSE
(
∑M

m=1 α⋆⋆
m Snm

)
= σ2

(
∑M

m=1
1

γ2
nm
−1

)−1

. (22)

This shows for a normal population that

MSE
(
∑M

m=1 α⋆
mSnm

)
MSE

(
∑M

m=1 α⋆⋆
m Snm

) = ∑M
m=1

1
γ2

nm−1

1+∑M
m=1

1
γ2

nm−1

. (23)

In order to illustrate the relations we consider the following example.

Example 1. Devor et al. (1992) provides on page 165 a data set made up of measurements of
an engine block’s cylinder bore diameter. The inside of the cylinder bore was measured after the
boring operation and the units of measurement are 1/10,000 of an inch. Approximately every
30 minutes, samples of size n = 5 are collected. The first 35 samples are displayed in Table 1.
The precise dimensions are in the range of 3.5205, 3.5202, 3.5204, and so forth. The final three
numbers in the measurements are provided by the entries in Table 1. Since we assume that the
above non-negative measurements follow the multiplicative model (see relation (11)) satisfying
ln(Xi) is normally distributed we need to compute first as shown in relation (12) the sample
ln(Xi j), i = 1, ...,35, j = 1, ...,5 before evaluating the value of the estimator of b. For this data
set every subgroup m = 1, ...,35 has sample size nm = 5 and so

γnm = γ5 =
2

√
5−1

2
Γ
( 5−1

2

)
Γ
(5

2

) = 1.0638.

Applying relations (20) and (22) we obtain using Excel that the mean squared error of the biased
estimator of the parameter b is given by

MSE
(
∑M

m=1 α⋆
mSnm

)
= 0.0000883×b2,
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Table 1: Cylinder diameter data.
Sample i Xi1 Xi2 Xi3 Xi4 Xi5 Sample i Xi1 Xi2 Xi3 Xi4 Xi5

1 205 202 204 207 205 19 207 206 194 197 201
2 202 196 201 198 202 20 200 204 198 199 199
3 201 202 199 197 196 21 203 200 204 199 200
4 205 203 196 201 197 22 196 203 197 201 194
5 199 196 201 200 195 23 197 199 203 200 196
6 203 198 192 217 196 24 201 197 196 199 207
7 202 202 198 203 202 25 204 196 201 199 197
8 197 196 196 200 204 26 206 206 199 200 203
9 199 200 204 196 202 27 204 203 199 199 197
10 202 196 204 195 197 28 199 201 201 194 200
11 205 204 202 208 205 29 201 196 197 204 200
12 200 201 199 200 201 30 203 206 201 196 201
13 205 196 201 197 198 31 203 197 199 197 201
14 202 199 200 198 200 32 197 194 199 200 199
15 200 200 201 205 201 33 200 201 200 197 200
16 201 187 209 202 200 34 199 199 201 201 201
17 202 202 204 198 203 35 200 204 197 197 199
18 201 198 204 201 201

and the mean squared error of the unbiased estimator of the parameter b by

MSE
(
∑M

m=1 α⋆⋆
m Snm

)
= 0.0000936×b2.

This shows using relation (23) that the mean squared error of the unbiased estimator is approx-
imately 5% bigger than the mean squared error of the biased estimator.

Since it is shown in Lemma 1 that γn satisfies some tight upper and lower bounds we can
approximate α⋆

m in relation (19) and α⋆⋆
m in relation (21), 1≤m≤M by some simpler expressions.

By Lemma 1 it follows that

γ2
n ≃

(
n

n−1

) 1
2

.

This shows using x
1
2 − 1 ≃ 1

2(x− 1) (first order Taylor approximation around x = 1) that by
relation (19)

α⋆
m ≃ 2

(
1+2∑M

m=1(nm −1)
)−1

(nm −1)

and by relation (21)

α⋆⋆
m ≃

(
∑M

m=1(nm −1)
)−1

(nm −1) =
(
∑M

m=1 nm −M
)−1

(nm −1).

This shows that the minimal mean squared error unbiased estimator of the standard deviation
is approximately the pooled standard deviation estimator. At the same time the mean squared
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error of both estimators listed in relation (20) and (22) satisfy

MSE(∑M
m=1 α∗

mSnm)≃ σ2
(

1+2∑M
m=1(nm −1)

)−1
,

and
MSE(∑M

m=1 α∗∗
m Snm)≃ σ2

(
2∑M

m=1(nm −1)
)−1

.

Finally we analyze in this section the estimation of the variance if there exist independent
samples from the location-scale families m, m = 1, ...,M with possibly different means but the
same scale parameter. This means that the independent random vectors

Ym = (Y1,m, ....,Ynm,m),

consist of independent and identically distributed random variables having mean zero and vari-
ance 1. It is assumed that additionally the random variables Y1,m, m= 1, ...,M have a finite fourth
moment. It follows introducing f 2

m(Ym) = S2
nm
(Ym) that by relation (33)

E( f 2
m(Ym)) = 1,Var( f 2

m(Ym)) =
1

nm

(
E
(
Y 4

1,m
)
− nm −3

nm −2

)
. (24)

By Lemma 4 and using relation (24) we obtain that the weights α⋆
m of the minimum mean

squared error estimator of the variance within the class ∑M
m=1 αmS2

nm
, αm ∈ R are given by

α⋆
m =

1+∑M
m=1

nm

E
(

Y 4
1,m

)
− nm−3

nm−1

−1
nm

E
(

Y 4
1,m

)
− nm−3

nm−1

,1 ≤ m ≤ M,

and this estimator has mean squared error

MSE
(
∑M

m=1 α⋆
mS2

nm

)
= σ4

1+∑M
m=1

nm

E
(

Y 4
1,m

)
− nm−3

nm−1

−1

. (25)

By Lemma 5 and again relation (24) the weights α⋆⋆
m of the minimum mean squared error

unbiased estimator of the variance within the same class equal

α⋆⋆
m =

∑M
m=1

nm

E
(

Y 4
1,m

)
− nm−3

nm−1

−1
nm

E
(

Y 4
1,m

)
− nm−3

nm−1

,1 ≤ m ≤ M, (26)

and this estimator has mean squared error

MSE
(
∑M

m=1 α⋆⋆
m S2

nm

)
= σ4

∑M
m=1

nm

E
(

Y 4
1,m

)
− nm−3

nm−1

−1

.

Since for every m = 1, ...,M the cdf of the random variable Y1,m is known we can estimate by
simulation the fourth moment or calculate it. Depending on which estimator we prefer to use,



134 Amniattalab A. and Frenk J. B. G.

we can thus identify for every m the weights α⋆⋆
m or α⋆

m. If the random variable Y1,m for some
m has a standard normal cdf it follows that its fourth moment equals 3. In some particular
cases it is also possible to approximate the optimal weights by a simpler expression. If in each
subgroup the random variable Y1,m, m = 1, ...,M, have the same cdf and the sample size nm in
each subgroup is relatively large implying nm−3

nm−1 ≃ 1 it follows by relation (26) that for every
1 ≤ m ≤ M the optimal weights α⋆⋆

m approximates

α⋆⋆
m ≃ nm

(
∑M

m=1 nm

)−1
. (27)

Hence by relation (27) we observe that for Y1,m, m = 1, ...,M having the same cdf that the pooled
sample variance estimator has a mean squared error close to the minimum mean squared error
unbiased estimator of the variance within the class ∑M

m=1 αmS2
nm

, αm ∈ R. Observe in quality
control (see section Section 6.3.2 of Montgomery (2009) for identically distributed samples the
biased estimator (

∑M
m=1(nm −1)S2

nm

∑M
m=1 nm −M

) 1
2

,

of the standard deviation is recommended without any explanation. By the previous analysis
this estimator of the standard deviation is approximately for nm large and the number of samples
small the square root of the minimum mean squared error unbiased estimator (within the class
∑M

m=1 αmS2
nm

) of the variance. In the next section we introduce sampling costs.

3 On sampling costs in quality control.
Suppose there exists M different independent subgroups from which we can generate samples
needed to estimate the unknown standard deviation or variance . It is assumed that all these
subgroups are in control and to collect a sample from each of these subgroups, we need to pay
sampling costs. It is assumed that generating a sample of size n from subgroup m = 1, ...,M
has sampling costs gm(n) with gm : Z+ → N denoting the increasing sampling cost function of
generating a sample of size n from this subgroup m. We assume for simplicity that the range of
the function gm is an integer and since we only consider samples with sample sizes bigger or equal
to 2 we assume without loss of generality for any of the independent subgroups m = 1, ...M that
gm(0) = gm(1) = 0. Since in practice we only deal with cost measured in certain units this integer
range assumption is not restrictive and simplifies our proposed dynamic solution procedure for
the general sampling cost case. We now like to determine, given our available budget B∈N, from
which of the independent subgroup m, m = 1, ...,M we should generate a sample and how large
this sample should be under the condition that our budget constraint is satisfied and the used
estimator for the unknown standard deviation or variance has minimum mean squared error
over all possible samples satisfying our budget constraint. Clearly, this is a static allocation
optimization problem. To formulate this static allocation problem for both the estimation of
the variance and the standard deviation introduce for every 1 ≤ m ≤ M the sequence of random
vectors Ym(n) = (Y1,m, ...,Yn,m), n ∈ N and the functions

fm(Ym(n)) := Sn,c(Ym(n)) =
2

√
1

n−1 ∑n
i=1(Yi,m −Y n,m)2, n ≥ 2,
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and let the function hm,k : N→ (0,∞), m = 1, ...,m be given by

hm,k(n) =


0 if n = 0,1

(E( f k
m(Ym(n)))

2

Var( f k
m(Ym(n)))

n ≥ 3

By Lemma 4 the static allocation problem for the standard deviation estimation problem is
given by

min
{

b2
(

1+∑M
m=1 hm,1(nm)

)−1
: ∑M

m=1 gm(nm)≤ B,n j ∈ N,1 ≤ j ≤ m
}
,

and for the variance estimation problem by

min
{

b4
(

1+∑M
m=1 hm,2(nm)

)−1
: ∑M

m=1 gm(nm)≤ B,n j ∈ N,1 ≤ j ≤ m
}
.

Since b > 0 it is equivalent to consider for both k = 1 or k = 2 the optimization problems

υ(Pk) := max
{
∑M

m=1 hm,k(nm) : ∑M
m=1 gm(nm)≤ B,n j ∈ N

}
.

For k = 2 it follows by relation (25) that the objective functions hm,2 for m = 1, ...,M are given by

hm,2(n) =
n

E
(

Y 4
1,m

)
− n−3

n−1

=
n

E
(

Y 4
1,m

)
−1+ 2

n−1 .
,n ≥ 2 (28)

It is easy to check that the functions hm,2 in relation (28) are increasing. Also for the standard
deviation problem we obtain by relation (22) that for normal independent subgroups m = 1, ...,M
it follows for every m = 1, ...M that

hm,1(n) = (γ2
n −1)−1, n ≥ 2. (29)

By Lemma 1 this function is also increasing. Due to the separability of both the objective
function and the restriction it is well known that for any increasing sampling cost functions gm,
1 ≤ m ≤ M both optimization problems can be solved by the following dynamic programming
recursion formulas. Introduce for j = 1, ...,M the sequences w j,k : N→ R+ given by

w j,k(y) = max
{
∑M

m= j hm,k(nm) : ∑M
m= j gm(nm)≤ y,n j ∈ N, j = m, ...,M

}
.

Clearly w1,k(B) = υ(Pk) and

wM,k(y) = max
{

hM,k(nM) : gM(nM)≤ y,n j ∈ N
}
.

Also it follows for every y ∈ {0, ...,B} that

w j,k(y) = max{h j,k(n j)+w j+1,k(y−g j(n j)) : n j ∈ N,g j(n j) ∈ {0, ...,y}}.
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Figure 3: Plot of the function n → (γ2
n −1)−1.

Although both allocation problems can be solved by dynamic programming for any set of sam-
pling cost functions by computing iteratively the sequences w j,k from j = M up to 1 it is easy to
identify a close to optimal allocation for linear sampling cost functions given by

gm(n) =

 0 if n = 0,1

cmn if n ≥ 2
,cm ∈ N.

Since for k = 2 the functions in relation (28) are approximately linear a good heuristic is to
spend the whole budget on generating a sample from subgroup m∗ satisfying

m∗ = argmin
{

cm(E(Y 4
1,m)−1) : 1 ≤ m ≤ M

}
.

In case we consider the standard deviation estimation allocation problem for independent normal
subgroups we observe a similar behavior. As already noticed we conjectured using Lemma 1
that (γ2

n −1)−1 ≈ 2n and so the objective function in (29) is almost linear. In Figure 3 we listed
a plot of the function n → (γ2

n −1)−1 confirming our approximation.
Hence the functions hm listed in relation (29) are the same for every m and approximately a

linear function. This means that we should generate the samples from the cheapest subgroup
to obtain the best possible estimator of the process standard deviation. Since all subgroups
generate the same type of probabilistic information and give the same additional increase to the
objective function, one should, given the available budget, generate a sample having the largest
possible size. Such a sample has on average the smallest mean squared error. This means for
linear sampling costs it is a good heuristic to generate samples from the cheapest subgroup. In
this particular case one can generate the biggest sample size.

4 Conclusion.
In this paper, we give partly an overview and extension of the classical unbiased estimators
and their biased extensions used within R and S-charts for estimating the standard variation for
single and multiple independent subgroups. We also consider the case of estimating the variance
for single and multiple subgroups and unify both approaches for location-scale parameter fam-
ilies. We also propose a simple mathematical model in case we need to pay sampling costs for
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generating samples from different independent subgroups in our effort to construct an estimator
within a certain class of estimators having minimal mean squared error. Analyzing this static
model (contrary to for example using dynamic Bayesian type control charts (Makis (2008)))
confirms the intuition that, given the available budget and linear sampling cost functions, it is
a good strategy to generate the whole sample from one particular subgroup.
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Appendix A.
In the first section of this appendix we give the proofs of the main results mentioned in this
paper. In the second subsection we list some useful properties of the gamma function needed to
show the log convexity of the sequence γn, n ≥ 2.

A.1 Proof of the main results
We start this subsection with a proof of Lemma 1 discussing the global behaviour of the sequence
γn,n ≥ 2 occurring in a normal population.

Proof. Since it is well known that Γ(1
2) =

2
√

π,Γ(1) = 1 and Γ(α + 1) = αΓ(α) for every α > 0,
this shows γ2 = 2

√π
2 . Also by the definition of γn listed in relation (6), it follows for every n ≥ 2

γnγn+1 =
2

√
n−1

2
2

√
n
2

Γ( n−1
2 )

Γ( n+1
2 )

=

2
√

n−1
2

n−1
2

2

√
n
2
= 2

√
n

n−1
. (30)

Hence for every n ≥ 2 we obtain

γn+1 = γ−1
n

2

√
n

n−1
,

and we have verified relation (8). By Lemma 8, the non-negative sequence γn, n ≥ 2 is decreasing
and log-convex. This implies using relation (30) that for every n ≥ 2

γ2
n+1 ≤ γnγn+1 = 2

√
n

n−1
≤ γ2

n .

and we have verified relation (9). Using the inequalities in relation (9), it is easy to verify that
the limit relation holds.



138 Amniattalab A. and Frenk J. B. G.

Next we present a proof of Lemma 2.

Proof. It follows for any k > 0

MSE(αT k) = Var(αT k)+
(
E(αT k)−bk

)2
= α2Var(T k)+

(
αE(T k)−bk

)2
. (31)

Since T (X)
d
= b f (Y) we obtain for every k > 0 that T k(X)

d
= bk f k(Y). This implies by relation

(31) that
MSE(αT k) = α2b2kVar

(
f k(Y)

)
+
(

αbkE( f k(Y))−bk
)2

= b2k pk(α), (32)

with
pk(α) = α2E( f 2k(Y))−2αE( f k(Y))+1.

Since the function pk is a convex quadratic function and by Lyapunovs inequality and E( f k(Y))>
0 we obtain E( f 2k(Y))> 0 the desired result follows by applying the first order conditions to the
function pk.

The next proof is a proof of Lemma 3 and is actually a special case of the above result for
k = 2.

Proof. It follows by relation (14) that Sn(X) = σ f (Y) with

f 2(Y) :=
1

n−1 ∑n
i=1(Yi −Y n)

2.

Since S2
n is an unbiased estimator of σ2 and Var(Yi) = 1 we obtain E( f 2(Y)) = 1. Also it can be

shown ((Cho and Cho, 2008),(Wilks, 1962)) that

0 ≤ Var
(

1
n−1 ∑n

i=1(Yi −Y n)
2
)
=

1
n

(
E(Y 4

1 )−
n−3
n−1

)
. (33)

Since
E( f 4(Y)) = Var

(
1

n−1 ∑n
i=1(Yi −Y 2

n

)
+1,

this yields
E( f 4(Y)) =

1
n

(
E(Y 4

1 )−
n−3
n−1

)
+1,

and applying Lemma 2 for k = 2 we obtain the desired result.

In the next proof we verify the generalization of the above result to subgroups as expressed
in Lemma 4.

Proof. Since the subgroups are independent and hence the random variables Tm, m = 1, ...,M
are also independent it follows using relations (15), (16) and (17) and introducing the random
vector Ym = (Y1,m, ...,Ynm,m) that

T (X1, ...,XM)
d
= bk ∑M

m=1 αm f k
m(Ym).
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This implies

MSE(T ) = Var(T )+bias(T )2

= b2k
(

∑M
m=1 α2

mVar
(

f k
m(Ym)

)
+
(
∑M

m=1 αkE( fm(Ym))−1
)2
)
.

(34)

To determine the optimal mean squared error we need to solve the unconstrained strictly convex
quadratic minimization problem

min
{

∑M
m=1 α2

mVar
(

f k
m(Ym)

)
+
(
∑M

m=1 αmE( f k
m(Ym))−1

)2
: αm ∈ R,1 ≤ m ≤ M

}
.

This optimal solution must be the unique solution of the first order conditions applied to the
above objective function and by substituting one can verify that this optimal solution is given
by α⋆ = (α⋆

1 , ....,α⋆
M) with

α⋆
m =

(
1+∑M

j=1
E( f k

m(Ym))

Var( f k
m(Ym))

)−1 E( f k
m(Ym))

Var( f k
m(Ym))

.

Substituting this into relation (34) yields the expression for the bias and optimal mean squared
error.

Finally we list the proof of Lemma 5.

Proof. By relation (34) we need to solve the strict convex optimization problem

min
{
∑M

m=1 α2
mVar( f k

m(Y
(m))) : ∑M

m=1 αmE( f k
m(Y

(m))) = 1,αm ∈ R,1 ≤ m ≤ M
}
.

Substituting now the suggested solution into the necessary and sufficient KKT conditions, we
obtain the desired result.

A.2 Some useful properties of gamma functions
First, we mention the following well-known definitions.

Definition 2. The function ψ : (0,∞)→ R given by

ψ (α) =
Γ(1)(α)

Γ(α)
,

with Γ(α) =
∫ ∞

0 tα−1e−tdt,α > 0 the well-known Gamma function is called the Digamma function.

Definition 3. The function f : (0,∞) → R is called completely monotone if all its derivatives
exist and for every x ≥ 0 and m ∈ Z+ it holds that

(−1)m f (m)(x)≥ 0,

with f (m)denoting the mth derivative of the function f .
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We now list the following result.

Lemma 7. The function p : (0,∞)→ R given by

p(α) = lnΓ
(

α +1
2

)
− lnΓ

(α
2

)
, (35)

is non-negative and satisfies (−1)m−1 p(m)(α)≥ 0 for every m ∈ N.

Proof. It follows for every m ∈ N and α ≥ 0 that

p(m)(α) =
1

2m−1

(
ψ(m−1)

(
α +1

2

)
−ψ(m−1)

(α
2

))
. (36)

In (Alzer, 1997) it is shown that the function h0 : (0,∞)→ R given by h0(α) = ln(α)−ψ(α) is
completely monotone on (0,∞). By the definition of h0 we obtain ψ(α) = ln(α)−h0(α) and so
for every m ∈ N

ψ(m)(α) =
(−1)m−1(m−1)!

αm −h(m)
0 (α).

This shows for every m ∈ N that

(−1)m−1ψ(m)(α) =
(−1)2m−2(m−1)!

αm +(−1)mψ(m)(α)≥ 0. (37)

Hence for m even it follows by relation (37) that ψ(m)(α)≤ 0, and so the function α → ψ(m−1) (α)
is decreasing. For m odd ψ(m)(α) ≥ 0, and so the function α → ψ(m−1) (α) is increasing. This
shows by relation (36) the result.

An easy application of Lemma 7 is given by the following result.

Lemma 8. The function γ0 : (1,∞)→ R given by γ0(x) = ln(γ(x)) with

γ(x) := 2

√
x−1

2
Γ( x−1

2 )

Γ( x
2)

,

is completely monotone.

Proof. Since αΓ(α) = Γ(α +1) for every α ≥ 0 we obtain

2γ0(x) = ln(γ(x)2) = ln

(
x−1

2
Γ2( x−1

2 )

Γ2( x
2)

)
= ln

(
Γ( x+1

2 )Γ( x−1
2 )

Γ2( x
2)

)
= p(x)− p(x−1),

with the function p listed in relation (35). This implies

γ(m(
0 (x) =

1
2

(
p(m)(x)− p(m)(x−1)

)
,

and since by Lemma 7, we know that (−1)m p(m+1)(x)≥ 0 we obtain the desired result.
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Abstract. The probabilistic idea for the structure-function of a coherent system is suggested
in the literature. In this paper, a primary model for this idea is defined. This model leads to an
extension of the class of coherent systems with binary (deterministic) structure functions. Also,
in the stochastic comparison of the coherent systems with probabilistic structure functions, it
is shown that the concept of survival signature can successfully be used in this model. The
well-known idea of the system signature is not usable here.

Keywords: Coherent systems; Probabilistic structure function; Survival signature; System signature.

1 Introduction
The mathematical and statistical theory of system reliability is based on the central concept of
“structure function”, which is a binary function and describes deterministically the state of a
system when the states of its components are given. In practical uses and real world applications,
it is somewhat restricted as for various reasons the functioning of system components does not
always provide absolute certainty that the system will function. In other words, except for the
failures of system components, other random factors may cause to system failure. For example
in a car system sometimes we have seen that the main and key components of the car are
functioning but the car does not work. Some unconsidered factors such as the road, weather or
driver circumstances, can lead to uncertainty about whether or not the system meets the actual
requirements. In a computer system, there is always some uncertainty about the quality of the
compatibility between the computer with the new components and softwares. Generally, in the
most of real-world systems, because of lack of our perfect knowledge and our uncertainty about
the quality of the system functioning, a generalization of structure function from binary function
to a probability may have substantial advantages for realistic system reliability quantification.
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This idea was suggested by Coolen and Coolen-Maturi (2016a). A specific model for probabilistic
structure function is not given in their work.

In this paper, among various factors that may have effects on system performance, we con-
sider the quality of the links between system components that we think it is an important
factor in system functioning. The perfect required performance of a single component when it
is putted in a system, is not only depend on its functioning but also to its relationship and link
with the other system components. In the following section, we explain our model in detail.
Illustrative examples are also given. Finally in Section 3, we show that the survival signature a
concept defined in Coolen and Coolen-Maturi (2013), can successfully be used in our model for
probabilistic structure function. Particularly its application in stochastic comparison among the
coherent systems with the probabilistic structure functions is studied and show that the system
signature is deficient here.

2 Probabilistic structure function
In this section, for the sake of completeness we first review the binary structure function and
then present our probabilistic model for the structure function. Consider a system consists of n
components and assume that all components and the system are in a functioning or failed state.
In a fixed point of time, let the state vector X = (X1, . . . ,Xn) ∈ {0,1}n, with

Xi =

{
1, if ith component is working,
0, otherwise.

The structure function ϕ : {0,1}n →{0,1} is defined as

ϕ(X) = ϕ(X1, . . . ,Xn) =

{
1, if the system is working,
0, otherwise.

The system is said to be coherent if ϕ(X) is not decreasing in any Xi and all components be
relevant, that is

ϕ(1i,X)−ϕ(0i,X) = 1,

at least for one X ∈ {0,1}n−1.
Obviously ϕ(1, . . . ,1) = 1 and ϕ(0, . . . ,0) = 0.
Also ϕ(X) = Xiϕ(1i,X)+(1−Xi)ϕ(0i,X), i = 1, . . . ,n (pivotal decomposition).
If ϕ(X) = 1(0) then X is said to be a path(cut) vector and the corresponding subset P = {1 ≤ i ≤
n|Xi = 1}(C = {1 ≤ i ≤ n|Xi = 0}) is called a path(cut) set of the system. Note that an arbitrary
vector X ∈ {0,1}n always is a path vector or a cut vector but not both. Whereas P ⊆ {1, . . . ,n}
can be both a path and a cut set.

If P(C) ⊆ {1, . . . ,n} is a path(cut) set and Q ⊂ P(C) is not a path(cut) set then P(C) is a
minimal path(cut) set of the system. It is known that if P1, . . . ,Pr(C1, . . . ,Cs) are all minimal
path(cut) sets of the system, then

ϕ(X) = max
1≤i≤r

min
j∈Pi

X j = min
1≤i≤s

max
j∈Ci

X j. (1)
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If pi = EXi = P(Xi = 1) is the reliability of component i then

h(p) = h(p1, . . . , pn) = Eϕ(X) = P(ϕ(X) = 1)

is the reliability function of the system. For more details on the reliability of coherent systems
with binary structure function, see Barlow and Proschan (1975).

Now, we define our model for the structure function as a probability.
Here we still assume that the binary state for the system components. We also take into account
the quality of the links between the components as an effective factor in system performance.
This factor may cause to failure of the system even if all its components are working. We
consider a particular link for each system component and assume that the component is working
perfectly, if both the component and its specific link are functioning. Therefore, given the states
of components, we consider the state of the system to be a conditional probability as follows

ϕa(x) = Pa(system is functioning|X = x),

where a = (a1, . . . ,an) with

ai = P(the link of component i is functioning), i = 1, . . . ,n.

As usual we assume that the failure of the components leads to the failure of the system definitely.
Let

S =

{
1, if system is functioning,
0, otherwise,

then ϕa(x) = Pa(S = 1|X = x).

Model assumption:
For a given vector a = (a1, . . . ,an), we assume that
A1. ϕa(x) is increasing in xi and ai, i = 1, . . . ,n.
A2. The component i is relevant, that is ϕa(1i,x) > 0 and ϕa(0i,x) = 0 at least for one x ∈
{0,1}n−1, i = 1, . . . ,n.

Under the above conditions, we call the system as a coherent system. In a coherent system we
have ϕa(0, . . . ,0) = 0. Also ϕa(1, . . . ,1)> 0, which is not necessary equal to 1. It means that even
if all components of the system are working, there exists a positive probability of system failure.
But if x is a cut vector we have ϕa(x) = ϕ(x) = 0 in which ϕ(x) is the binary structure function.
In fact

ϕa(x) = h(a.x),

where
a.x = (a1x1, . . . ,anxn),

and h(p) = Eϕ(X) is the reliability function of the system with binary structure function.
In particular case when a = (1,1, . . . ,1), we have ϕa(x) = h(x) = ϕ(x).
Note that ϕa(1, . . . ,1) = h(a1, . . . ,an)≤ 1.
A3. We assume that the links between components are functioning independently and are
independent of the states of components. Also assume that Xi’s, i = 1, . . . ,n are independent.
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Minimal path(cut) sets
If ϕa(x) > (=)0 we call x as a path(cut) vector. The path(cut) sets and the minimal path(cut)
sets are defined as before. Although ϕa(x) is simply satisfied in the pivotal decomposition but
the Equation (1) does not hold true for ϕa(x).

Lemma 1. For p = (p1, . . . , pn) and a = (a1, . . . ,an) the system reliability is given by

ha(p) = EaS = Pa(S = 1) = ∑
xp

ϕa(xp)P(X = xp).

Also
1−ha(p) = Pa(S = 0) = ∑

xp

(1−ϕa(xp))P(X = xp)+∑
xc

P(X = xc),

where xp(xc) is a path(cut) vector of the system.

Proof. We have

ha(p) = Pa(S = 1) = ∑
xp

Pa(S = 1|X = xp)P(X = xp) = ∑
xp

ϕa(xp)P(X = xp).

The proof of the second equality given for unreliability of the system is similar. 2

Remark 1. The Lemma 1 shows clearly that the system failure is not only dependent to the
component failures but also on the failure of the links between components. The first sum in
1−ha(p) gives in fact the contribution of the link failures between the system components to the
failure of the system and the second sum is the same for the component failures.

Remark 2. As mentioned before, ϕa(x) reduces to the binary structure function ϕ(x) when
a = (1, . . . ,1), that is all links between components are functioning. Therefore the class of coher-
ent systems with binary structure functions is a subclass of coherent systems with probabilistic
structure functions. Obviously ϕa(x)≤ ϕ(x) and therefore ha(p)≤ h(p).

In our model, in fact

ha(p) = E(ϕa(X)) = E(ϕ(a.X)) = h(a.p) = h(a1 p1, . . . ,an pn).

Example 1. We now give some examples.

• Series system: We have ϕa(x) = a1a2 · · ·anx1x2 · · ·xn and ha(p) = a1a2 · · ·an p1 p2 · · · pn.

• Parallel system: In this system we have

ϕa(x) = 1−
n

∏
1
(1−aixi)

and
ha(p) = 1−

n

∏
1
(1−ai pi).
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• 2-out-of-3:G system: In this system we have

ϕa(x) = a1a2x1x2 +a1a3x1x3 +a2a3x2x3 −2a1a2a3x1x2x3

and
ha(p) = a1a2 p1 p2 +a1a3 p1 p3 +a2a3 p2 p3 −2a1a2a3 p1 p2 p3.

• Series-parallel system: For this system we have

ϕa(x) = a1a2x1x2 +a1a3x1x3 −a1a2a3x1x2x3

and
ha(p) = a1a2 p1 p2 +a1a3 p1 p3 −a1a2a3 p1 p2 p3.

3 Stochastic comparison
In this section, for the sake of completeness, we first review the concepts of system signature
and survival signature and find their relationship. We then define the survival signature of a
coherent system with probabilistic structure function and show that it can successfully be used
in our model.
The concept of the system signature was introduced by Samaniego (1985). It is a very useful
tool and has a wide range of applications in the study of reliability analysis of coherent systems.
Let T = ϕ(T1, . . . ,Tn) be the lifetime of a coherent system where Ti is the lifetime of component
i. When Ti’s are independent and identically distributed (i.i.d.), it is shown that

P(T > t) =
n

∑
i=1

siP(Ti:n > t), (2)

where Ti:n is the ith ordered component lifetime, si = P(T = Ti:n) and the probability vector
s = (s1, . . . ,sn) is the system signature (see, Samaniego (1985)).

Although the system signature is an important tool and has many applications in reliability
studies of coherent systems with binary structure functions but it is not the case for the coherent
systems with probabilistic structure functions as we have seen in the previous section that the
system failure is not determined by the failure of components deterministically. Note that the
Equation (2) does not hold for the systems with probabilistic structure functions.
This section shows that how in coherent systems with probabilistic structure functions, the
“survival signature” (a concept introduced by Coolen and Coolen-Maturi (2013)), plays the
role of the system signature in coherent systems with binary structure functions.
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As given in Coolen and Coolen-Maturi (2013), the survival signature for a coherent system of
order n with components of r different types is defined in which the system has mk components
of type k, k = 1, . . . ,r and also the components of the same type are exchangeable and the
components of different types are independent. For ik = 0, . . . ,mk and k = 1, . . . ,r this measure is
defined as follow

s̄(i1, . . . , ir) = P(ϕ(X) = 1|exactly ik components of type k are working)

=

[
r

∏
k=1

(
mk

ik

)]−1

∑
x∈Si1 ,...,ir

ϕ(x),

where Si1,...,ir = {x|∑mk
j=1 xk

j = ik, k = 1, . . . ,r.}
Also the system reliability is given by

P(T > t) =
m1

∑
i1=0

· · ·
mr

∑
ir=0

s̄(i1, . . . , ir)
r

∏
k=1

P(Ck
t = ik),

where Ck
t ∈ {0,1, . . . ,mk} is the number of components of type k that function at time t.

Under the above stated assumptions it is shown that the s̄, as like as the system signature is
not dependent on the joint distribution of the components (see, Coolen and Coolen-Maturi
(2013)). For more details on the survival signatures and their applications, see Coolen and
Coolen-Maturi (2016b) and Coolen and Coolen-Maturi (2021).

3.1 Relationship between system signature and survival signature
In this subsection we consider the relationship between the system signature and survival sig-
nature in coherent systems with binary structure functions. For simplicity, we assume that all
n components of the system are of the same type. That is r = 1. Therefore we have

s̄(i) = P(ϕ(X) = 1|exactly i components are working) =
∑|x|=i ϕ(x)(n

i

) ,

where |x|= ∑n
1 xk. Note that s̄(0) = 0 and s̄(n) = 1.

The following lemma gives the relationship between si and s̄(i).

Lemma 2. We have
n

∑
k=i+1

sk = s̄(n− i) =
∑|x|=n−i ϕ(x)(n

i

) .

Proof. In view of the definition of system signature which is a probability vector, and definition
of survival signature, we have

n

∑
k=i+1

sk = P(system failure occurs after ith failure of components)

= P(system is working until ith failure of components,)
= P(ϕ(X) = 1|∑Xk = n− i) = s̄(n− i).
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2

Note that for i = 1, . . . ,n we have:

si = s̄(n− i+1)− s̄(n− i).

Lemma 3. Consider two coherent systems with structure functions ϕ1(X) and ϕ2(X). Let s̄1,
s̄2, s1 and s2 denote their survival signatures and system signatures, respectively. Then

s̄1(i)≤ s̄2(i), i = 1,2, . . . ,n if and only if s1 ≤st s2.

Proof. In view of the definition of usual stochastic order, the proof follows from Lemma 2. 2

To see the definition of the stochastic order s1 ≤st s2, and other stochastic orders, we refer the
reader to Shaked and Shanthikumar (2007).
The Lemma 3 shows that in stochastic ordering of coherent systems with binary structure
functions, the system signature and survival signature are two equivalent tools. We see in the
sequel that, it is not case for the coherent systems with probabilistic structure functions.
Definition 1. In a coherent system with probabilistic structure function ϕa(x), we define the
survival signature as follow

s̄a(i) = Pa(system is functioning|the number of working components is i).

The following lemma gives an expression for s̄a(i) in a coherent system with i.i.d. components.
It is useful for determining the reliability function of the system.
Lemma 4. In a coherent system with i.i.d. components and with probabilistic structure function
ϕa(x), we have

s̄a(i) =
∑x:|x|=i ϕa(x)(n

i

) .

Proof. We have

s̄a(i) = Pa(S = 1|
n

∑
j=1

X j = i)

=
∑x:|x|=i Pa(S = 1,X = x)

P(∑X j = i)

=
∑x:|x|=i Pa(S = 1|X = x)P(X = x)

P(∑X j = i)

=
∑x:|x|=i ϕa(x)pi(1− p)n−i(n

i

)
pi(1− p)n−i

,

where p is the common reliability of components. 2

Lemma 4 shows that the survival signature s̄a(i) is not dependent on component reliabilities. It
is easy to see that the above lemma also holds true when the lifetimes of the system components
are exchangeable. Note that when a = (1, . . . ,1) then s̄a(i) reduces to s̄(i), the usual survival
signature for the coherent systems with binary structure functions.
Now in the next theorem, we obtain the reliability function of the system.
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Theorem 1. Under the assumptions of Lemma 4, we have

ha(p) =
n

∑
i=1

s̄a(i)
(

n
i

)
pi(1− p)n−i. (3)

Proof. We have

ha(p) = Pa(S = 1)

=
n

∑
i=1

Pa(S = 1|∑
j

X j = i)
(

n
i

)
pi(1− p)n−i

=
n

∑
i=1

s̄a(i)
(

n
i

)
pi(1− p)n−i.

2

The following lemma compares the coherent systems with probabilistic structure functions in
usual stochastic order.

Lemma 5. Consider two coherent systems with probabilistic structure functions ϕ (1)
a1 (X) and

ϕ (2)
a2 (X). Let s̄(1)a1 , s̄(2)a2 , s1, s2, h(1)a1 (p) and h(2)a2 (p) denote their survival signatures, system signatures

and reliability functions, respectively. If

s̄(1)a1 (i)≤ s̄(2)a2 (i), i = 1, . . . ,n

then
h(1)a1 (p)≤ h(2)a2 (p).

Proof. From Theorem 1, the proof is immediate. 2

We note that
s̄(1)a1 (i)≤ s̄(2)a2 (i), i = 1, . . . ,n

is not necessary equivalent to s1 ≤st s2, unless a1 = a2 = (1, . . . ,1).
The Equation (3) is a similar version of the Equation (2). For example in a series system

with i.i.d. components and in view of Example 1, we have s̄a(i) = 0 for i = 1, . . . ,n− 1 and
s̄a(n) = (a1a2 · · ·an)/

(n
i

)
. Hence ha(p) = a1a2 · · ·an pn.
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Abstract. This paper deals with a system’s profit and efficiency functions consisting of a
two-parallel components supported by (n− 2) cold standby redundancy. It is supposed that
the components are not repairable and the failed component is immediately replaced with one
of the cold standby components. Because the lifetimes of active components are dependent,
their dependency is modelled by Farlie-Gumbel-Morgenstern (FGM) copula function. Finding
the optimal n according to the highest profit function of the system and efficiency values is
studied while the effect of the dependence parameter is considered. It is concluded that though
increasing n grants higher system reliability it is not always wise as long as the redundancy
maintenance costs. Due to the complexity of the formulas, for the large values of n, the results
are analyzed numerically and graphically. Finally, some examples are given to illustrate the
results.

Keywords: Cold standby redundancy; Copula function; Profit function; Reliability; System efficiency.

1 Introduction
Utilizing the redundant units in the system has always seemed a proper tool to improve the
system’s structure of more reliable and available systems. The pioneering works like Boland et
al. (1988) and Boland et al. (1991) investigated the redundancy allocation in coherent systems.
But, to optimize the system’s profit, one also needs to consider the costs of spare unites and
maintenance. Gupta et al. (1986) analyzed the cost function of server two-unit cold standby.
Kong and Frangopol (2004) used a life-cycle cost analysis of deteriorating structures to introduce
the optimum maintenance scenario. Ram et al. (2013) employed cost profit analysis for a highly
reliable complex system. Ram and Kumar (2015) used cost profit analysis to investigate a
standby system incorporating waiting time to repair. Singh and Gulati (2014) studied the
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reliability and cost analysis of a two-unit standby redundant complex system under different
repair facility. Singh and Rawal (2014) focused on the standby complex system and used profit
function to discuss the available maintenance.

The present paper deals with the average profit function of a parallel (2,n − 2) system.
The parallel (2,n − 2) system, as was discussed by Papageorgiou and Kokolakis (2004) and
Papageorgiou and Kokolakis (2007) is a system of two initially active units which are supported
by n−2 cold standbys of the same type. Once one active unit fails, it is replaced by one of the
standbys instantly and the process is continued to the final standby. Here, we intend to find
the optimum number of units in the system while installing the cold standbys costs. To model
the reliability of a system consisting of time-dependent units, we have specifically employed
Farlie-Gumbel-Morgenstern (FGM) copula which is known for being well-fitted to data of weak
dependence (see, Nelsen (2006)). Domma and Giordano (2013) obtained a closed-form expression
for stress-strength reliability using the dependence through FGM copula and Shih and Emura
(2019) extended their results using the generalized FGM copula. Yongjin et al. (2018) studied
the effect of degrees of dependence among components on system reliability using FGM copula.
Zhang and Zhang (2022) proposed a copula-based approach to study the allocation problem of
hot standbys in series systems composed of two heterogeneous and dependent components.

The rest of the paper is organized as follows. Section 2 contains some preliminary concepts.
Section 3 discusses the main topics related to parallel (2,n−2) system structure and defines the
profit function of the system. A criteria is proposed for evaluating the system efficiency. Also,
some upper and lower bounds are provided which facilitate to find the optimum strategy for the
system structure. In Section 4, some illustrative examples are given in which FGM is applied for
modelling the dependence concept of components lifetimes in the system when the component
lifetime follows exponential distribution.

2 Preliminaries
Suppose that (X ,Y ) has distribution function (df) F with absolutely continuous marginal dfs F1
and F2. The random vector (X ,Y ) is said to be positive quadrant dependent (PQD) (negative
quadrant dependent (NQD)) if and only if for every x,y ∈ R,

F(x,y)≥ (≤)F1(x)F2(y).

The notion of 2-copula, denoted by C(., .), was first introduced by Sklar (1959) which models
bivariate distribution of (X ,Y ) by its marginals as follows

F(x,y) =C(F1(x),F2(y)). (1)

The survival copula is also defined by Nelsen (2006) as

F̄(x,y) = P(X > x,Y > y)

= F̄1(x)+ F̄2(y)−1+C(1− F̄1(x),1− F̄2(y))

= Ĉ(F̄1(x), F̄2(y)),

where F̄i(x) = 1−Fi(x) for i = 1,2.
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The renowned FGM family of bivariate dfs is of the form

F(x,y) = F1(x)F2(y)
[
1+αF̄1(x)F̄2(y)

]
, −1 ≤ α ≤ 1,

where α is the dependence parameter, α ≥ 0 models PQD and α ≤ 0 models NQD. According
to (1) for u,v ∈ [0,1], the FGM 2-copula is given by

C(u,v) = uv
[
1+α(1−u)(1− v)

]
, −1 ≤ α ≤ 1.

A well-known version of multivariate FGM family had been introduced by Nelsen (2006) as

F(x1,x2, . . . ,xn) =
n

∏
i=1

Fi(xi)

[
1+

n

∑
k=2

∑
1≤i1<i2<···<ik≤n

αi1i2...ik

k

∏
j=1

F̄i j(xi j)

]
.

Applying n-dimensional version of Sklar’s Theorem was given in Schweizer and Sklar (1983), the
FGM n-copula family introduced by Johnson and Kotz (1972) is as

C(u1,u2, . . . ,un) =
n

∏
i=1

ui

[
1+

n

∑
k=2

∑
1≤i1<i2<···<ik≤n

αi1i2...ik

k

∏
j=1

(1−ui j)

]
, (2)

in which (2n −n−1) parameters must satisfy the following conditions

1+
m

∑
k=2

∑
s1≤r1<r2<···<rk≤sm

αr1r2...rk

n

∏
j=1

ξr j ≥ 0, |ξr j | ≤ 1,

for 1 ≤ s1 < sm ≤ n and m = 2,3, . . . ,n. Here, each k-margin, 2 ≤ k < n, of an FGM n-copula is an
FGM k-copula (see, Conway (1983)) for more applications of FGM n-copula).

This study chooses the FGM copula to model the dependence structure of component’s
lifetimes. The main reasons for this choice are modelling weak dependence which is the property
of the lifetime data, the capability of modelling both positive and negative dependence, and well-
fitting to real reliability data (see, Amini et al. (2011)).

3 Main results
In this section, we suppose a parallel system contains n components that operated initially by
two components and the remaining (n− 2) components are cold standbys, which is known as
the parallel (2,n−2) system. We study the structures and some properties of the systems and
define the mean profit and efficiency functions up to time t. Later, a lower bound for the profit
function is introduced that simplifies the effect of the number of redundancies.

3.1 System profit and efficiency functions
Let Ti be the lifetime of the ith component of the parallel (2,n− 2) system and Si be standby
duration of the cold standby component, for i = 1,2, . . . ,n. Consequently, S1 = S2 = 0. Once the
first failure occurs, the third (the first standby) component is replaced and starts its operation
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at S3 = min{T1,T2}. The forth (the second standby) component is replaced upon failure times of
max{T1,T2} or S3 +T3, whichever occurs first i.e.

S4 = min{max{T1,T2},T3 +S3}, (3)

Also, for j = 5 we have
S5 = min{max{T1,T2,T3 +S3},T4 +S4}. (4)

Similarly, for j ≥ 6

S j = min{max{T1,T2,T3 +S3, . . . ,Tj−2 +S j−2},Tj−1 +S j−1}, j = 6, . . . ,n. (5)

See, Papageorgiou and Kokolakis (2007) for more details. Suppose that Ti’s i = 1,2, . . . ,n are
iid with CDF FT and FS j is the CDF of S j. Clearly, Ti’s and S j’s are not independent and S j is
independent of Ti for i ≥ j. Let Ts be the system lifetime. Then as given in Papageorgiou and
Kokolakis (2007),

Ts = max{T1,T2,T3 +S3, . . . ,Tn +Sn}.

Here, we have supposed that there exists positive or negative dependence between the units
lifetimes and the standby periods. Then the reliability function of the proposed parallel (2,n−2)
system is given by

F̄sys,n(x) = P(Ts > x)

= 1−C(FT1(x),FT2(x),FT3+S3(x), . . . ,FTn+Sn(x)), (6)

where C(.) denotes an appropriate copula function for modelling the dependence between units
lifetimes. The cdf of Tj +S j is given by

FTj+S j(u) =
∫ u

0
FS j(u− s) fT (s)ds, j = 3, ...,n.

For j = 3, we have

FT3+S3(x) = P(T3 +S3 ≤ x)

=
∫ x

0
FS3(x−u) fT (u)du

= FT (x)−
∫ x

0
F̄T

2
(x−u) fT (u)du. (7)

Let k1 be the income for reliability of system per unit time and k2 be the storage and maintenance
cost per unit time of standby components. Then, the expected profit function of parallel (2,n−2)
system up to time t > 0 is given by

Bn(t) = Inn(t)−Con(t), (8)

where
Inn(t) = k1

∫ t

0
F̄sys,n(x)dx, (9)
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denotes the system average income in [0, t] and

Con(t) = k2

n

∑
j=3

∫ t

0
F̄S j(x)dx, (10)

is the average cost of the system during the interval [0, t]. Ram and Singh (2010) considered a
similar criteria for the expected profit of complex systems to do the cost analysis. Ram et al.
(2013) also used the same expected profit for cost analyzing of a standby system with including
the waiting time to repair in their study.

For a further rational comparisons of systems, one needs to consider the system efficiency as
well. We propose the following criteria for evaluating the system efficiency, for n ≥ 3

En(t) =
Inn(t)

Inn(t)+Con(t)
, t > 0. (11)

By (11), it is obvious that 0 ≤ En(t) ≤ 1 for t > 0. Also, En(t) tends to 1 and 0 as Con(t) tends
to 0 and +∞, respectively. For achieving the simple computations, we consider the lower bound
profit function using this strategy for the reliability of system and its standby components in
the next subsection.

3.2 Upper and lower bounds
As n is increased, the main formulas (8) and (11) become too complex to follow. In order to
consider the best number of components in the system, we can provide a simple lower bound
for the profit function. First, we obtain upper bound for reliability function of Sk, k ≥ 3. For
k = 3, we have F̄S3(u) = [F̄T (u)]

2. According to the basic probability and convolution theorem,
from (3), we obtain

F̄S4(x) = P(min{max{T1,T2},T3 +S3}> x)

≤ P(T3 +S3 > x)

= 1−
∫ x

t3=0
P(T3 +S3 ≤ x|T3 = t3)dFT3(t3)

= F̄T (x)+
∫ x

t3=0
F̄2

T (x− t3) fT (t3)dt3. (12)

Similarly from (4), we obtain

F̄S5(x) = P(min{max{T1,T2,T3 +S3},T4 +S4}> x)

≤ P(T4 +S4 > x)

= 1−
∫ x

t4=0
P(T4 +S4 ≤ x|T4 = t4)dFT4(t4)

= F̄T (x)+
∫ x

t4=0
F̄S4(x− t4) fT (t4)dt4

≤ F̄T (x)+
∫ x

t4=0

[
F̄T (x− t4)+

∫ x−t4

t3=0
F̄2

T (x− t3 − t4) fT (t3)dt3

]
fT (t4)dt4

= F̄T (x)+
∫ x

t4=0
F̄T (x− t4) fT (t4)dt4 +

∫ x

t4=0

∫ x−t4

t3=0
F̄2

T (x− t3 − t4) fT (t3) fT (t4)dt3dt4, (13)
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where second inequality in (13) is obtained by (12). Also, using (13), an upper bound for the
reliability function of S6 and S7 are given by

F̄S6(x)≤ P(T5 +S5 > x)

≤ F̄T (x)+
∫ x

t5=0

[
F̄T (x− t5)+

∫ x−t5

t4=0
[F̄T (x− t5 − t4)

+
∫ x−t4−t5

t3=0
F̄2

T (x− t3 − t4 − t5) fT (t3)dt3

]
fT (t4)dt4

]
fT (t5)dt5.

and

F̄S7(x)≤ P(T6 +S6 > x)

≤ F̄T (x)+
∫ x

t6=0

[
F̄T (x− t6)+

∫ x−t6

t5=0

[
F̄T (x− t6 − t5)+

∫ x−t5−t6

t4=0
[F̄T (x− t6 − t5 − t4)

+
∫ x−t4−t5−t6

t3=0
F̄2

T (x− t3 − t4 − t5 − t6) fT (t3)dt3

]
fT (t4)dt4

]
fT (t5)dt5

]
fT (t6)dt6,

respectively. Continuing the same process, from (5), an explicit possible upper bound for F̄Sk

can be achieved which is stated in the next lemma. For convenience of notations, throughout
the paper, we suppose that ∑ j

r=i ar = 0 for i > j.

Lemma 1. Suppose the assumptions of the proposed model hold. Then, a possible upper bound
for the reliability of the mth standby component, 4 ≤ m ≤ n, is achieved by

F̄Sm(x)≤ F̄Sm−1+Tm−1(x)

≤ F̄T (x)+
∫ x

tm−1=0

[
F̄T (x− tm−1)+

∫ x−tm−1

tm−2=0
[F̄T (x− tm−1 − tm−2)+ · · ·

+
∫ x−∑m−1

i=5 ti

t4=0

[
F̄T

(
x−

m−1

∑
i=4

ti

)

+
∫ x−∑m−1

i=4 ti

t3=0
F̄2

T

(
x−

m−1

∑
i=3

ti

)
fT (t3)dt3

]
fT (t4)dt4 · · ·

]
fT (tm−2)dtm−2

]
fT (tm−1)dtm−1. (14)

As Tj +S j is stochastically smaller than max{T1,T2,T3+S3, . . . ,Tn+Sn}, for 1 ≤ j ≤ n, we have
the following possible lower bound for the system reliability:

F̄sys,n(x) = P(max{T1,T2,T3 +S3, . . . ,Tn +Sn}> x)

≥ P(Tj +S j > x), j = 1,2, ...,n.

Especially,
F̄sys,n(x)≥ F̄T (x). (15)
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Also, using Bonferroni inequality and Lemma 1, we have

F̄sys,n(x) = 1−P(max{T1,T2,T3 +S3, . . . ,Tn +Sn} ≤ x)

≤
n

∑
m=1

F̄Tm+Sm(x)

≤ nF̄T (x)

+
n

∑
m=3

[∫ x

tm=0

[
F̄T (x− tm)+

∫ x−tm

tm−1=0
[F̄T (x− tm − tm−1)+ · · ·

+
∫ x−∑m

i=5 ti

t4=0

[
F̄T

(
x−

m

∑
i=4

ti

)

+
∫ x−∑m

i=4 ti

t3=0
F̄2

T

(
x−

m

∑
i=3

ti

)
fT (t3)dt3

]
fT (t4)dt4 · · ·

]
fT (tm−1)dtm−1

]
fT (tm)dtm

]
. (16)

where S1 = S2 = 0.

Utilizing the upper bound for the kth component survival in (14) and the lower bound for
system survival in (15), a possible lower bound for the profit function of system in (8) is achieved
which is stated in the following proposition.

Proposition 1. A possible lower bound for the profit function of parallel (2,n−2) system, n ≥ 4,
at time t > 0 is obtained by

Bn(t) = k1

∫ t

u=0
F̄sys,n(u)du− k2

n

∑
m=3

∫ t

u=0
F̄Sm(u)du

≥ k1

∫ t

0
F̄T (u)du− k2

∫ t

0
F̄2

T (u)du− k2(n−3)
∫ t

0
F̄T (u)du

− k2

n

∑
m=4

∫ t

u=0

[∫ u

tm−1=0

[
F̄T (u− tm−1)+

∫ u−tm−1

tm−2=0
[F̄T (u− tm−1 − tm−2)+ · · ·

+
∫ u−∑m−1

i=5 ti

t4=0

[
F̄T

(
u−

m−1

∑
i=4

ti

)

+
∫ u−∑m−1

i=4 ti

t3=0
F̄2

T

(
u−

m−1

∑
i=3

ti

)
fT (t3)dt3

]
fT (t4)dt4 · · ·

]
fT (tm−2)dtm−2

]
fT (tm−1)dtm−1

]
du.

It is observed that the effect of dependence parameter is not appeared in the lower bound of
profit function given in Proposition 1.

Using the inequalities in (14), (15) and (16), we obtain a lower bound for the propose system
efficiency evaluation in (11), which is stated in the next proposition.

Proposition 2. A lower bound for the propose system efficiency evaluation in (11) of parallel
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(2,n−2) system, n ≥ 3, at time t > 0 is given by

En(t) =
Inn(t)

Inn(t)+Con(t)

=
k1
∫ t

x=0 F̄sys,n(x)dx
k1
∫ t

x=0 F̄sys,n(x)dx+ k2 ∑n
m=3

∫ t
x=0 F̄Sm(x)dx

≥
k1
∫ t

x=0 F̄T (x)dx∫ t
x=0
[
(nk1 + k2(n−3))F̄T (x)+ k2[F̄T (x)]2 +(k1 + k2)∑n−1

m=3 ϕ F
m (x)+ k1ϕ F

n (x)
]

dx

=

[
n+(n−3)

k2

k1
+

∫ t
x=0
[
k2[F̄T (x)]2 +(k1 + k2)∑n−1

m=3 ϕ F
m (x)+ k1ϕ F

n (x)
]

dx

k1
∫ t

x=0 F̄T (x)dx

]−1

(17)

where

ϕ F
m (x) =

∫ x

tm=0

[
F̄T (x− tm)+

∫ x−tm

tm−1=0

[
F̄T (x− tm − tm−1)+ · · ·+

∫ x−∑m
i=5 ti

t4=0

[
F̄T

(
x−

m

∑
i=4

ti

)
+
∫ x−∑m

i=4 ti

t3=0
F̄2

T

(
x−

m

∑
i=3

ti

)
fT (t3)dt3

]
fT (t4)dt4 · · ·

]
fT (tm−1)dtm−1

]
fT (tm)dtm. (18)

For special case n = 3, by Proposition 2, we have an explicit simple expression for the bound
of E3(t), which is stated below

E3(t) =
In3(t)

In3(t)+Co3(t)

≥
k1
∫ t

x=0 F̄T (x)dx∫ t
x=0
[
3k1F̄T (x)+ k2[F̄T (x)]2 + k1ϕ F

3 (x)
]

dx

=

[
3+

1
k1
∫ t

x=0 F̄T (x)dx

∫ t

x=0

(
k2[F̄T (x)]2 + k1

∫ x

t3=0
F̄2

T (x− t3) fT (t3)dt3

)
dx
]−1

. (19)

The next section provides some examples for the values of profit and efficiency functions.

4 Illustrative examples
In this section, the results illustrated by two examples, in first example we obtain exact expres-
sion and in the second we find a lower bound for En(t) . The FGM copula model is considered the
positive and negative dependencies between components lifetimes and the marginal distributions
are assumed to be exponential.

Example 1. (Exact expression for En(t))

Let components lifetimes be exponentially distributed, i.e. FT (x) = 1 − e−λx, x > 0. As
S3 = min{T1,T2}, then we have

F̄S3(x) = [F̄T (x)]
2
= e−2λx, (20)
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also from (7),

FT3+S3(x) =
∫ x

0
FS3(x−u) fT (u)du

= 1+ e−2λx −2e−λx =
(

1− e−λx
)2

. (21)

Utilizing FGM 3-copula model as the dependence structure of units lifetimes, from (6) we reach
the following expressions for the system reliability

F̄sys,3(x) = 1−C(FT (x),FT (x),FT3+S3(x))

= 1−F2
T (x)FT3+S3(x)

[
1+α1F̄2

T (x)+α2F̄T (x)F̄T3+S3(x)+α3F̄T (x)F̄T3+S3(x)+α4F̄2
T (x)F̄T3+S3(x)

]
.

Since by assumption T1 and T2 are independent, α1 = 0. By assuming α = α2 = α3 = α4 for
simplicity, then we have

F̄sys,3(x) = 1−F2
T (x)FT3+S3(x)

[
1+α(2F̄T (x)F̄T3+S3(x)+ F̄2

T (x)F̄T3+S3(x))
]
. (22)

Substituting (20) and (21) into (22), we get

F̄sys,3(x) = e−λx(e−λx −2)
(
(e−λx −1)2(e−4λxα −4e−2λxα −1)−1

)
. (23)

From (9) and (23), we obtain

In3(t) = k1

∫ t

0
F̄sys,3(x)dx

= k1

∫ t

0
e−λx(e−λx −2)

(
(e−λx −1)2(e−4λxα −4e−2λxα −1)−1

)
dx

=
k1

840λ

[
1750+157α −3360e−λ t +2520e−2λ t −1120e−3λ t(2α +1)

+210e−4λ t(20α +1)−2352αe−5λ t −140αe−6λ t +480αe−7λ t −105αe−8λ t
]
. (24)

Also, from (10) and (20)

Co3(t) = k2

∫ t

0
F̄S3(x)dx =

k2

2λ

(
1− e−2λ t

)
. (25)

Take A3(t;α,λ ) = In3(t)
Co3(t)

, then by substituting (24) and (25), we have

A3(t;α,λ ) =
In3(t)
Co3(t)

=
λk1

420λk2
(
1− e−2λ t

) [1750+157α −3360e−λ t +2520e−2λ t −1120e−3λ t(2α +1)

+210e−4λ t(20α +1)−2352αe−5λ t −140αe−6λ t +480αe−7λ t −105αe−8λ t
]
. (26)
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Figure 1: The plot of E3(t) for k1 = 10, k2 = 1, λ = 1 and some selected values of α.

Then, from (11) and (26), we can obtain the system efficiency for n = 3 as a function of t,α,λ ,k1
and k2. The plot of E3(t) has been displayed in Figure 1 for some selected values of α. From
Figure 1, it is observed that E3(t) is increasing in t and the results indicate that it is also
increasing in α.

Now we obtain expression for E4(t). According to the properties of survival copula and using
FGM 2-copula model as the dependence structure of units lifetimes, for n = 4 we have

F̄S4(x) = Ĉ(F̄max{T1,T2}(x), F̄T3+S3(x))

= F̄max{T1,T2}(x)+ F̄T3+S3(x)−1+C(1− F̄max{T1,T2}(x),1− F̄T3+S3(x))

= F̄max{T1,T2}(x)+ F̄T3+S3(x)−1+Fmax{T1,T2}(x)FT3+S3(x)
[
1+αF̄max{T1,T2}(x)F̄T3+S3(x)

]
. (27)

From (21) and (27) after simplification, we get

F̄S4(x) = e−2λx
[

α
(

e−6λx −8e−5λx +26e−4λx −44e−3λx +41e−2λx −20e−λx +4
)
+
(

2− e−λx
)2
]
.

(28)
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From (7) and (28), we obtain

FT4+S4(x) =
∫ x

0
FS4(x−u) fT (u)du

=
∫ u

0
λ
[
(41α +1)e−4λ (x−u)− (20α +4)e−3λ (x−u)+(4α +4)e−2λ (x−u)

+α
(

e−8λ (x−u)−8e−7λ (x−u)+26e−6λ (x−u)−44e−5λ (x−u)
)]

e−λudu

= αe−λx
(
−1

7
e−7λx +

28
21

e−6λx − 182
35

e−5λx +11e−4λx +
1435
105

e−3λx −10e−2λx +4e−λx − 71
105

)
+

2
3

e−4λx − e−2λx
(

2− e−λx
)2

. (29)

From (2) and FGM 4-copula, we acquire the following formula for

F̄sys,4(x) = 1−C(FT (x),FT (x),FT3+S3(x),FT4+S4(x))

= 1−F2
T (x)FT3+S3(x)FT4+S4(x)

[
1+α1F̄2

T (x)+α2F̄T (x)F̄T3+S3(x)+α3F̄T (x)F̄T3+S3(x)

+ α4F̄T (x)F̄T4+S4(x)+α5F̄T (x)F̄T4+S4(x)+α6F̄T3+S3(x)F̄T4+S4(x)+α7F̄2
T (x)F̄T3+S3(x)

+ α8F̄2
T (x)F̄T4+S4(x)+α9F̄T (x)F̄T3+S3(x)F̄T4+S4(x)+α10F̄T (x)F̄T3+S3(x)F̄T4+S4(x)

+ α11F̄2
T (x)F̄T3+S3(x)F̄T4+S4(x)

]
. (30)

By assumption T1 and T2 are independent (i.e. α1 = 0) and let us take α = α2 = α3 = · · · = α11
for simplicity, then substituting (28) and (29) into (30), we get

F̄sys,4(x) = 1−
(

1
49

e−3λx − 68
147

e−2λx − 10646
2205

e−λx − 13522
441

)
α3e−21λx

+
e−λx

11025

[
−(1451471α +1050)α2e−19λx +(4412444α +20300)α2e−18λx

−(9599217α +176120)α2e−17λx +(14510782α +897400)α2e−16λx

−
(

13443613α2 +2939510α +1225
)

αe−15λx +
(

3264300α2 +6296080α +19600
)

αe−14λx

+
(

8178235α2 −8254750α −134750
)

αe−13λx −
(

4024202α2 −4416090α −507150
)

αe−12λx

−
(

24299249α2 −4633930α +1080100
)

αe−11λx +
(

62839976α2 −9071580α +1081500
)

αe−10λx

−
[(

85278587α3 +794360α2 −335055α
)

e−λx −78298098α2 −20302100α +2194395
]

αe−8λx

−
[(

51848470α3 +33413170α2 −2201430α −3675
)

e−λx −25063072α3 −31040240α2 +224420α +36750
]

e−6λx

−
[(

8690913α3 +19047910α2 +1435945α −154350
)

e−λx −2058008α3 −7960330α2 −1564220α +349125
]

e−4λx

−
[(

299052α3 +2213400α2 +892605α −459375
)

e−λx −20164α3 −375200α2 −290920α +352800
]

e−2λx

−
(

29820α2 +28980α −147000
)

e−λx − (7455α +25725)
]
. (31)

Summing-up, from (20) and (28), one can obtain an expression for Co4(t), also, from (31), we
can find In4(t). Consequently, substituting in (11), we have the system efficiency for n = 4 as a
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Figure 2: The plot of E4(t) for k1 = 10, k2 = 1, λ = 1 and some selected values of α.

function of t,α,λ ,k1 and k2. The plot of E4(t) has been displayed in Figure 2 for some selected
values of α. From Figure 2, it is observed that E4(t) is also increasing in t and decreasing in α.
Also, Figures 1 and 2 indicate that En(t) decreases as n increases.

By continuing the same process step by step, we can get an exact explicit for En(t) when
n ≥ 5.

Example 2. (Lower bound for En(t))

Assume that components lifetimes are exponentially distributed as FT (x) = 1− e−λx, x > 0.
To obtain the lower bound of En(t), denoted by LEn(t), as appeared in (17), we should first
compute ϕ F

m (x) for 3 ≤ m ≤ n. Let n = 3, then from (18), we have

ϕ F
3 (x) =

∫ x

t3=0
F̄2

T (x− t3) fT (t3)dt3

=
∫ x

t3=0
e−2λ (x−t3)λe−λ t3dt3

= e−λx − e−2λx. (32)

From (32) and (19), we have a lower bound for E3(t), as

LE3(t) =
2k1(1− e−λ t)

7k1 + k2 −8k1e−λ +(k1 − k2)e−2λ . (33)
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Similarly, from (18), we have

ϕ F
4 (x) =

∫ x

t4=0

[
F̄T (x− t4)+

∫ x−t4

t3=0
F̄2

T (x− t4 − t3) fT (t3)dt3

]
fT (t4)dt4

=
∫ x

t4=0

[
e−λ (x−t4)+

∫ x−t4

t3=0
e−2λ (x−t4−t3)λe−λ t3dt3

]
λe−λ t4dt4

= e−2λx +2λxe−λx − e−λx. (34)

From (17), for n = 4, we have

E4(t)≥
k1
∫ t

x=0 F̄T (x)dx∫ t
x=0
[
(4k1 + k2(4−3))F̄T (x)+ k2[F̄T (x)]2 +(k1 + k2)ϕ F

3 (x)+ k1ϕ F
4 (x)

]
dx

(35)

Upon substituting (32) and (34) into (35), we obtain a lower bound for E4(t), as

LE4(t) =
k1
(
1− e−λ t

)
−2(3k1 + k2)+ k1λ t)e−λ t +2(3k1 + k2)

.

Similarly, from (18), we have

ϕ F
5 (x) =

∫ x

t5=0

[
F̄T (x− t5)+

∫ x−t5

t4=0

[
F̄T (x− t5 − t4)+

∫ x−t4−t5

t3=0
F̄2

T (x− t5 − t4 − t3) fT (t3)dt3

]
fT (t4)dt4

]
fT (t5)dt5

=
∫ x

t4=0

[
e−λ (x−t5)+

∫ x−t5

t3=0

[
e−λ (x−t5−t4)+

∫ x−t4−t5

t3=0
e−2λ (x−t5−t4−t3)λe−λ t3dt3

]
λe−λ t4dt4

]
λe−λ t5dt5

=−e−2λx +(1+λ 2x2)e−λx, (36)

and

ϕ F
6 (x) =

∫ x

t6=0

[
F̄T (x− t6)+

∫ x−t6

t5=0

[
F̄T (x− t6 − t5)+

∫ x−t5−t6

t4=0

[
F̄T (x− t6 − t5 − t4)

+
∫ x−t4−t5−t6

t3=0
F̄2

T (x− t6 − t5 − t4 − t3) fT (t3)dt3

]
fT (t4)dt4

]
fT (t5)dt5

]
fT (t6)dt6

=
∫ x

t6=0

[
e−λ (x−t6)+

∫ x−t6

t5=0

[
e−λ (x−t6−t5)+

∫ x−t5−t6

t4=0

[
e−λ (x−t6−t5−t4)

+
∫ x−t4−t5−t6

t3=0
e−2λ (x−t6−t5−t4−t3)λe−λ t3dt3

]
λe−λ t4dt4

]
λe−λ t5dt5

]
λe−λ t6dt6

= e−2λx +(
1
3

λ 3x3 +2λx−1)e−λx. (37)
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Also

ϕ F
7 (x) =

∫ x

t7=0

[
F̄T (x− t7)+

∫ x−t7

t6=0

[
F̄T (x− t7 − t6)+

∫ x−t6−t7

t5=0

[
F̄T (x− t7 − t6 − t5)

+
∫ x−t5−t6−t7

t4=0

[
F̄T (x− t7 − t6 − t5 − t4)+

∫ x−t4−t5−t6−t7

t3=0
F̄2

T (x− t7 − t6 − t5 − t4 − t3) fT (t3)dt3

]
fT (t4)dt4

]
fT (t5)dt5

]
fT (t6)dt6

]
fT (t7)dt7

=
∫ x

t7=0

[
e−λ (x−t7)+

∫ x−t7

t6=0

[
e−λ (x−t7−t6)+

∫ x−t6−t7

t5=0

[
e−λ (x−t7−t6−t5)

+
∫ x−t5−t6−t7

t4=0
e−λ (x−t7−t6−t5−t4)+

∫ x−t4−t5−t6−t7

t3=0
e−2λ (x−t7−t6−t5−t4−t3)λe−λ t3dt3

]
λe−λ t4dt4

]
λe−λ t5dt5

]
λe−λ t6dt6

]
λe−λ t7dt7

=−e−2λx +(
1
12

λ 4x4 +λ 2x2 +1)e−λx, (38)

and

ϕ F
8 (x) =

∫ x

t8=0

[
F̄T (x− t8)+

∫ x−t8

t7=0

[
F̄T (x− t8 − t7)+

∫ x−t7−t8

t6=0

[
F̄T (x− t8 − t7 − t6)

+
∫ x−t6−t7−t8

t5=0

[
F̄T (x− t8 − t7 − t6 − t5)+

∫ x−t5−t6−t7−t8

t4=0

[
F̄T (x− t8 − t7 − t6 − t5 − t4)

+
∫ x−t4−t5−t6−t7−t8

t3=0
F̄2

T (x− t8 − t7 − t6 − t5 − t4 − t3) fT (t3)dt3

]
fT (t4)dt4

]
fT (t5)dt5

]
fT (t6)dt6

]
fT (t7)dt7

]
fT (t8)dt8

= e−2λx +

(
1
60

λ 5x5 +
1
3

λ 3x3 +2λx−1
)

e−λx. (39)

Consequently, using (32), (34), (36), (37), (38) and (39) and also (17), we obtain a lower bound
for En(t),n = 5,6,7,8 which are given by

LE5(t) =
2k1
(
e−λ t −1

)
((2λ 2t2 +8λ t +20)k1 +(4λ t +8)k2)e−λ t +(k2 − k1)e−2λ t −19k1 −9k2

,

LE6(t) =
3k1
(
e−λ t −1

)
(k1λ 3t3 +3λ 2t2 (2k1 + k2)+12λ t (2k1 + k2)+42k1 +24k2)e−λ t −42k1 −24k2

,

LE7(t) =
12k1

(
e−λ t −1

)
(k1λ 4t4 +4λ 3t3 (2k1 + k2)+24λ 2t2 (2k1 + k2)+48λ t (3k1 +2k2)+240k1 +144k2)e−λ t −A

,

and

LE8(t) =
60k1

(
e−λ t −1

)
(t5λ 5k1 +5λ 4t4 (2k1 + k2)+40λ 3t3 (2k1 + k2)+120λ 2t2 (3k1 +2k2)+360λ t (3k1 +2k2))e−λ t +B

,
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Figure 3: The plot of LEn(t) for n = 3, ...,8, k2 = 1 and some selected values of k1.

Figure 4: The plots of En(t) and LEn(t) for n = 3 and 4, k1 = 10, k2 = 1 and some selected values of α.

respectively, where

A = 6(k1 − k2)e−2λ t +234k1 +150k2 and B = (1560k1 +1080k2)
(

e−λ t −1
)
.

The plot of LEn(t) displayed in Figure 3 for n = 3, ...,8, k2 = 1 and some selected values of k1.
From this figure, it is concluded that

(i) For n = 3, the lower bound LE3(t) is increasing in t which is obvious analytically from (33).

(ii) For n ≥ 4, the lower bound LEn(t) is decreasing in t and n.

(iii) With the change of k1, the monotony behavior of the graphs is almost similar.

To compare the exact value of En(t) and its lower bound LEn(t), for n = 3 and 4, their graphs are
plotted in Figure 4. This figure shows that the difference between E3(t) and LE3(t) is decreasing
in t while it increases for n = 4.
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5 Conclusion

The allocation problems of cold standby components for a (2,n− 2) parallel system have been
studied. The components are not repairable ; once a failure occurs, it has been replaced immedi-
ately with one of the cold standby components. This causes a dependency between the lifetime
of the components after the first failure. So, the copula function has been used to model the
mentioned dependency. A profit function and criteria for system efficiency have been defined to
find the best allocation policies of one or more standby component(s). To illustrate the proposed
policy, numerical computations, and graphical analyses have been presented. Numerical results
indicated that one standby component optimizes the system efficiency function.
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Abstract. In this paper, Kerridge’s inaccuracy measure and varinaccuracy of the ranked set
sample (RSS) are considered. By deriving the expression for Kerridge’s inaccuracy measure and
varinaccuracy of the rth order statistic, the expression for Kerridge’s inaccuracy measure and
varinaccuracy of RSS are obtained. Kerridge’s inaccuracy measure and varinaccuracy of moving
ranked set sample are also obtained.
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1 Introduction
McIntyre (1952) introduced a sampling scheme named ranked set sampling (RSS) as a process
of improving the precision of the sample mean as an estimate of the population mean. In some
situations, the measurement of the variable of interest is costly and/or time-consuming, but the
ranking of variables related to the study variable can be easily done by a judgment method (see
Chen et al. (2004)). The procedure of ranked set sampling involves randomly choosing n set of
units, each of size n from a population, and then the units in each set are ranked using some
inexpensive methods. Then from the first set of n units, select the unit that has the lowest
rank. From the second set of n units, select the unit with the second lowest rank. The process
continues until the unit with nth rank is selected in the nth set. Then make measurements on
the variable of interest of the selected units. Let X(i:n) be the measurement made on the ith
selected units, then X(1:n),X(2:n), ...,X(n:n) constitute the ranked set sample.

Many authors modified the McIntyre (1952) method of ranked set sampling. Al-Odat and Al-
Saleh (2001) introduced a modified ranked set sampling scheme named moving extreme ranked
set sampling for improving the efficiency of the estimate of the population mean. The procedure
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of moving the extreme ranked set sampling method is as follows. Choose n sets of random
samples of sizes 1,2, ...,n respectively, from the population. Rank the units in each set using
the judgment method or some inexpensive methods, without making the actual measurement
of the variable of interest. Select the unit with rank one from each set and then take actual
measurement of selected units, we get a moving lower extreme ranked set sample (MLERSS)
and the method is known as moving lower extreme ranked set sampling. If we select the units
with maximum rank in each set and then take actual measurements of the selected units, we
get a moving upper extreme ranked set sample (MUERSS) and the method is known as moving
upper extreme ranked set sampling.

Let X be a non negative random variable with probability density function f (x). Shannon
(1948) introduced a measure of uncertainty as an average level of information associated with
the random variable X , known as Shannon Entropy and it is defined as

H(X) = E f
[
− ln[ f (X)]

]
=−

∫ ∞

0
f (x) ln[ f (x)]dx.

One of the generalization of Shannon entropy was done by Kerridge (1961). Let X and Y be two
absolutely continuous non negative random variables with distribution functions F and G and
probability density functions f and g, respectively. If F is the distribution function corresponding
to the observations and G is the distribution assigned by the experimenter, then the inaccuracy
measure of X and Y , proposed by Kerridge (1961) is given by

KI( f ,g) = E f
[
− ln[g(X)]

]
=−

∫ ∞

0
f (x) ln[g(x)]dx. (1)

The inaccuracy measure defined in (1) can also be called as cross-entropy of Y on X or the
relative distance between X and Y . In reliability analysis, Kerridge (1961) notion of inaccuracy
delves into the concept by examining the potential errors in expressing probabilities related to
different events in experiments. These errors can stem from two primary sources: one from
missing data and another from misspecification of the model. Kerridge’s inaccuracy measure is
designed to address both types of errors. Kayal and Sunoj (2017) studied a generalized Kerridge’s
inaccuracy measure for conditionally specified models.Taneja and Tuteja (1986) discussed about
the weighted inaccuracy measure. Ghosh and Kundu (2018) discussed the conditional cumulative
past version of Kerridge’s inaccuracy measure. Taneja et al. (2009) presented the dynamic
version of inaccuracy between two residual lifetime distributions. Here the information contents
are averaged over a known distribution. Kerridge’s inaccuracy measure has a significant role in
regression analysis for the Akaike information criteria. Applications of Kerridge’s measure in
coding theory can be seen in Nath (1968).

Recently, researchers have been interested in studying the scatter of information contents
of a random variable. The variability of the information component cannot be explained by
inaccuracy, which is the expected information content of suitability. Buono et al. (2021) intro-
duced a dispersion index between two random variables X and Y based on cross-entropy named
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varianaccuracy defined as
VarKI( f ,g) =Var f

[
− ln[g(X)]

]
= E f [ln2 g(X)

]
−
[
E f

[
lng(X)

]]2

=
∫ ∞

0
f (x) ln2 g(x)dx−

[
KI( f ,g)

]2
.

The variance of information content have many applications in reliability study, estimation
etc. Varinaccuracy measures the discrepancy incurred in choosing a reference distribution.
Sharma and Kundu (2024) have discussed the residual and past varinaccuracy measures and
its application. Balakrishnan et al. (2024) discussed the dispersion indices based on Kerridge
inaccuracy measure.

Thapliyal and Taneja (2013, 2015) discussed the inaccuracy and residual inaccuracy of order
statistics. Ahmadi (2021) explained some results based on Kerridge’s inaccuracy measures of
records. Goel et al. (2018) discussed Kerridge’s inaccuracy measure for record statistics. Mo-
hammed (2019) discussed the inaccuracy measure in concomitants of ordered random variables
under Farlie-Gumbel-Morgenstern family. Mohammadi and Hashempour (2023) studied ex-
tropy based inaccuracy measure in order statistics. Chacko and George (2023, 2024) discussed
the extropy properties of ranked set samples when sampling is not perfect. George and Chacko
(2023) discussed the cumulative residual extropy properties of ranked set samples for Cambanis
type bivariate distributions. None of the previous work studied the varinaccuracy based on
ranked set samples. In this paper, we discuss Kerridge’s inaccuracy measure and varrinacuracy
for RSS and its modifications.

The paper is organized as follows. In section 2, Kerridge’s inaccuracy measure and varinac-
curacy between the distribution of the rth order statistic and parent distribution are explained.
Kerridge’s measure of inaccuracy of ranked set sample is explained in section 3. In section 4,
we explain the varriancccuracy of ranked set sample with examples. Section 5 gives Kerridge’s
inaccuracy measure of moving extreme ranked set sample. Varinaccuracy of moving extreme
ranked set sample is given in section 6. Finally, section 7 gives the concluding remarks.

2 Varinaccuracy between distribution of the rth order statistic
and the parent distribution

Let X1,X2, ...Xn be a random sample from a population with pdf f (x) and cdf F(x). If we arrange
Xi’s in ascending order of magnitude as X(1) ≤ X(2) ≤ ... ≤ X(n), then X(r) is called the rth order
statistic of Xi’s. Then, the pdf of rth order statistic is given by

fr:n(x) =
1

B(r,n− r+1)
(F(x))r−1(1−F(x))n−r f (x), (2)

where B(a,b) is the beta function. Therefore Kerridge’s inaccuracy measure between X(r) and X
can be written as

KI( fr:n, f ) =−
∫ ∞

0
fr:n(x) ln f (x)dx

= E
[
− ln f (X(r))

]
.
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Also, the varinaccuracy between distribution of X(r) and X can be written as

VarKI( fr:n, f ) =Var
[
− ln f (X(r))

]
.

Lemma 1. Let Mr:n(t) be the moment generating function of ln f (X(r)). Then, Mr:n(t) is given
by

Mr:n(t) = E[ f (F−1(U))]t ,

where U follows a beta distribution with parameters r and n− r+1.

Proof. From (2), we have

Mr:n(t) = E[et ln f (X(r))]

= E[ f t(X(r))]

=
∫ ∞

0

1
B(r,n− r+1)

(F(x))r−1(1−F(x))n−r f t+1(x)dx

=
∫ 1

0

1
B(r,n− r+1)

ur−1(1−u)n−r f t(F−1(u))du

= E[ f t(F−1(U))],

where U follows beta distribution with parameters r and n− r+1.

Theorem 1. Let Kr:n(t) be the cumulant generating function of ln f (X(r)). Then, KI( fr:n, f ) =
−K′

r:n(0) and VarKI( fr:n, f ) =K′′
r:n(0), where K′

r:n(0) and K′′
r:n(0) are the first and second derivatives

of Kr:n(t) at t = 0.

Proof. We have Kr:n(t) = lnMr:n(t). Therefore

K′
r:n(0) = E[ln f (X(r))], and K′′

r:n(0) =Var[ln f (X(r))].

Also,
KI( fr:n, f ) =−K′

r:n(0) and VarKI( fr:n, f ) = K′′
r:n(0).

Hence the theorem.

Example 1. If X follows uniform distribution over (a,b), then Mr:n(t) =
1

(b−a)t . Therefore

KI( fr:n, f ) =− ln(b−a) and VarKI( fr:n, f ) = 0.

Example 2. If X follows exponential distribution with pdf f (x) = θe−θx,x ≥ 0,θ > 0, then

Mr:n(t) = θ t−1 B(r,n− r+ t)
B(r,n− r+1)

.

Therefore

KI( fr:n, f ) =−
[

lnθ +ψ(n− r+1)−ψ(n+1)
]

=− lnθ +
r

∑
i=1

1
n− i+1
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Figure 1: Graph of VarKI( fr:n, f ) of exponential distribution.

and

VarKI( fr:n, f ) = ψ ′(n− r+1)−ψ ′(n+1)

=
r

∑
i=1

1
(n− i+1)2 ,

where ψ(.) is the digamma function and ψ ′(.) is the trigamma function.

Clearly VarKI( fr:n, f ) of exponential distribution is free from parameter. We have drawn the
graph of VarKI( fr:n, f ) for exponential distribution when n = 10 and is given in Figure 1.

Example 3. If X follows Pareto distribution with pdf f (x) = λβ λ

xλ+1 ,x ≥ β ,λ > 0,β > 0, then

Mr:n(t) =
λ t−1

β t−1

B(r,n− r+(t −1)(1+ 1
λ )+1)

B(r,n− r+1)
.

Therefore

KI( fr:n, f ) =−
[

lnλ − lnβ +(1+
1
λ
)ψ(n− r+1)− (1+

1
λ
)ψ(n+1)

]
= lnβ − lnλ +(1+

1
λ
)

r

∑
i=1

1
n− i+1

and

VarKI( fr:n, f ) = (1+
1
λ
)2ψ ′(n− r+1)− (1+

1
λ
)2ψ ′(n+1)

= (1+
1
λ
)2

r

∑
i=1

1
(n− i+1)2 .
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Figure 2: Graph of VarKI( fr:n, f ) of Pareto distribution.

We have drawn the graph of VarKI( fr:n, f ) for Pareto distribution for different values of λ
when n = 10 and is given in Figure 2.

Example 4. If X follows standard power distribution with pdf f (x) = ηxη−1,0 < x < 1,η > 0,
then

Mr:n(t) = η t−1
B(r,n− r+(t −1)(1− 1

η )+1)

B(r,n− r+1)
.

Therefore

KI( fr:n, f ) =−
[

lnη +(1− 1
η
)ψ(n− r+1)− (1− 1

η
)ψ(n+1)

]
=− lnη +(1− 1

η
)

r

∑
i=1

1
n− i+1

and

VarKI( fr:n, f ) = (1− 1
η
)2ψ ′(n− r+1)− (1− 1

η
)2ψ ′(n+1)

= (1− 1
η
)2

r

∑
i=1

1
(n− i+1)2 .

We have drawn the graph of VarKI( fr:n, f ) for power distribution for different values of η
when n = 10 and is given in Figure 3.

Remark 1. From Table 1, it is observed that if X , Y and Z follow standard power distribution
with pdf f (x) = ηxη−1,0 < x < 1,η > 0, exponential distribution with pdf g(y) = θe−θy,y ≥ 0,θ > 0
and Pareto distribution with pdf h(z) = λβ λ

zλ+1 ,λ > 0,β > 0,z ≥ β , respectively and if 1+ 1
λ ≥| 1− 1

η |,
then VarKI( fr:n, f )≤VarKI(gr:n,g)≤VarKI(hr:n,h).
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Figure 3: Graph of VarKI( fr:n, f ) of standard power distribution.

Table 1: Expressions for KI( fr:n, f ) and VarKI( fr:n, f ).

Distribution pdf KI( fr:n, f ) VarKI( fr:n, f )
Uniform 1

b−a , a < x < b − ln(b−a) 0
Exponential θe−θx,x ≥ 0,θ > 0 − lnθ +∑r

i=1
1

n−i+1 ∑r
i=1

1
(n−i+1)2

Pareto λβ λ

xλ+1 ,x ≥ β ,λ > 0,β > 0 lnβ − lnλ +(1+ 1
λ )∑r

i=1
1

n−i+1 (1+ 1
λ )

2 ∑r
i=1

1
(n−i+1)2

Standard power ηxη−1,0 < x < 1,η > 0 − lnη +(1− 1
η )∑r

i=1
1

n−i+1 (1− 1
η )

2 ∑r
i=1

1
(n−i+1)2

So if 1 + 1
λ ≥| 1 − 1

η |, discrepancy incurred in choosing the rth order statistic of power
distribution is less compared to those of exponential distribution and Pareto distribution.

Theorem 2. Let X and Y be two absolutely continuous non negative random variables with pdf
fX(x) and gX(x), then

VarKI( f ,g)≤
(∫

(KI( f ,g)+ ln fX(x))4dx
) 1

2
(

E( fX(X))
) 1

2
,

where KI( f ,g) is the Kerridge’s inaccuracy measure of X and Y .
The equality is attained by

(
KI( f ,g)+ ln fX(x)

fX(x)

)2

E( fX(X)) =
∫ [

KI( f ,g)+ ln fX(x)
]2dx.
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Proof. We have

VarKI( f ,g) = Eg [− ln fX(X)−Eg(− ln fX(X))]2

= E
[
− ln fX(X)−KI( f ,g)

]2

=
∫
(KI( f ,g)+ ln fX(x))2 fX(x)dx.

Then, by Cauchy- Schwartz inequality,

VarKI( f ,g)≤
(∫

(KI( f ,g)+ ln fX(x))4dx
) 1

2
(∫

( f (x))2dx
) 1

2

=
(∫

(KI( f ,g)+ ln fX(x))4dx
) 1

2
(

E( fX(X))
) 1

2
.

The equality is attained if and only if there is a constant α ≥ 0 such that

(KI( f ,g)+ ln fX(x))2 = α( fX(x))2.

The constant α can be evaluated as

α =

∫ [
KI( f ,g)+ ln fX(x)

]2dx
E( fX(X))

.

Hence the theorem.

Remark 2. Balakrishnan et al. (2024) showed that VarKI( f ,g) does not affect linear transfor-
mation. So clearly VarKI( fr:n, f ) is independent of scale parameter. This can be evident from
Examples 2 and 3 for exponential and Pareto distributions, respectively.

3 Kerridge’s inaccuracy measure of ranked set sample

Let X(r:n),r = 1,2, ...,n be a ranked set sample of size n from a population with pdf f (x) and cdf
F(x). If the ranking is perfect, then X(r:n) is nothing but the rth order statistic of a random
sample of size n.

Theorem 3. If XSRS = {X1,X2, ...,Xn} and XRSS = {X(1:n),X(2:n), ...,X(n:n)}, where X1,X2, ...,Xn is a
random sample from a population with pdf f (x) and cdf F(x), then the Kerridge’s inaccuracy
measure associated with ranked set sample and simple random sample can be written as

KI( fRSS, fSRS) =
n

∑
r=1

KI( fr:n, f ).
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Table 2: Expression for KI( fRSS, fSRS).
Distribution pdf KI( fRSS, fSRS)

Uniform 1
b−a ,a < x < b −n ln(b−a)

Exponential θe−θx,x ≥ 0,θ > 0 n(1− lnθ)
Pareto λβ λ

xλ+1 ,λ > 0,β > 0,x ≥ β n
(
1− lnλ + lnβ + 1

λ
)

Standard power ηxη−1,0 < x < 1,η > 0 n
(

1− lnη − 1
η

)

Proof. Let fSRS(x) and fRSS(x) be the pdfs of XSRS and XRSS, respectively, where x = (x1,x2, ...,xn).
Therefore, fSRS(x) = ∏n

r=1 f (xr) and fRSS(x) = ∏n
r=1 fr:n(xr). Then

KI( fRSS, fSRS) =−
∫ ∞

0

∫ ∞

0
...

∫ ∞

0
fRSS(x) ln fSRS(x)dx1dx2...dxn

= E
[
− ln fSRS(XRSS)

]
=

n

∑
r=1

E
[
− ln f (X(r:n))

]
=

n

∑
r=1

KI( fr:n, f ).

Hence the theorem.

Example 5. We obtained KI( fRSS, fSRS) for uniform, exponential, Pareto and standard power
distributions with the pdfs given as in Table 1, the results are summarized in Table 2.

4 Measure of Varinaccuracy of ranked set sample
Theorem 4. If XSRS = {X1,X2, ...,Xn} and XRSS = {X(1:n),X(2:n), ...,X(n:n)}, where X1,X2, ...,Xn is a
random sample from a population with pdf f (x) and cdf F(x), then the varinaccuracy between
ranked set sample and simple random sample can be written as

VarKI( fRSS, fSRS) =
n

∑
r=1

VarKI( fr:n, f ).

Proof. Let fSRS(x) and fRSS(x) be the pdfs of XSRS and XRSS, respectively, where x = (x1,x2, ...,xn).
Therefore, fSRS(x) = ∏n

r=1 f (xr) and fRSS(x) = ∏n
r=1 fr:n(xr). Then

VarKI( fRSS, fSRS) =Var
[
− ln fSRS(XRSS)

]
=Var

[
− ln

n

∏
r=1

f (X(r:n))
]

=
n

∑
r=1

Var
[
− ln f (X(r:n))

]
=

n

∑
r=1

VarKI( fr:n, f ).
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Table 3: Expression for VarKI( fRSS, fSRS).
Distribution pdf VarKI( fRSS, fSRS)

Uniform 1
b−a ,a < x < b 0

Exponential θe−θx,x ≥ 0,θ > 0 ∑n
i=1

1
i

Pareto λβ λ

xλ+1 ,λ > 0,β > 0,x ≥ β (1+ 1
λ )

2 ∑n
i=1

1
i

Standard power ηxη−1,0 < x < 1,η > 0 (1− 1
η )

2 ∑n
i=1

1
i

Example 6. We obtained VarKI( fRSS, fSRS) for uniform, exponential, Pareto and standard power
distributions with the pdfs given as in Table 1, the results are summarized in Table 3.

We have drawn the graph of VarKI( fRSS, fSRS) for exponential, Pareto and standard power
distributions and displayed in Figures 4, 5 and 6, respectively.

Figure 4: Graph of VarKI( fRSS, fSRS) for exponential distribution.

Remark 3. From Table 3 and the same assumptions of Remark 1, we have

VarKI( fRSS, fSRS)≤VarKI(gRSS,gSRS)≤VarKI(hRSS,hSRS).

So if 1+ 1
λ ≥| 1− 1

η |, discrepancy incurred in choosing RSS for power distribution is less
compared to those of exponential distribution and Pareto distribution.
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Figure 5: Graph of VarKI( fRSS, fSRS) for Pareto distribution.

5 Kerridge’s inaccuracy measure of moving extreme ranked set
sample

In this section, first we consider the Kerridge’s inaccuracy measure of MLERSS. Let X(1: j),
j = 1,2, ...n. be the measurement of the jth unit of MLERSS.

Theorem 5. If XSRS = {X1,X2, ...,Xn} and XMLERSS = {X(1: j), j = 1,2, ...,n}, where X1,X2, ...,Xn is
a random sample from a population with pdf f (x) and cdf F(x), then the Kerridge’s inaccuracy
measure between MLERSS and simple random sample can be written as

KI( fMLERSS, fSRS) =
n

∑
i=1

KI( f1:i, f ).

Proof. Let fSRS(x) and fMLERSS(x) be the pdfs of XSRS and XMLERSS, respectively, where x =
(x1,x2, ...,xn). Therefore, fSRS(x) = ∏n

i=1 f (xi) and fMLERSS(x) = ∏n
i=1 f1:i(xi). Then

KI( fMLERSS, fSRS) =−
∫ ∞

0

∫ ∞

0
...

∫ ∞

0
fMLERSS(x)ln fSRS(x)dx1dx2...dxn

= E
[
− ln fSRS(XMLERSS)

]
=

n

∑
i=1

E
[
− ln f (X(1:i))

]
=

n

∑
i=1

KI( f1:i, f ).

Hence the theorem.
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Figure 6: Graph of VarKI( fRSS, fSRS) for standard power distribution.

Next, we consider the Kerridge’s inaccuracy measure of MUERSS. Let X( j: j), j = 1,2, ...n. be
the measurement the jth unit of MUERSS.

Theorem 6. Let XSRS = {X1,X2, ...,Xn} and XMUERSS = {X( j: j), j = 1,2, ...,n} where X1,X2, ...,Xn is
a random sample from a population with pdf f (x) and cdf F(x), then, the Kerridge’s inaccuracy
measure between MUERSS and simple random sample can be written as of

KI( fMUERSS, fSRS) =
n

∑
i=1

KI( fi:i, f ).

Proof. Let fSRS(x) and fMUERSS(x) be the pdfs of XSRS and XMUERSS respectively, where x =
(x1,x2, ...,xn). Therefore, fSRS(x) = ∏n

i=1 f (xi) and fMUERSS(x) = ∏n
i=1 fi:i(xi). Then

KI( fMUERSS, fSRS) =−
∫ ∞

0

∫ ∞

0
...

∫ ∞

0
fMUERSS(x) ln fSRS(x)dx1dx2...dxn

= E
[
− ln fSRS(XMUERSS)

]
=

n

∑
i=1

E
[
− ln f (X(i:i))

]
=

n

∑
i=1

KI( fi:i, f ).

Example 7. We obtained KI( fMLERSS, fSRS) and KI( fMUERSS, fSRS) for uniform, exponential,
Pareto and standard power distributions with the pdfs given as in Table 1, the results are
summarized and presented in Table 4.
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Table 4: Expression for KI( fMLERSS, fSRS) and KI( fMUERSS, fSRS).
Distribution pdf KI( fMLERSS, fSRS) KI( fMUERSS, fSRS)

Uniform 1
b−a ,a < x < b −n ln(b−a) −n ln(b−a)

Exponential θe−θx,x ≥ 0 −n lnθ +∑n
i=1

1
i (n+1)∑n

i=1
1
i −n(1+ lnθ)

Pareto λβ λ

xλ+1 ,x ≥ β n lnβ −n lnλ +(1+ 1
λ )∑n

i=1
1
i n(lnβ − lnλ )+(1+ 1

λ )∑n
i=1 ∑i

j=1
1
j

Standard power ηxη−1,0 < x < 1 −n lnη +(1− 1
η )∑n

i=1
1
i −n lnη +(1− 1

η )∑n
i=1 ∑i

j=1
1
j

6 Measure of Varinaccuracy of moving extreme ranked set sam-
ple

In this section, first we consider the varentropy of MLERSS. Let X(1: j), j = 1,2, ...n. be the
measurement of the jth unit of MLERSS.

Theorem 7. If XSRS = {X1,X2, ...,Xn} and XMLERSS = {X(1: j), j = 1,2, ...,n}, where X1,X2, ...,Xn is
a random sample from a population with pdf f (x) and cdf F(x), then the varinaccuracy between
MLERSS and simple random sample can be written as of

VarKI( fMLERSS, fSRS) =
n

∑
i=1

VarKI( f1:i, f ).

Proof. Let fSRS(x) and fMLERSS(x) be the pdfs of XSRS and XMLERSS respectively, where x =
(x1,x2, ...,xn). Therefore, fSRS(x) = ∏n

i=1 f (xi) and fMLERSS(x) = ∏n
i=1 fi:i(xi). Then

VarKI( fMLERSS, fSRS) =Var
[
− ln fSRS(XMLERSS)

]
=Var

[
− ln

n

∏
r=1

f (X(1:i))
]

=
n

∑
i=1

Var
[
− ln f (X(1:i))

]
=

n

∑
i=1

VarKI( f1:i, f ).

We have drawn the graph of VarKI( fMLERSS, fSRS) for exponential, Pareto and standard power
distributions, is given in Figures 7, 8 and 9, respectively.

Next, we consider the varentropy of MUERSS. Let X( j: j), j = 1,2, ...n. be the measurement
the jth unit of MUERSS.

Theorem 8. Let XSRS = {X1,X2, ...,Xn} and XMUERSS = {X( j: j), j = 1,2, ...,n} where X1,X2, ...,Xn is
a random sample from a population with pdf f (x) and cdf F(x), then, the varinaccuracy between
MUERSS and simple random sample can be written as of

VarKI( fMUERSS, fSRS) =
n

∑
i=1

VarKI( fi:i, f ).
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Figure 7: Graph of VarKI( fMLERSS, fSRS) for exponential distribution.

Proof. Let fSRS(x) and fMUERSS(x) be the pdfs of XSRS and XMLERSS respectively, where x =
(x1,x2, ...,xn). Therefore, fSRS(x) = ∏n

i=1 f (xi) and fMUERSS(x) = ∏n
i=1 fi:i(xi). Then,

VarKI( fMUERSS, fSRS) =Var
[
− ln fSRS(XMUERSS)

]
=Var

[
− ln

n

∏
i=1

f (X(i:i))
]

=
n

∑
i=1

Var
[
− ln f (X(i:i))

]
=

n

∑
i=1

VarKI( fi:i, f ).

Example 8. We obtained VarKI( fMLERSS, fSRS) and VarKI( fMUERSS, fSRS) for uniform, exponen-
tial, Pareto and standard power distributions with the pdfs given as in Table 1, the results are
summarized and presented in Table 5.

Remark 4. From Table 5 and the same assumptions of Remark 1, we have

VarKI( fMLERSS, fSRS)≤VarKI(gMLERSS,gSRS)≤VarKI(hMLERSS,hSRS),

and
VarKI( fMUERSS, fSRS)≤VarKI(gMUERSS,gSRS)≤VarKI(hMUERSS,hSRS).

Figures 10, 11 and 12 show the graph of VarKI( fMUERSS, fSRS) for exponential, Pareto and
standard power distributions with the pdfs given as in Table 1, respectively.
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Figure 8: Graph of VarKI( fMLERSS, fSRS) for Pareto distribution.

Table 5: Expression for VarKI( fMLERSS, fSRS) and VarKI( fMUERSS, fSRS)
Distribution pdf VarKI( fMLERSS, fSRS) VarKI( fMUERSS, fSRS)

Uniform 1
b−a ,a < x < b 0 0

Exponential θe−θx,x ≥ 0,θ > 0 ∑n
i=1

1
i2 ∑n

i=1
i

(n−i+1)2

Pareto λβ λ

xλ+1 ,λ > 0,β > 0,x ≥ β (1+ 1
λ )

2 ∑n
i=1

1
i2 (1+ 1

λ )
2 ∑n

i=1
i

(n−i+1)2

Standard power ηxη−1,0 < x < 1,η > 0 (1− 1
η )

2 ∑n
i=1

1
i2 (1− 1

η )
2 ∑n

i=1
i

(n−i+1)2

7 Conclusion
In this work, we considered Kerridge’s inaccuracy measure and varinaccuracy of ranked set
sample and its different modifications. If we consider a ranked set sampling when ranking is
not perfect, the measurement of ith unit of the ranked set sample is nothing but the ith order
statistic, X(i) of the random sample. In this paper, we derived Kerridge’s inaccuracy measure
between X(i) and X and obtained its varinaccuracy. The expression for varinaccuracy between
X(i) and X for the exponential, standard power, and Pareto distributions are derived. We also
obtained an upper bound to varinaccuracy.

It is seen that Kerridge’s inaccuracy measure between the ranked set sample and simple
random sample can be written as the sum of Kerridge’s inaccuracy measure between X(i) and
X . Similarly, varinaccuracy between a ranked set sample and a simple random sample can be
written as the sum of varinaccuracy between X(i) and X . We also obtained the expression for
Kerridge’s inaccuracy measure and varinacccuracy based on moving ranked set samples. The
expression for Kerridge’s inaccuracy measure and varinaccuracy of exponential, standard power,
and Pareto distributions based on ranked set sample and moving extreme ranked set sample are
obtained. It is observed that if 1+ 1

λ ≥| 1− 1
η |, the discrepancy incurred in choosing RSS and
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Figure 9: Graph of VarKI( fMLERSS, fSRS) for standard power distribution.

moving extreme ranked set sample for power distribution is less than those of exponential and
Pareto distribution.
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Abstract. This article explores Bayesian inference for the reliability of the binomial distri-
bution in cases with zero-failure data. We propose Expected-Bayesian (E-Bayesian) and hier-
archical Bayesian estimators of reliability, considering three different joint prior distributions
of hyper-parameters in the prior distribution of reliability, which is assumed to follow a beta
distribution. We derive closed-form expressions for the E-Bayesian estimators of reliability and
propose hierarchical Bayesian estimators, which are subsequently evaluated using Monte Carlo
simulations. Furthermore, we study the one-sided modified Bayesian (M-Bayesian) lower cred-
ible limits for reliability. The performance of the proposed methods is demonstrated through
Monte Carlo simulations. Finally, a real data example is analyzed for illustrative purposes.

Keywords: E-Bayesian; Hierarchical Bayesian; M-Bayesian; Reliability; Zero-failure data.

1 Introduction
With the rapid advancement of manufacturing design techniques, many modern products are
designed to operate without failure for several years, decades or more, such as high reliability
and longevity products in aerospace, engineering and industry. In this situation, extensive dis-
cussions have taken place regarding reliability analysis for zero-failure data. Zero-failure data
refers to situations where the test units exhibit no failure within the specified life testing time.
Numerous statistical procedures have been proposed in the literature for analyzing reliability
in such scenarios. For example, Martz and Waller (1979), Mao and Xia (1992), Han (2009),
Chen et al. (1995) have contributed to this body of work. However, limited attention has been
given to simultaneously addressing both point and interval estimators of reliability parameters
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for zero-failure data. Notable exceptions include the works of Fan and Chang (2009) and Zhang
et al. (2019). In the paper, we will introduce and discuss the Expected-Bayesian (E-Bayesian)
estimator, hierarchical Bayesian estimator, and one-sided modified Bayesian (M-Bayesian) lower
credible limits of reliability for zero-failure data from the binomial distribution. These meth-
ods are explored under the assumption that the prior distribution of reliability follows a beta
distribution.

For the zero-failure data, Martz and Waller (1979) first proposed a Bayesian zero-failure
reliability demonstration testing procedure for an exponential failure-time model and a gamma
prior distribution on the failure rate. Following Martz and Waller (1979), special attention has
been paid to statistical analysis methods for zero-failure data. Mao and Luo (1989) proposed
the matching distribution curve method, and Chen et al. (1993) developed a optimal confidence
limit method. In addition, Fan and Chang (2009), Bailey (1997) and Fan et al. (2009) proposed
Bayesian methods for estimating the reliability of explosive devices with binary data from de-
structive tests, where exponential lifetime distributions were used. Han (2007) first proposed an
Expected-Bayesian (E-Bayesian) estimation method for estimating the failure probability, in the
case of zero-failure data or very few zero-failure data. Jiang et al. (2010) put forward a modified
maximum likelihood estimation (MMLE) and shrinkage estimation method to analyze zero-
failure data from Weibull distribution. Subsequently, on the base of the thought of hierarchical
prior distribution introduced by Lindley and Smith (1972). Han (2011) introduced E-Bayesian
and hierarchical Bayesian estimation methods to estimate the reliability of the binomial distri-
bution, however, the proposed methods only considered the case of only one hyper-parameter
in the prior distribution of the reliability. Xia (2012) proposed a grey bootstrap method in
the information poor theory for the reliability analysis of zero-failure data under the condition
of a known or unknown lifetime distribution. Nam et al. (2013) presented a new accelerated
zero-failure testing model for rolling bearings. Li et al. (2019) considered the classical Bayesian,
E-Bayesian and hierarchical Bayesian estimates of reliability for zero-failure data from Weibull
distribution, and confidence interval of reliability is also obtained by the parametric bootstrap
method. Zhang et al. (2019) provided a Bayesian reliability evaluation method for very few
failure data under the Weibull distribution. Zhang et al. (2021) proposed a Bayesian method for
analyzing few or zero failure data using re-parametrization of the Weibull distribution. However,
these researches only discussed the case of one of two hyper-parameters is random variable in
the prior distribution of failure probability or reliability.

In recent years, the credible (confidence) intervals of reliability parameters based on zero
failure data has also made new progress. For example, Han (2008) proposed a two-sided M-
Bayesian credible limits method of reliability parameters, in the case of zero-failure data from
exponential distribution; furthermore, the properties for two-sided M-Bayesian credible limits
of failure rate were discussed. Subsequently, Han (2012) put forward a M-Bayesian credible
limits method for estimating the reliability of binomial distribution, in the case of zero-failure
data. Tian and Chen (2014) studied interval estimates of failure rate and reliability for the
exponential distribution based on zero-failure data, using the method of two-sided M-Bayesian
credible limits. Jiang et al. (2015) presented a interval estimation method of failure probability
for Weibull distribution under zero-failure data situation. Zhang (2021) proposed a novel method
that does not require prior information for estimating Weibull parameters in the absence of
failure data, an unbiased estimator and confidence interval for the Weibull scale parameter are



Bayesian inference of reliability in the case of zero-failure data 193

also obtained. However, these researches only considered the case of only one of two hyper-
parameters is random in the prior distribution of reliability parameter. In the following, we
aim to discuss the Bayesian inference for the reliability of binomial products, in the case of
zero-failure data. This discussion encompasses the point estimation method and one-sided M-
Bayesian lower credible limits for reliability, based on three different priors, when the prior
distribution of reliability is assumed to be a beta distribution with hyper-parameters a and b.

The remainder of this article is organized as follows. In Section 2, we will first introduce the
zero-failure data for type-I censored life testing and describe the prior distribution of reliability.
Section 3 then presents point estimation of reliability for zero-failure data, including E-Bayesian
estimator and hierarchical Bayesian estimator. In Section 4, we discuss one-sided M-Bayesian
lower credible limits of reliability in the case of zero-failure data, considering three different
joint prior distributions of hyper-parameters. In Section 5, numerical examples are provided,
and Section 6 contains some conclusions and several remarks.

2 Zero-failure data for type-I censored life testing
In this section, we first introduce the zero-failure data for highly reliable products in type-I
censored life testing. Furthermore, the prior distribution of reliability for zero-failure data is
assumed based on engineering experience.

2.1 The zero-failure data

In some cases in reliability engineering, determining the life distribution of products becomes
challenging when there is no failure information except for the number of failures. In such situ-
ations, reliability estimates can be obtained through the application of nonparametric methods
designed for binomial distribution.

In this article, we assume that the distribution of the lifetime T of products is unknown,
conduct type-I censored life testing k times, the censoring time of these independent trials are
denoted as t1, t2, ..., tk (0 < t1 < t2 < · · · < tk), respectively. There are ni testing samples at the
censoring time ti, i = 1,2, ...,k, if these testing units are all without failure at the censoring time
ti, it can be considered that the lifetimes of these testing units is greater than the censoring
time ti, i = 1,2, ...,k. Therefore, the corresponding test data of the k times type-I censored life
testing are called the zero-failure data, and denoted as (ti,ni), i = 1,2, ...,k. According to the
whole testing process of the type-I censored life testing, the following test information can be
obtained.

(1) At the beginning time of the type-I censored life testing, the reliability of products can be
expressed as R0 = Pr(T > 0) = 1.

(2) At the censoring time ti, the reliability of products denoted as Ri = Pr(T > ti), i = 1,2, ...,k,
it is clear that R0 > R1 > · · ·> Rk.

(3) Let si = ni+ni+1+ · · ·+nk, it indicates that there are si testing units survival at the censoring
time ti, i.e., si is the number of products which lifetime is longer than ti, i = 1,2, ...,k.
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Consequently, the above problem can be expressed as evaluating the reliability of products
by using the zero-failure data (ti,ni), i = 1,2, ...,k, in the type-I censored life testing.

2.2 The prior distribution of reliability
According to some engineering experience and the results of Han (2011), Beta distribution is
often used as the conjugate prior distribution of reliability (i.e., the probability of success) in the
reliability modeling of zero-failure data for binomial products. We thus take the beta distribution
Beta(a,b) as the conjugate prior distribution of the reliability Ri, and the probability density
function (pdf) of Ri is

π(Ri|a,b) =
1

B(a,b)
Ra−1

i (1−Ri)
b−1,0 < Ri < 1, i = 1,2, ...,k, (1)

where B(a,b) =
∫ 1

0 ta−1(1− t)b−1dt is the beta function, and hyper-parameters a > 0,b > 0.
With the continuous improvement of science and technology, the reliability of products is

constantly improved, so the possibility of high reliability of products is large, and the possibility
of low reliability is small. According to Han (2011), we choose a and b such that π(Ri|a,b) is an
increasing function of Ri. The derivative of π(Ri|a,b) with respect to Ri is

dπ(Ri|a,b)
dRi

=
Ra−1

i (1−Ri)
b−1

B(a,b)
[(a−1)(1−Ri)− (b−1)Ri] , i = 1,2, ...,k, (2)

Since a > 0,b > 0 and 0 < Ri < 1, from (2), we thus can easily see that dπ(Ri|a,b)/dRi > 0 on
a > 1,0 < b < 1, and then π(Ri|a,b) is an increasing function of Ri.

According to the results of Berger (1985) and Han (2011) on the Bayesian estimation, from
the perspective of the robustness of Bayesian estimation, the thinner the tail of a prior distri-
bution, and the worse the robustness of Bayesian estimation. Therefore, the hyper-parameter a
should not be too large, and there should be an upper bound c to be determined, where c is a
constant greater than 1. Thereby, the hyper-parameters a and b can be selected in the range of
1 < a < c and 0 < b < 1.

3 Point estimation of reliability
In this section, we investigate point estimation of reliability using the methods of E-Bayesian
estimation and hierarchical Bayesian estimation, respectively.

3.1 E-Bayesian estimator of reliability
Referring to the concept of E-Bayesian estimator of failure probability proposed by Han (2007),
this method is applicable in cases with either zero or few failure data. In this subsection, we
present E-Bayesian estimators of Ri under three different joint prior distributions of hyper-
parameters a and b in the prior distribution of Ri.

In the following, we first present the definition of the E-Bayesian estimator of Ri when the
prior distribution of Ri is distributed as Beta(a,b).
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Definition 1. Let R̂iB(a,b) be continuous, if∫∫
D

∣∣R̂iB(a,b)
∣∣π(a,b)dadb < ∞, i = 1,2, ...,k,

then
R̂iEB =

∫∫
D

R̂iB(a,b)π(a,b)dadb, i = 1,2, ...,k,

is called the Expected Bayesian (E-Bayesian) estimator of Ri, where R̂iB(a,b) is the Bayesian
estimator of Ri with hyper-parameters a and b, D = {(a,b)|1 < a < c,0 < b < 1}, π(a,b) is the pdf
of hyper-parameters a and b in the region D.

From the Definition 1, it is easy to see that the E-Bayesian estimator of Ri is the mathematical
expectation for the Bayesian estimator R̂iB(a,b), that is,

R̂iEB =
∫∫

D
R̂iB(a,b)π(a,b)dadb = E[R̂iB(a,b)], i = 1,2, ...,k.

According to the Bayesian theorem and the Definition 1, we have the following theorem, the
proof see Appendix A.

Theorem 1. For the zero-failure data (ti,ni) from the k times type-I censored life testing, let
si = ∑k

j=i n j, i = 1,2, ...,k. If the prior density function π(Ri|a,b) of Ri is presented by the formula
(1), then have the following conclusions.

(1) Using the squared error loss function, the Bayesian estimator of Ri is R̂iB(a,b) =
si +a

si +a+b
,

(2) For the following three different joint prior distributions of hyper-parameters a and b,

π1(a,b) =
2(c−a)
(c−1)2 , 1 < a < c,0 < b < 1, (3)

π2(a,b) =
1

c−1
, 1 < a < c,0 < b < 1, (4)

π3(a,b) =
2a

c2 −1
, 1 < a < c,0 < b < 1, (5)

the corresponding E-Bayesian estimators of Ri are presented as follows, respectively,

R̂iEB1 =
2

(c−1)2 [G1(si,c)−G2(si,c)] , i = 1,2, ...,k,

R̂iEB2 =
1

c−1
[G3(si,c)−G4(si,c)] , i = 1,2, ...,k,

R̂iEB3 =
2

c2 −1
[G5(si,c)−G6(si,c)] , i = 1,2, ...,k,

where G1(si,c) to G6(si,c) and q1(si,c) to q5(si,c) are provided in Appendix A.

It is easy to show that the E-Bayesian estimators of Ri in the Theorem 1 have the following
properties.
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Corollary 1. In Theorem 1, for the E-Bayesian estimators R̂iEB j (i = 1,2, ...,k, j = 1,2,3), the
following two properties are hold almost surely,

(1) For the fixed i, R̂iEB1 < R̂iEB2 < R̂iEB3;

(2) For the fixed i, lim
si→∞

R̂iEB1= lim
si→∞

R̂iEB2= lim
si→∞

R̂iEB3.

3.2 Hierarchical Bayesian estimator of reliability
In this subsection, we present the hierarchical Bayesian estimators of Ri (i = 1,2, ...,k), based on
three different joint prior distributions of hyper-parameters a and b. In the following, we first
introduce the hierarchical prior distribution of Ri (i = 1,2, ...,k).

According to the definition of hierarchical prior distribution proposed by Good (1983). If we
select π(Ri|a,b), which presented by the formula (1), as the prior density function of Ri, and take
formulas (3) to (5) as the joint prior distributions of hyper-parameters a and b, respectively,
then the hierarchical prior distributions of Ri (i = 1,2, ...,k) can be easily obtained. For instance,

π4(Ri) =
∫ 1

0

∫ c

1
π(Ri|a,b)π1(a,b)dadb =

2
(c−1)2

∫ 1

0

∫ c

1

(c−a)
B(a,b)

Ra−1
i (1−Ri)

b−1dadb, (6)

π5(Ri) =
∫ 1

0

∫ c

1
π(Ri|a,b)π2(a,b)dadb =

1
c−1

∫ 1

0

∫ c

1

1
B(a,b)

Ra−1
i (1−Ri)

b−1dadb, (7)

π6(Ri) =
∫ 1

0

∫ c

1
π(Ri|a,b)π3(a,b)dadb =

2
c2 −1

∫ 1

0

∫ c

1

a
B(a,b)

Ra−1
i (1−Ri)

b−1dadb. (8)

We can then use Bayes’ theorem to derive the hierarchical Bayesian estimators of Ri, and
the results are provided in the next theorem, the proof see Appendix B.
Theorem 2. For the zero-failure data (ti,ni) from the k times type-I censored life testing, let
si = ∑k

j=i n j, i = 1,2, ...,k. If the hierarchical prior distributions of Ri are given by (6) to (8), then
under the squared error loss function, the corresponding hierarchical Bayesian estimators of Ri

are, respectively,

R̂iHB1 =

∫ 1
0
∫ c

1 (c−a)
B(a+ si +1,b)

B(a,b)
dadb

∫ 1
0
∫ c

1 (c−a)
B(a+ si,b)

B(a,b)
dadb

, i = 1,2, ...,k,

R̂iHB2 =

∫ 1
0
∫ c

1
B(a+ si +1,b)

B(a,b)
dadb

∫ 1
0
∫ c

1
B(a+ si,b)

B(a,b)
dadb

, i = 1,2, ...,k,

R̂iHB3 =

∫ 1
0
∫ c

1 a
B(a+ si +1,b)

B(a,b)
dadb

∫ 1
0
∫ c

1 a
B(a+ si,b)

B(a,b)
dadb

, i = 1,2, ...,k.

Taking use of the Monte Carlo simulation method, we can easily get the hierarchical Bayesian
estimators of Ri in the Theorem 2.
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4 One-sided credible limits of reliability
In this section, we investigate the one-sided modified Bayesian (M-Bayesian) lower credible limits
of Ri (i = 1,2, ...,k), based on three different joint priors for the hyper-parameters a and b.

4.1 One-sided Bayesian lower credible limits
We first propose the following lemma, which aims to derive the one-sided Bayesian lower credible
limits of Ri (i = 1,2, ...,k) based on three different priors for the hyper-parameter a and b.

Lemma 1. For the zero-failure data (ti,ni) (i = 1,2, ...,k), if the prior distribution of Ri is given
by (1), that is Ri is a beta random variable with parameters a and b, we then have a+ si

b
1−Ri

Ri
follows a F distribution with the degrees of freedom 2b and 2(a+ si), i.e.,

a+ si

b
1−Ri

Ri
∼ F(2b,2(a+ si)), i = 1,2, ..,k.

By means of the Lemma 1 and the theory of Bayesian credible limits, we can easily obtain
the one-sided Bayesian lower credible limits of Ri. The result is given by the following corollary.

Corollary 2. For the zero-failure data (ti,ni) (i = 1,2, ...,k), if the prior distribution of Ri is
given by (1), then the 100(1−α)% one-sided Bayesian lower credible limit of Ri is

R̂iBL(a,b) =
a+ si

a+ si +bF1−α(2b,2(a+ si))
, i = 1,2, ...,k. (9)

where F1−α(2b,2(a+ si)) is the 1-α quantiles of F distribution with the degrees of freedom 2b and
2(a+ si).

4.2 One-sided M-Bayesian lower credible limits
In this subsection, we consider the one-sided M-Bayesian lower credible limits of Ri (i= 1,2, ...,k).
We thus first give the definition of one-sided M-Bayesian lower credible limit of Ri.

Definition 2. Let R̂iBL(a,b) be continuous, if∫∫
D

∣∣R̂iBL(a,b)
∣∣π(a,b)dadb < ∞, i = 1,2, ...,k,

then
R̂iMBL =

∫∫
D

R̂iBL(a,b)π(a,b)dadb, i = 1,2, ...,k,

is called the one-sided modified Bayesian (M-Bayesian) lower credible limit of the reliability
Ri, where D = {(a,b)|1 < a < c,0 < b < 1} is the domain of a and b, R̂iBL(a,b) is the one-sided
Bayesian lower credible limit of Ri with hyper-parameters a and b, π(a,b) is the pdf of hyper-
parameters a and b in the region D.

We have the following theorem about one-sided M-Bayesian lower credible limits of Ri, for
the proof see Appendix C.
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Theorem 3. For the zero-failure data (ti,ni) i = 1,2, ...,k, if the prior density function of Ri is
given by (1), then under the credible level of 1−α (0 < α < 1), for the three different joint prior
distributions (3) to (5) of the hyper-parameters a and b, the corresponding one-sided M-Bayesian
lower credible limits of Ri are, respectively,

R̂iMBL1 =
2

(c−1)2

∫ 1

0

∫ c

1

(c−a)(a+ si)

a+ si +bF1−α(2b,2(a+ si))
dadb, i = 1,2, ...,k,

R̂iMBL2 =
1

c−1

∫ 1

0

∫ c

1

a+ si

a+ si +bF1−α(2b,2(a+ si))
dadb, i = 1,2, ...,k,

R̂iMBL3 =
2

c2 −1

∫ 1

0

∫ c

1

a(a+ si)

a+ si +bF1−α(2b,2(a+ si))
dadb, i = 1,2, ...,k.

The one-sided M-Bayesian lower credible limits in Theorem 3 can be evaluated by the Monte
Carlo Integration method. Furthermore, the analysis results of the Monte Carlo simulation show
that the one-sided M-Bayesian lower credible limits have the following properties.

Corollary 3. In Theorem 3, for the one-sided M-Bayesian lower credible limits R̂iMBL j (i =
1,2, ...,k, j = 1,2,3), the following two properties are hold almost surely,

(1) For the specified i, R̂iMBL1 < R̂iMBL2 < R̂iMBL3,

(2) For the specified i, lim
si→∞

R̂iMBL1= lim
si→∞

R̂iMBL2= lim
si→∞

R̂iMBL3.

5 Numerical analysis

5.1 Simulation study

In this subsection, simulation study is conducted to investigate the performance of the point
estimators of Ri (including E-Bayesian and hierarchical estimators). According to the Theorems
1 and 2 in Section 3, by simulating the value of si (i = 1,2, ...,6), we can obtain the E-Bayesian
estimators R̂iEB j ( j = 1,2,3), and the hierarchical Bayesian estimators R̂iHB j ( j = 1,2,3). The
results of each R̂iEB j, R̂iHB j are shown in Tables 1 and 2, respectively.

It is clearly that from Tables 1 and 2, for the fixed i (i = 1,2, ...,k), the E-Bayesian estimators
R̂iEB j ( j = 1,2,3) are very close to each other for different values of c (4, 5, 6, 7, 8). In addition,
the same conclusion is suitable for the hierarchical Bayesian estimators R̂iHEB j ( j = 1,2,3). This
indicates that R̂iEB j, R̂iHB j ( j = 1,2,3) are all robust for different values of c. Therefore, in
practical application, we can take the midpoint of interval [4, 8] as the value of c, i.e., c = 6.
Besides, since R̂iEB j, R̂iHB j ( j = 1,2,3) are all robust for the specified c (4, 5, 6, 7, 8) under
three different joint prior distributions of hyper-parameters a and b, in order to reduce the
computational complexity, we thus suggest that the uniform distribution (??) can be used as
the joint prior distribution of a and b. Finally, for the same values of c and i, the E-Bayesian
estimators R̂iEB j are very close to hierarchical Bayesian estimators R̂iHB j, thus the E-Bayesian
method is preferred to estimate the reliability Ri.
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Table 1: The Monte Carlo simulation results of R̂iEB j ( j = 1,2,3) for different values of c.
c

si R̂iEB j 4 5 6 7 8
1000 R̂iEB1 0.999501 0.999501 0.999502 0.999502 0.999502

R̂iEB2 0.999502 0.999502 0.999502 0.999502 0.999503
R̂iEB3 0.999502 0.999502 0.999502 0.999503 0.999503

500 R̂iEB1 0.999005 0.999006 0.999007 0.999007 0.999008
R̂iEB2 0.999006 0.999007 0.999008 0.999009 0.999010
R̂iEB3 0.999007 0.999008 0.999009 0.999011 0.999012

100 R̂iEB1 0.995130 0.995145 0.995161 0.995176 0.995191
R̂iEB2 0.995153 0.995176 0.995199 0.995222 0.995244
R̂iEB3 0.995167 0.995197 0.995226 0.995256 0.995285

50 R̂iEB1 0.990504 0.990563 0.990620 0.990677 0.990732
R̂iEB2 0.990593 0.990679 0.990762 0.990844 0.990924
R̂iEB3 0.990646 0.990756 0.990864 0.990970 0.991074

20 R̂iEB1 0.977918 0.978223 0.978516 0.978798 0.979069
R̂iEB2 0.978385 0.978821 0.979234 0.979627 0.980001
R̂iEB3 0.978665 0.979219 0.979747 0.980249 0.980726

10 R̂iEB1 0.960392 0.961329 0.962204 0.963025 0.963797
R̂iEB2 0.961847 0.963139 0.964322 0.965412 0.966419
R̂iEB3 0.962720 0.964345 0.965835 0.967202 0.968459

5.2 An illustrative example

In this subsection, we present a real data set to assess the performances of the proposed methods
for estimating reliability based on zero-failure data. We consider the zero-failure data of type-I
censored life testing of engines from Han (2007), which is listed in Table 3 (time unit: hour).

According to the results of simulation study, we select c = 6 as a supper limit of the hyper-
parameter a. Therefore, according to the Theorems 1 and 2, we can easily obtain the E-Bayesian
estimators R̂iEB j ( j = 1,2,3), and the hierarchical Bayesian estimators R̂iHB j ( j = 1,2,3) of Ri

at each censoring time ti (i = 1,2, ...,9). The results are provided in Table 4 and Figure 1,
respectively.

By Theorem 3, with different credible levels 1 − α=0.99, 0.95, 0.9, 0.85, 0.8, 0.75, 0.7,
and taking c =6 as a upper limit of hyper-parameter a, we can then obtain the one-sided M-
Bayesian lower credible limits R̂iMBL j ( j = 1,2,3) of Ri at each censoring time ti (i = 1,2, ...,9).
The corresponding results are presented in Table 5 and Figures 2 and 3.

According to the Table 5 and Figures 2 and 3, we can see that the one-sided M-Bayesian
lower credible limits of Ri satisfy the Corollary 3 under the same credible level 1-α. In addition,
Table 5 and Figures 2 and 3 show that there ia a very small difference among the three kinds of
one-sided M-Bayesian lower credible limits of Ri.



200 Yuting Jiang and Xuefeng Feng

Table 2: The Monte Carlo simulation results of R̂iHB j ( j = 1,2,3) for different values of c.
c

si R̂iHB j 4 5 6 7 8
1000 R̂iHB1 0.999845 0.999841 0.999838 0.999835 0.999832

R̂iHB2 0.999839 0.999834 0.999830 0.999827 0.999823
R̂iHB3 0.999836 0.999830 0.999825 0.999821 0.999817

500 R̂iHB1 0.999655 0.999645 0.999638 0.999631 0.999624
R̂iHB2 0.999641 0.999630 0.999620 0.999612 0.999604
R̂iHB3 0.999633 0.999620 0.999608 0.999598 0.999590

100 R̂iHB1 0.997749 0.997690 0.997640 0.997596 0.997556
R̂iHB2 0.997660 0.997590 0.997530 0.997480 0.997438
R̂iHB3 0.997612 0.997528 0.997460 0.997406 0.997357

50 R̂iHB1 0.994988 0.994876 0.994785 0.994704 0.994732
R̂iHB2 0.994813 0.994685 0.994589 0.994506 0.994639
R̂iHB3 0.994717 0.994572 0.994464 0.994377 0.994444

20 R̂iHB1 0.986136 0.985793 0.985880 0.985824 0.985802
R̂iHB2 0.985863 0.985751 0.985707 0.985708 0.985757
R̂iHB3 0.985725 0.985623 0.985605 0.985642 0.985728

10 R̂iHB1 0.971898 0.972036 0.972229 0.972512 0.972796
R̂iHB2 0.971990 0.972361 0.972809 0.973292 0.973778
R̂iHB3 0.972052 0.972548 0.973145 0.973780 0.974458

Table 3: The zero-failure data of some engine.
i 1 2 3 4 5 6 7 8 9
ti 250 450 650 850 1050 1250 1450 1650 1850
ni 3 3 3 3 4 4 4 4 4
si 32 29 26 23 20 16 12 8 4

Table 4: The estimators of R̂iEB j, R̂iHB j ( j = 1,2,3) of reliability of some engine at ti (i = 1,2, ...,9) (c = 6).
ti 250 450 650 850 1050 1250 1450 1650 1850

R̂iEB1 0.985833 0.984515 0.982926 0.980974 0.978516 0.974040 0.967197 0.955402 0.930041
R̂iHB1 0.991436 0.990469 0.989283 0.987794 0.985878 0.982282 0.976559 0.966194 0.942310
R̂iEB2 0.986152 0.984895 0.983386 0.981541 0.979234 0.975075 0.968815 0.958294 0.936684
R̂iHB2 0.991199 0.990233 0.989053 0.987583 0.985706 0.982230 0.976807 0.967228 0.946544
R̂iEB3 0.986381 0.985167 0.983715 0.981974 0.979747 0.975814 0.969971 0.960359 0.941430
R̂iHB3 0.991053 0.990087 0.988911 0.987453 0.985601 0.982198 0.976961 0.967968 0.949221
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Figure 1: E-Bayesian estimators R̂iEB j and hierarchical Bayesian estimators R̂iHB j of reliability Ri.
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Figure 2: One-sided M-Bayesian lower credible limits of reliability Ri at different credible level 1-α.
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Figure 3: One-sided M-Bayesian lower credible limits of reliability Ri for different credible level at each
censoring time.
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Table 5: One-sided M-Bayesian credible lower limits of Ri for different credible levels 1-α (c =6).
1−α

ti si R̂iHB j 0.99 0.95 0.90 0.85 0.80 0.75 0.7
250 32 R̂iMBL1 0.903628 0.939340 0.953827 0.961854 0.967281 0.971307 0.974455

R̂iMBL2 0.905528 0.940475 0.954643 0.962491 0.967797 0.971732 0.974809
R̂iMBL3 0.906885 0.941285 0.955226 0.962947 0.968166 0.972036 0.975062

450 29 R̂iMBL1 0.895819 0.934663 0.950460 0.959222 0.965150 0.969549 0.972990
R̂iMBL2 0.898069 0.936012 0.951431 0.959981 0.965765 0.970056 0.973413
R̂iMBL3 0.899677 0.936976 0.952125 0.960523 0.966204 0.970419 0.973715

650 26 R̂iMBL1 0.886458 0.929035 0.946401 0.956046 0.962577 0.967424 0.971220
R̂iMBL2 0.889164 0.930665 0.947576 0.956965 0.963322 0.968041 0.971733
R̂iMBL3 0.891098 0.931828 0.948415 0.957622 0.963854 0.968480 0.972099

850 23 R̂iMBL1 0.875030 0.922131 0.941412 0.952138 0.959408 0.964807 0.969039
R̂iMBL2 0.878347 0.924138 0.942863 0.953275 0.960330 0.965571 0.969673
R̂iMBL3 0.880716 0.925571 0.943898 0.954086 0.960988 0.966144 0.970127

1050 20 R̂iMBL1 0.860764 0.913460 0.935132 0.947212 0.955410 0.961503 0.966282
R̂iMBL2 0.864925 0.915993 0.936967 0.948652 0.956579 0.962472 0.967088
R̂iMBL3 0.867897 0.917803 0.938278 0.949681 0.957414 0.963162 0.967662

1250 16 R̂iMBL1 0.835142 0.897735 0.923696 0.938223 0.948103 0.955459 0.961235
R̂iMBL2 0.841038 0.901365 0.926340 0.940303 0.949794 0.956858 0.962404
R̂iMBL3 0.845249 0.903960 0.928228 0.941788 0.951002 0.957861 0.963236

1450 12 R̂iMBL1 0.796842 0.873848 0.906212 0.924428 0.936862 0.946142 0.953443
R̂iMBL2 0.805837 0.879485 0.910348 0.927695 0.939525 0.948351 0.955288
R̂iMBL3 0.812262 0.883514 0.913301 0.930027 0.941428 0.949932 0.956608

1650 8 R̂iMBL1 0.733382 0.833161 0.876101 0.900522 0.917297 0.929874 0.939803
R̂iMBL2 0.748753 0.843100 0.883482 0.906394 0.922107 0.933878 0.943158
R̂iMBL3 0.759733 0.850202 0.888754 0.910587 0.925544 0.936744 0.945559

1850 4 R̂iMBL1 0.608222 0.748032 0.811571 0.848596 0.874404 0.893959 0.909514
R̂iMBL2 0.640133 0.770141 0.828453 0.862237 0.885703 0.903440 0.917528
R̂iMBL3 0.662926 0.785934 0.840513 0.871982 0.893774 0.910220 0.923242
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6 Conclusion

This paper investigates point estimation and credible limits for the reliability of the binomial
distribution in the case of zero-failure data from a Bayesian perspective.

For the point estimation of reliability based on zero-failure data, the authors consider the E-
Bayesian and hierarchical Bayesian estimators, utilizing three different joint prior distributions
for the two hyper-parameters in the prior distribution of reliability. Besides, closed-form ex-
pressions for the E-Bayesian estimators of reliability are obtained, and the hierarchical Bayesian
estimators are evaluated using the Monte Carlo simulation method. The results of numerical
examples and a real example indicate that both the E-Bayesian estimators and hierarchical
Bayesian estimators are robust for different values of the upper bound c. Therefore, we suggest
selecting the midpoint of integer interval [4, 8] as the value of the upper bound c in applications,
namely, c=6. Besides, compared to the hierarchical Bayesian estimation method, the E-Bayesian
estimation method is much easier to implement in practical engineering applications.

To obtain the credible limits of reliability based on zero-failure data, we study the one-sided
M-Bayesian lower credible limits of reliability using three different joint prior distributions for
two hyper-parameters. We propose estimation expressions for these one-sided M-Bayesian lower
credible limits and discuss the properties of these estimators. The results of an illustrative
example show that the proposed one-sided M-Bayesian lower credible limits perform excellently,
and the properties of these estimators are stable.
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Appendix A

The proof of Theorem 1. (i) For the zero-failure data (ti,ni) (i = 1,2, ...,k) from the k times
type-I censored life testing. The likelihood function of Ri is

L(0|Ri) = Rsi
i , i = 1,2, ...,k.

We thus according to the Bayesian theorem, the posterior density function of Ri can be given
by,

π(Ri|si) =
L(0|Ri)π(Ri|a,b)∫ 1

0 L(0|Ri)π(Ri|a,b)dRi
=

Rsi+a−1
i (1−Ri)

b−1

B(si +a,b)
, i = 1,2, ...,k,
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this indicates that the posterior distribution of Ri is the Beta(si +a,b) distribution. Therefore,
using the squared error loss function, the Bayesian estimator of Ri is

R̂iB(a,b) =
∫ 1

0
Riπ(Ri|si)dRi =

1
B(si +a,b)

∫ 1

0
Rsi+a

i (1−Ri)
b−1dRi =

si +a
si +a+b

, i = 1,2, ...,k.

(ii) If the prior distributions of hyper-parameters a and b is presented by (3) to (5), then
according to the Definition 1, the E-Bayesian estimators of Ri can be provided as, respectively,

R̂iEB1 =
∫ c

1

∫ 1

0

si +a
si +a+b

· 2(c−a)
(c−1)2 dbda

=
2

(c−1)2

[∫ c

1
(si +a)(c−a) ln(si +a+1)da−

∫ c

1
(si +a)(c−a) ln(si +a)da

]
=

2
(c−1)2 [G1(si,c)−G2(si,c)],

R̂iEB2 =
∫ c

1

∫ 1

0

si +a
si +a+b

· 1
c−1

dbda

=
1

c−1

[∫ c

1
(si +a) ln(si +a+1)da−

∫ c

1
(si +a) ln(si +a)da

]
=

1
c−1

[G3(si,c)−G4(si,c)],

and

R̂iEB3 =
∫ c

1

∫ 1

0

si +a
si +a+b

· 2a
c2 −1

dbda

=
2

c2 −1

[∫ c

1
a(si +a) ln(si +a+1)da−

∫ c

1
a(si +a) ln(si +a)da

]
=

2
c2 −1

[G5(si,c)−G6(si,c)],

where

G1(si,c) =
1
2
(si + c+2)q1(si,c)− (si + c+1)q2(si,c)−

1
3

q3(si,c),

G2(si,c) =
1
2
(si + c)q4(si,c)−

1
3

q5(si,c),

G3(si,c) =
1
2

q1(si,c)−q2(si,c),

G4(si,c) =
1
2

q4(si,c),

G5(si,c) =−1
2
(si +2)q1(si,c)+(si +1)q2(si,c)+

1
3

q3(si,c),

G6(si,c) =
1
3

q5(si,c)−
si

2
q4(si,c),
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q1(si,c) = (si + c+1)2
[

ln(si + c+1)− 1
2

]
− (si +2)2

[
ln(si +2)− 1

2

]
,

q2(si,c) = (si + c+1) [ln(si + c+1)−1]− (si +2) [ln(si +2)−1] ,

q3(si,c) = (si + c+1)3
[

ln(si + c+1)− 1
3

]
− (si +2)3

[
ln(si +2)− 1

3

]
,

q4(si,c) = (si + c)2
[

ln(si + c)− 1
2

]
− (si +1)2

[
ln(si +1)− 1

2

]
,

q5(si,c) = (si + c)3
[

ln(si + c)− 1
3

]
− (si +1)3

[
ln(si +1)− 1

3

]
.

Appendix B

The proof of Theorem 2. Since the hierarchical prior densities function of Ri are given by (6)
to (8), respectively, we then according to the Bayesian theorem, the posterior densities function
of Ri can be expressed as follows, respectively,

h1(Ri|si) =
L(0|Ri)π4(Ri)∫ 1

0 L(0|Ri)π4(Ri)dRi
=

∫ 1

0

∫ c

1
(c−a)

Rsi+a−1
i (1−Ri)

b−1

B(a,b)
dadb∫ 1

0

∫ c

1
(c−a)

B(a+ si,b)
B(a,b)

dadb
, i = 1,2, ...,k,

h2(Ri|si) =
L(0|Ri)π5(Ri)∫ 1

0 L(0|Ri)π5(Ri)dRi
=

∫ 1

0

∫ c

1

Rsi+a−1
i (1−Ri)

b−1

B(a,b)
dadb∫ 1

0

∫ c

1

B(a+ si,b)
B(a,b)

dadb
, i = 1,2, ...,k,

h3(Ri|si) =
L(0|Ri)π6(Ri)∫ 1

0 L(0|Ri)π6(Ri)dRi
=

∫ 1

0

∫ c

1
a

Rsi+a−1
i (1−Ri)

b−1

B(a,b)
dadb∫ 1

0

∫ c

1
a

B(a+ si,b)
B(a,b)

dadb
, i = 1,2, ...,k.

We therefore use the square error loss function, the corresponding hierarchical Bayesian estima-
tor of Ri can be presented as, respectively,
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R̂iHB1 =
∫ 1

0
Rih1(Ri|si)dRi =

∫ 1

0

∫ c

1
(c−a)

B(a+ si +1)
B(a,b)

dadb∫ 1

0

∫ c

1
(c−a)

B(a+ si,b)
B(a,b)

dadb
, i = 1,2, ...,k,

R̂iHB2 =
∫ 1

0
Rih2(Ri|si)dRi =

∫ 1

0

∫ c

1

B(a+ si +1)
B(a,b)

dadb∫ 1

0

∫ c

1

B(a+ si,b)
B(a,b)

dadb
, i = 1,2, ...,k,

R̂iHB3 =
∫ 1

0
Rih3(Ri|si)dRi =

∫ 1

0

∫ c

1
a

B(a+ si +1)
B(a,b)

dadb∫ 1

0

∫ c

1
a

B(a+ si,b)
B(a,b)

dadb
, i = 1,2, ...,k.

Appendix C
The proof of Theorem 3. For the three different prior densities function π1(a,b),π2(a,b),π3(a,b)
of hyper-parameters a and b shown in (3) to (5), respectively, taking use of the Definition 2 and
formula (9) of the Corollary 2, the one-sided M-Bayesian lower credible limits of Ri are given
by, respectively

R̂iMBL1 =
∫∫

D
R̂iB(a,b)π1(a,b)dadb =

2
(c−1)2

∫ 1

0

∫ c

1

(c−a)(a+ si)

a+ si +bF1−α(2b,2(a+ si))
dadb, i = 1,2, ..,k,

R̂iMBL2 =
∫∫

D
R̂iB(a,b)π2(a,b)dadb =

1
c−1

∫ 1

0

∫ c

1

a+ si

a+ si +bF1−α(2b,2(a+ si))
dadb, i = 1,2, ..,k,

R̂iMBL3 =
∫∫

D
R̂iB(a,b)π3(a,b)dadb =

2
c2 −1

∫ 1

0

∫ c

1

a(a+ si)

a+ si +bF1−α(2b,2(a+ si))
dadb, i = 1,2, ..,k.
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Abstract. We develop a new class of flexible replicated measurement error models (RMEM)
based on the normal two-piece scale mixture (TP-SMN) family to model the distribution of the
latent variable. In the proposed approach, the replicated observations are jointly modeled by a
mixture of two components from a scale mixture skew-normal (SMSN) density. The flexibility of
this class can enable the simultaneous accommodation of skewness, outliers, and multimodality.
The proposed connection between the unobserved covariates and the response facilitates the
construction of an EM-type algorithm to perform maximum likelihood estimation. The effec-
tiveness of the maximum likelihood estimations is studied through the simulation studies. Also,
the method is applied to analyze continuing survey data on food intake by individuals on diet
habits.

Keywords: ECM algorithm; Equation error; Replicated measurement error model; Two-piece scale mix-
ture normal.

1 Introduction
A broad coverage of the measurement error model (MEM) has been extensively studied in the
literature; see, for example, Carroll et al. (2006), Cheng and Van Ness (1999), Fuller (1987),
Gustafson (2004) and Buonaccorsi (2010). These studies assumed that the distribution of the
random errors and the unobserved covariate is Gaussian, which is sometimes not feasible as
the model is sensitive to skewness, outliers, and unobserved heterogeneity in the data. In the
context of MEMs, this can lead to some particular problems for these types of models. First,
a non-identifiability problem in normal MEMs (Reiersol (1950)) can occur because one can
not establish a single relationship between the parameters of the jointly distribution of the ob-
servations and the parameters of the model, consequently, no consistent estimator of the key
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parameter, i.e., slope parameter, exists. To avoid this difficulty we may use prior knowledge
of the error variances or make some assumptions on the error variances in advance, while such
prior knowledge/assumptions are usually not easy to justify. Fortunately, the non-identifiability
problem can be overcome in the case of replicated measurement error models (RMEMs) as the
error variances can be estimated separately or together with other parameters. In this case, we
refer the reader to Chan and Mak (1979), Isogawa (1985), and Lin et al. (2004). Second, re-
cently, Lin and Cao (2013) considered a new replicated structural MEM in which the replicated
observations jointly follow scale mixtures of normal (SMN) distributions. The scale mixture
normal replicated measurement error model (SMN-RMEM) provides an appealing robust alter-
native to the usual model based on normal distributions, which also takes advantage of SMN
distributions to accommodate extreme and outlying observations. Cao et al. (2015) considered
models containing both error-prone covariates and predictors measured without errors, under
multivariate SMN-RMEM, providing appealing robust and adaptable alternatives to the usual
Gaussian assumptions. Third, the normality assumption and even SMN distributions, however,
may be violated when a data set contains asymmetric outcomes. Cao et al. (2018) developed a
new RMEM in the class of scale mixtures of skew-normal (SMSN) distributions. There can still
be problems related to the simultaneous occurrence of skewness, discrepant observations, and
multimodality.
Unlike other constructions in RMEMs, our model is formulated by replacing the normal as-
sumption of the classical formulations by a more flexible class of distributions, called two-piece
scale mixture normal (TP-SMN) distributions for one of the components, while retaining SMN
for the others. Specific distributions in this family, including univariate versions of two-piece
normal (TP-N), two-piece t (TP-T) with ν degrees of freedom, two-piece slash (TP-SL) and
two-piece contaminated normal (TP-CN), are examined for the unobserved value of the covari-
ates. In this approach, latent covariates and random observational errors are jointly modeled by
a two-component mixture of SMSN densities. However, we view our construction as based on
the TP-SMN assumption, as highlighted by the title, while the two-component SMSN likelihood
is a mathematical implication of the assumption. Moreover, unlike a similar model previously
proposed by Cao et al. (2018), the SMSN and TP-SMN families have different properties (for
example, different tail behavior). In addition, numerical stability might also be a property that
could be used to motivate our proposed model for the explanatory variable. This means that es-
timating the skewness parameter in the TP-SMN class of distributions is often easier, and more
stable than estimating the shape parameter in the SMSN family (which controls the asymmetry,
tails, location of the mode, and spread of the density).
The rest of this paper is organized as follows. Section 2 gives a brief description of the TP-SMN
and SMSN distributions. Section 3, the replicated structural measurement error model with
TP-SMN distributions (TP-SMN-RMEM) is defined, Proposition 3.1 represents the main result
for this section. In Section 4, the advantages in terms of efficiency and robustness of MLEs of
model (4) based on the ECM technique studied by Meng and Rubin (1993) are considered. A
closed form expression is also obtained for the asymptotic covariance matrix of the ML esti-
mators. In Section 5, the performance of the model and the importance of equation error are
examined via simulation studies. Section 6 applies the model to analyze the inner relationship
between saturated fat and caloric intake in CSFII data. Some conclusions are given in Section
7.
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2 Asymmetric heavy-tailed distributions
2.1 Two-piece scale mixture normal (TP-SMN) distributions
Following Andrews and Mallows (1974) the pdf of random variable X ∼ SMN(µ,σ ,ν) is denoted
as,

fSMN(x; µ,σ ,ν) =
∫ ∞

0
ϕ
(
x; µ,κ(u)σ2)dH(u;ν), y ∈ R,

where ϕ(.; µ,σ2) represents the pdf of N(µ,σ2) distribution, H(.;ν) is the cdf of the scale mixing
random variable U which is indexed by parameter ν. Also, X ∼ SMN(µ,σ ,ν) has the stochastic
representation given by

X d
= µ +σκ1/2(U)W, x ∈ R,

where W follows the standard normal distribution and is assumed to be independent of U .
The TP-SMN family is an analogy and alternative to the SMSN family, which contains the

light/heavy-tailed and symmetry/asymmetry members including the TP-N, TP-t, TP-SL, and
TP-CN distributions.

Definition 1. Following a general two-piece distribution from Arellano-Valle et al. (2005), the
pdf of random variable Y ∼ T P−SMN(µ,σ ,γ,ν) for y ∈ R can be defined as,

fT P−SMN(y; µ,σ ,γ,ν) =

{
2(1− γ) fSMN(y; µ,σ(1− γ),ν), I(−∞,µ](y)
2γ fSMN(y; µ,σγ ,ν), I[µ,∞)(y),

(1)

where γ ∈ (0,1) is the slant parameter, IA(x) denotes the indicator function of the set A.

Maleki and Mahmoudi (2017) studied the MLE problem for the parameters of the TP-
SMN family using an EM-type algorithm. Barkhordar et al. (2022) proposed and examined
the performance of a Bayesian approach for a homoscedastic nonlinear regression (NLR) model
assuming errors with TP-SMN distributions. Maleki et al. (2019c) and Hoseinzadeh et al. (2021)
examined the performance of the TP-SMN family in the context of NLR models (TP-SMN-NLR)
using an EM-type algorithm to obtain MLEs for the parameters. Zarei et al. (2022) developed
a general class of robust mixture regression model based on two-piece scale mixtures of normal
distributions (TP-SMN) . For more details of stochastic representations, statistical inferences,
and applications of the TP-SMN family, see Maleki et al. (2019d), Moravveji et al. (2019),
Arellano-Valle et al. (2020), and Ghasami et al. (2020).

Corollary 1. Let Y ∼ T P−SMN(µ,σ ,γ,ν), then Y has a stochastic representation given by,

i. Y d
= µ +σκ1/2(U)WγV , where V is a continuous random variable with density function

2ϕ(v)I[0,∞)(v), the standard half-normal density, and Wγ is an independent discrete random
variable with probability function

p(w;γ) = γ(1+s)/2(1− γ)(1−s)/2I{−1,1}(s), (2)

with s = sign(w). Equivalently, if Y d
= µ +σWγ |X |, where X ∼ SMN(0,1,ν) and is indepen-

dent of Wγ , then Y ∼ T P−SMN(µ,σ ,γ,ν).
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2.2 Examples of the TP-SMN distributions

In this section, we present some members of the TP-SMN family which are examined for the
unobserved value of the covariates. We consider the case where κ(u) = 1/u.
Two-piece normal distribution Two-piece normal, TP-N(µ,σ ,γ), distribution is obtained
from Eq. (1) when P(U = 1) = 1.

f (y; µ,σ ,γ,ν) =

{
2(1− γ)ϕ(y; µ,σ2(1− γ)2), I(−∞,µ](y),
2γϕ(y; µ,σ2γ2), I[µ,∞)(y).

Arellano-Valle et al. (2020) studied the main properties of the TP-N distribution.
Two-piece t distribution The pdf of a two-piece t distribution with ν degree of freedom,
TP-t(µ,σ ,γ,ν) say, is derived from Eq. (1) by taking U to be distributed as Gamma(ν/2,ν/2),
ν > 0.

f (y; µ,σ ,γ,ν) =


2 Γ( ν+1

2 )

Γ( ν
2 )
√

νπσ

(
1+ 1

ν (
y−µ

σ(1−γ))
2
)− ν+1

2
, I(−∞,µ](y),

2 Γ( ν+1
2 )

Γ( ν
2 )
√

νπσ

(
1+ 1

ν (
y−µ
σγ )

2
)− ν+1

2
, I[µ,∞)(y).

Two-piece slash distribution Two-piece slash distribution, denoted by TP-SL(µ,σ ,γ,ν),
arises when U has Beta(ν ,1) distribution. The TP-SL pdf is then given by

f (y; µ,σ ,γ,ν) =

{
2ν(1− γ)

∫ 1
0 uν−1ϕ(y; µ,u−1σ2(1− γ)2)du, I(−∞,µ](y),

2νγ
∫ 1

0 uν−1ϕ(y; µ,u−1σ2γ2)du, I[µ,∞)(y).

Two-piece contaminated normal distribution Another member of the TP-SMN family is
known as the two-piece contaminated normal distribution, and denoted by T P−CN(µ,σ ,γ,ν1,ν2),
arises when U is a discrete random variable with probability function

h(u;ν1,ν2) = ν1I(u=ν2)+(1−ν1)I(u=1), where 0 < νi < 1 for i = 1,2.

In this case, the random variable Y has pdf given by

f (y; µ,σ ,γ,ν) =

{
2(1− γ)(1−ν1)ϕ(y; µ,σ2(1− γ)2), I(−∞,µ](y),
2γν1ϕ(y; µ,ν−1

2 σ2γ2), I[µ,∞)(y).

2.3 Scale mixture skew-normal distributions

Following Branco and Dey (2001) a random vector Y has a multivariate scale mixture skew-
normal distribution (SMSN) with location vector µ, positive definite scale matrix Ω and skew-
ness/shape vector λ, denoted by Y ∼ SMSNp(µ,Ω,λ,ν), if its pdf is given by

fSMSN(y;µ,Ω,λ,ν) =
∫ ∞

0
2ϕp (y;µ,κ(u)Ω)Φ

(
κ−1/2(u)A

)
dH(u;ν),
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where A = λ⊤Ω− 1
2 (y−µ). The SMSN random vector Y can be introduced as the location-scale

transformation, following the stochastic representation given by

Y = µ+κ1/2(U)Ω
1
2 X, (3)

where following Arellano-Valle and Genton (2005), the random vector X has a multivariate
skew-normal (SN) distribution denoted by X ∼ SNp(0,Ip,λ) with the pdf given by

fSN(x;0,Ip,λ) = 2ϕp(x;Ip,λ)Φ(λ⊤x), x ∈ Rp.

From (3) it follows straightforward that Y|U = u ∼ SNp(µ,κ(u)Ω,λ). Thus, using Eq.(3), it can
be shown that the mean vector and variance-covariance matrix of Y are given, respectively, by

E(Y) = µ+

√
2
π

E
(

κ
1
2 (U)

)
∆,

V (Y) = E(κ(U))Ω− 2
π

E
(

κ
1
2 (U)

)2
∆∆⊤.

where δ = λ/(1+λ⊤λ)
1/2, and ∆=Ω1/2δ.

3 The TP-SMN structural RMEM

The proposed model can be described below. Suppose that we observe (Xt ,Yt), as surrogates of
true (latent) unobserved variables (xt ,yt), plus additive measurement errors (δt ,ξt), that is, they
satisfy an incomplete linear relationship yt = α +βxt + et , in which the equation error et means
that in some situations, the true variables are not perfectly related if factors other than xt are
responsible for the variation in yt . Note that the equation error does not need to exist, which
means that et = 0. In this case, the model is known as a no-equation-error model. Suppose that
xt and yt are observed p and q times (respectively) to make replicated observations X (i)

t and Y ( j)
t .


X (i)

t = xt +δ (i)
t , i = 1, . . . , p,

Y ( j)
t = yt +ξ ( j)

t , j = 1, . . . ,q,
yt = α +βxt + et , t = 1, . . . ,n.

(4)

By introducing the vectors Zt = (X⊤
t ,Y⊤

t )
⊤, where Xt = (X (1)

t , . . . ,X (p)
t )

⊤
and Yt = (Y (1)

t , . . . ,Y (q)
t )

⊤
,

and ϵt = (δ (1)
t , . . . ,δ (p)

t ,et + ξ (1)
t , . . . ,et + ξ (q)

t )⊤, a = (0⊤p ,α1⊤q )⊤ , b = (1⊤p ,β1⊤q )⊤. Model (4) can
be written compactly as

Zt = a+bxt +ϵt . (5)

Thus, from Eq. (5) the distribution of Zt becomes specified once the joint distribution of
rt = (xt ,ϵt

⊤)
⊤ is specified. To obtain robust estimation of the parameters, we propose to replace
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the normal assumption by

Ut
iid∼ H(u;ν), t = 1, . . . ,n,

xt |Ut = ut
iid∼ T P−N(µx,u

−1/2
t σx,γx), i.e., xt

iid∼ T P−SMN(µx,σx,γx,ν),

δ (i)
t |Ut = ut

iid∼ N(0,u−1
t ϕδ ), i.e., δ (i)

t
iid∼ SMN(0,ϕδ ,ν), (6)

ξ ( j)
t |Ut = ut

iid∼ N(0,u−1
t ϕξ ), i.e., ξ ( j)

t
iid∼ SMN(0,ϕξ ,ν),

et |Ut = ut
iid∼ N(0,u−1

t ϕe), i.e., et
iid∼ SMN(0,ϕe,ν),

which we call the two-piece scale mixture replicated measurement error model (TP-SMN-RMEM).
From (5) and (6), since for each t, xt and ϵt are indexed by the same scale mixing factor Ut ,
they are not independent. However, xt and ϵt are conditionally independent, which implies
cov(xt ,ϵt |Ut) = 0. Model (4) can be specified equivalently in the hierarchical form as

Zt |xt ,Ut = ut
iid∼ Nm(a+bxt ,u−1

t Σ),

xt |Ut = ut
iid∼ T P−N(µx,u

−1/2
t σx,γx), (7)

Ut
iid∼ H(ut ;ν),

where m = p+q, c = (0⊤p ,1⊤q )⊤, D(.) denotes a diagonal matrix and Σ is a m×m block matrix
as follows

Σ= D(ϕ)+ϕecc⊤ =

[
Σδ 0
0 Σe,ξ

]
, (8)

with Σδ = ϕδ Ip and Σe,ξ = ϕξ Iq +ϕe1q1q
⊤.

The following proposition represents the main result for this section. The vector of parame-
ters is denoted by θ = (α,β ,µx,σx,γx,ϕe,ϕδ ,ϕξ )

⊤.

Proposition 1. Under the hierarchical representation defined by (7), the observed random
vectors (z1, . . . ,zn) are drawn independently from the common distribution given by

f (zt ;θ) = γx fSMSN(zt ;µ,Ωγx ,λγx ,ν)

+(1− γx) fSMSN(zt ;µ,Ω1−γx ,−λ1−γx ,ν), zt ∈ Rm, (9)

where

µ= a+bµx,

Ωγx =Σ+ γx
2σ2

x bb⊤,

λγx =
γxσ x√

1−σ2
x γ2

x b⊤Ω−1
γx b

Ω
−1/2
γx b.

Similarly, Ω1−γx and λ1−γx could be defined by using 1− γx instead of γx.
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Using the well-known Sherman-Morrison formula

Ω−1
γx

=
(
Σ+σ2

x γ2
x bb⊤

)−1
=Σ−1 − γ2

x σ2
x Σ

−1bb⊤Σ−1

1+σ2
x γ2

x b⊤Σ−1b
.

Since we assume that xt ∼ T P− SMN(µx,σx,γx,ν), based on Corollary 1, the stochastic repre-
sentation of xt is xt

iid
= µx +U−1/2

t wtvt for wt ∈ {γx,−(1− γx)}, which is a random variable with
probability function p(wt ;γx) given by (2), and vt ∼ HN(0,σ2

x ;(0,∞)), and Ut ∼ H(.;ν) then we
have the equivalent formulation of our model.

Proposition 2. The structural TP-SMN-RMEM defined by (7) has a hierarchical representation
as follows,

zt |vt ,wt ,ut
ind.∼ Nm(a+bµx +bvtwt ,u−1

t Σ),

vt |ut
i.d.d.∼ HN(0,u−1

t σ2
x ;(0,∞)),

wt
i.i.d.∼ p(.;γx), (10)

Ut
i.i.d.∼ H(.;ν),

where vt |ut and wt are independent variables, for t = 1, . . . ,n.

As a first consequence of Proposition 2, we compute the first two moments of the observation
variables zt . Using Corollary 1, equation (5) and the hierarchical representation given by (7),
we obtain

E(Zt) = E(E(Zt |xt)) = a+bµx +bσx(2γx −1)

√
2
π

E
(

U−1/2
t

)
,

var(Zt) = var(E(Zt |xt))+E(var(Zt |xt))

= E
(
U−1

t
)(

Σ+[γ3
x +(1− γx)

3]σ2
x bb⊤

)
− 2

π
E
(

U−1/2
t

)2
(2γx −1)2σ2

x bb⊤.

Denoting the t-th complete dataset by zct = {zt ,vt ,wt ,ut}, according to

f (zt ,vt ,w,ut ;θ) = f (zt |vt ,wt ,ut ;θ) f (vt |ut ;θ)p(wt ;γx)h(ut ;ν) (11)
= ϕm(zt ;a+bµx +bvtwt ,u−1

t Σ)

×2ϕ(vt ;0,u−1
t σ2

x )× γx
(1+st)/2(1− γx)

(1−st)/2I{−1,1}(st)h(ut ;ν),

which yields the following proposition.

Proposition 3. Let us represent the random vector zt ∼ T P−SMN−RMEM as (9), the structural
TP-SMN-RMEM defined by Proposition 2 and the joint distribution of (zt ,vt ,wt ,ut) admits (11),
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thus following that,

(i) p(wt |zt ;θ) =

{
πγxt i f wt = γx

π(1−γx)t i f wt =−(1− γx),

(ii) f (vt |wt ,ut ,zt ;θ) =
ϕ(vt ; µwt ,σ2

wt
(ut))

Φ(τwt (ut))
I{vt}(0,∞),

(iii) f (vt |ut ,zt ;θ) = πγxt(ut)
ϕ(vt ; µγxt ,σ2

γxt(ut))

Φ(τγxt(ut))
I{vt}(0,∞)

+π(1−γx)t(ut)
ϕ(vt ; µ(1−γx)t ,σ

2
(1−γx)t

(ut))

Φ(τ−(1−γx)t(ut))
I{vt}(0,∞),

(iv) f (ut |wt ,zt ;θ) =
ϕm(zt ;µ,u−1

t Ωwt )Φ(τwt (ut))h(ut ;ν)
fSMSN(zt ;µ,Ωwt ,λwt ,ν)

,

(v) f (ut |zt ;θ) =
γxϕm(zt ;µ,u−1

t Ωγx)Φ(τγxt(ut))h(ut ;ν)
f (zt ;θ)

+
(1− γx)ϕm(zt ;µ,u−1

t Ω1−γx)Φ(τ−(1−γx)t(ut))h(ut ;ν)
f (zt ;θ)

,

with wt = γx,−(1− γx), for t = 1, . . . ,n, leading to

µwt =
σ2

x wtb⊤Σ−1(zt −µ)

1+σ2
x w2

t b⊤Σ−1b
, σ2

wt
(ut) =

u−1
t σ2

x

1+σ2
x w2

t b⊤Σ−1b
,τwt (ut) =

µwt

σwt (ut)
,

πγxt =
γx fSMSN(zt ;µ,Ωγx ,λγx ,ν)

f (zt ;θ)
,

π(1−γx)t =
(1− γx) fSMSN(zt ;µ,Ω1−γx ,−λ1−γx ,ν)

f (zt ;θ)
,

πγxt(ut) =
γxϕm(zt ;µ,u−1

t Ωγx)Φ(τγxt(ut))

f (zt |ut ,θ)
,

π(1−γx)t(ut) =
(1− γx)ϕm(zt ;µ,u−1

t Ω1−γx)Φ(τ−(1−γx)t(ut))

f (zt |ut ,θ)
,

f (zt |ut ,θ) = γxϕm(zt ;µ,u−1
t Ωγx)Φ(τγxt(ut))

+(1− γx)ϕm(zt ;µ,u−1
t Ω1−γx)Φ(τ−(1−γx)t(ut)).

4 Maximum likelihood estimation via the EM algorithm
The advantages in terms of efficiency and robustness of MLEs of model (4) based on the ECM technique
studied by Meng and Rubin (1993) are considered. We start by considering the hierarchical representation
(10) and the fact that

p(wt ;γx) = γx
(1+st )/2(1− γx)

(1−st )/2I{−1,1}(st).
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Denoting the estimate of θ at the k-th iteration by θ̂(k) and zc = {z,v,w,u} be the complete dataset of
model (4), where z = {z1, . . . ,zn}, v = {v1, . . . ,vn}, w = {w1, . . . ,wn}, and u = {u1, . . . ,un}. With κ(ut) = 1/ut
and using the equation given by (11), the log-likelihood function for θ based on the t-th complete data,
zct , is in the following form

ℓ(θ|zc) =
n

∑
t=1

ℓ(θ|zct) =
n

∑
t=1

(
ℓzt |vt ,wt ,ut + ℓvt |ut + ℓwt

)
,

where

ℓzt |vt ,wt ,ut =−1
2

log(|2πu−1
t Σ|)− ut

2
(zt −a)⊤Σ−1 (zt −a)

+ut(zt −a)⊤Σ−1bµx +uwvt(zt −a)⊤Σ−1b

−uwvtb⊤Σ−1bµx −
ut

2
b⊤Σ−1bµ2

x −
uw2v2

t

2
b⊤Σ−1b,

ℓvt |ut =−1
2

log(2πu−1
t σ2

x )−
ut

2
v2

t

σ2
x
,

ℓwt =
1
2
(1+ st)logγx +

1
2
(1− st)log(1− γx).

Obviously, from equation (8), we have that |Σ|= ϕ p
δ ϕ q−1

ξ (ϕξ +qϕe), and

Σ−1 =

[
Σ11 0
0 Σ22

]
(12)

in which Σ11 = 1
ϕδ

Ip and Σ22 = 1
ϕξ

Iq − ϕe
ϕξ (ϕξ+qϕe)

1q1q
⊤. The constants that are independent of θ in the

above expressions can be ignored. The EM algorithm is constructed as follows. Given the current value
θ̂(k) of θ, the E-step of the EM algorithm calculates the Q-function defined by Q(θ|θ̂(k)) = ∑n

t=1 Qt(θ|θ̂(k))

Qt(θ|θ̂(k)) =− p
2

logϕδ −
q−1

2
logϕξ −

1
2

log(ϕξ +qϕe),

− 1
2

û(k)t

[
1

ϕδ

p

∑
i=1

X2(i)
t +

1
ϕξ

q

∑
j=1

(Y ( j)
t −α)

2
− q2ϕe

ϕξ (ϕξ +qϕe)
(Ȳt −α)

2

]

+ û(k)t µx

[
p

ϕδ
X̄t +

qβ
(ϕξ +qϕe)

(Ȳt −α)

]
+ ûwv(k)t

[
p

ϕδ
X̄t +

qβ
(ϕξ +qϕe)

(Ȳt −α)

]
− ûwv(k)t µx

[
p

ϕδ
+

qβ 2

(ϕξ +qϕe)

]
− 1

2
û(k)t µ2

x

[
p

ϕδ
+

qβ 2

(ϕξ +qϕe)

]
− 1

2
ûw2v2

(k)

t

[
p

ϕδ
+

qβ 2

(ϕξ +qϕe)

]
− logσx −

1
2σ2

x
ûv2

(k)
t +

1
2
(1+ ŝ(k)t )logγx +

1
2
(1− ŝ(k)t )log(1− γx), (13)
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in which Yt = (Y(1)
t , . . . ,Y(q)

t )
⊤

, µy = (α +β µx)1q, β = β1q. Furthermore, to obtain the Q-function, we
first need to calculate the following conditional expectations, which must be evaluated at θ = θ̂(k).
E-step:

ŝ(k)t = E
θ̂(k) {st |Zt = zt} ,

û(k)t = E
θ̂(k) {Ut |Zt = zt} ,

ûv2
(k)
t = E

θ̂(k)

{
Utv2

t |Zt = zt
}
,

ûwv(k)t = E
θ̂(k) {Utwtvt |Zt = zt} ,

ûw2v2
(k)

t = E
θ̂(k)

{
Utw2

t v2
t |Zt = zt

}
,

where E
θ̂(k) means that the expectation is computed at θ = θ̂(k). The derivation of these moments will be

useful in the implementation of the EM algorithm.

Proposition 4. The structural TP-SMN-RMEM defined by Proposition 2 and the joint distribution of
(zt ,vt ,wt ,ut) admits (11), thus following that

(i) E{st |zt ;θ}= πγxt −π(1−γx)t ,

(ii) E{v2
t Ut |zt ;θ}= πγxt

{
χt(γx)µ2

γxt +ζt(γx)µγxtσγxt

fSMSN(zt ;µ,Ωγx ,λγx ,ν)
+σ2

γxt

}

+π(1−γx)t

{
χt(1− γx)µ2

(1−γx)t
+ζt(1− γx)µ(1−γx)tσ(1−γx)t

fSMSN(zt ;µ,Ω1−γx ,−λ1−γx ,ν)
+σ2

(1−γx)t

}
,

(iii) E{vtwtUt |zt ;θ}= γxπγxt

{
χt(γx)µγxt +ζt(γx)σγxt

fSMSN(zt ;µ,Ωγx ,λγx ,ν)

}
− (1− γx)π(1−γx)t

{χt(1− γx)µ(1−γx)t +ζt(1− γx)σ(1−γx)t

fSMSN(zt ;µ,Ω1−γx ,−λ1−γx ,ν)

}
,

(iv) E{v2
t w2

t Ut |zt ;θ}= γ2
x πγxt

{
χt(γx)µ2

γxt +ζt(γx)µγxtσγxt

fSMSN(zt ;µ,Ωγx ,λγx ,ν)
+σ2

γxt

}

+(1− γx)
2π(1−γx)t

{
χt(1− γx)µ2

(1−γx)t
+ζt(1− γx)µ(1−γx)tσ(1−γx)t

fSMSN(zt ;µ,Ω1−γx ,−λ1−γx ,ν)
+σ2

(1−γx)t

}
,

where t = 1, . . . ,n, st = sign(wt) ∈ {−1,1} and

χt(γx) =


fSN(zt ;µ,Ωγx ,λγx) if Ut

d
= 1,

2tm(zt ;µ,Ωγx ,ν) ν+m
ν+dγx

T (
√

ν+m+2
ν+dγx

Aγx ;ν +m+2), if Ut ∼ Γ(ν/2,ν/2),

2 fSL(zt ;µ,Ωγx ,ν) 2ν+m
dγx

P1(
m+2ν+2

2 ,
dγx

2 )

P1(
m+2ν

2 ,
dγx

2 )
E
(

Φ(S1/2
γx Aγx)

)
, if Ut ∼ Beta(ν ,1),

Also, for

h(ut ;ν1,ν2) =

{
ν2 ν1

1 1−ν1,

we have
χt(γx) = 2

{
ν1ν2ϕm(zt ;µ,ν−1

2 Ωγx)Φ(ν1/2
2 Aγx)+(1−ν1)ϕm(zt ;µ,Ωγx)Φ(Aγx)

}
,
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ζt(γx) =



ϕm(zt ;µ,Ωγx)ϕ(Aγx), if Ut
d
= 1,

σγxt
σx

Γ(m+ν+1
2 )

√
πΓ( ν+2

2 )
{ν +dzt (µ,Σ)}−

1
2 tm(zt ;µ,Σ,ν), if Ut ∼ Γ(ν/2,ν/2),

σγxt
σx

Γ(m+2ν+1
2 )√

2πΓ( 2ν+m
2 )

{ 2
dzt (µ,Σ)

} 1
2

×P1(
2ν+m+1

2 ,
dzt (µ,Σ)

2 )

P1(
2ν+m

2 ,
dzt (µ,Σ)

2 )
fSL(zt ;µ,Σ,ν) if Ut ∼ Beta(ν ,1).

Also, for

h(ut ;ν1,ν2) =

{
ν2 ν1

1 1−ν1

we have
ζt(γx) = ν1

√
ν2ϕm(zt ;µ,ν−1

2 Ωγx)ϕ(
√

ν2Aγx),

where

σ2
γxt =

σ2
x

1+σ2
x γ2

x b⊤Σ−1b
, dzt (µ,Σ) = (zt −µ)⊤Σ−1(zt −µ).

Furthermore, πγxt , µγxt are given by Proposition 3, and the distribution of the variable Ss is given above.
Also, note that we should use −λ1−γx wherever it is needed.

The M-step consists of maximization of Q(θ|θ̂(k)) with respect to θ. For this, we use the faster ex-
tension of the original EM, the ECME algorithm, by replacing the M-step with a sequence of conditional
maximization (CM) steps. CM-steps then conditionally maximize Q(θ|θ̂(k)) with respect to θ, obtaining
a new estimate θ̂(k+1), as follows:

CM-step Maximize Q(θ|θ̂(k)) with respect to θ. This is accomplished by the following steps.
CM-step.1: Update γ̂(k)x , σ̂2(k)

x , µ̂(k)
x by

γ̂(k)x =
1+̂̄s(k)

2
,

σ̂2(k+1)
x =

1
n

n

∑
t=1

ûv2
(k)
t ,

µ̂(k+1)
x =

∑n
t=1 ût X̄t −∑n

t=1 ûwvt

∑n
t=1 ût

,

µ̂(k+1)
y =

∑n
t=1 ûtȲt −∑n

t=1 ûwvt β̂ (k)

∑n
t=1 ût

,

where µy = α +β µx, ̂̄s(k) = ∑n
t=1 ŝ(k)t /n, X̄t = ∑p

i=1 X (i)
t /p, Ȳt = ∑q

i=1 Y ( j)
t /q,

CM-step.2: With fixed µ̂x = µ̂(k+1)
x , µ̂y = µ̂(k+1)

y

1. Update β̂ (k) by

β̂ (k+1) =
∑n

t=1 ûwv(k)t (Ȳt − µ̂(k+1)
y )

∑n
t=1 ûw2v2

(k)

t

.
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2. Update ϕ̂ (k)
δ by

ϕ̂ (k+1)
δ =

1
n

{
n

∑
t=1

1
p

û(k)t

p

∑
i=1

(X (i)
t − µ̂(k+1)

x )
2
−2

n

∑
t=1

ûwv(k)t (X̄t − µ̂(k+1)
x )

}

+
1
n

n

∑
t=1

ûw2v2
(k)

t

3. Update ϕ̂ (k)
ξ by

ϕ̂ (k+1)
ξ =

1
n(q−1)

{
n

∑
t=1

û(k)t

q

∑
j=1

(Y ( j)
t − µ̂(k+1)

y )
2
−q

n

∑
t=1

û(k)t (Ȳt − µ̂(k+1)
y )

2
}
.

4. Update ϕ̂ (k)
e by

ϕ̂ (k+1)
e =

1
n(q−1)

{
q

n

∑
t=1

û(k)t (Ȳt − µ̂(k+1)
y )

2
− 1

q

n

∑
t=1

û(k)t

q

∑
j=1

(Y ( j)
t − µ̂(k+1)

y )
2
}

+
1
n

n

∑
t=1

ûw2v2
(k)

t β̂ 2(k+1)− 2
n

n

∑
t=1

ûwv(k)t β̂ (k+1)(Ȳt − µ̂(k+1)
y ).

CM-step.3: Update α̂(k) by

α̂(k+1) = µ̂(k+1)
y − β̂ (k+1)µ̂(k+1)

x .

Remark 1. The iteration of the ECM algorithm is repeated until the difference between two successive
log-likelihood values, |ℓ(θ̂(k+1);z1, . . . ,zn)− ℓ(θ̂(k);z1, . . . ,zn)|, is sufficiently small, say 10−6. As initial
values for the algorithm, we can use the mean vector z̄ for µ, the sample variance S2

X = 1
n ∑n

t=1 S2
Xt

with

S2
Xt

= 1
p ∑p

i=1 (X
(i)
t − X̄t)

2
(according to the model given by (4)) for ū(σ2

x +ϕδ ) with ū = 1
n ∑n

i=1 ut . As for ϕδ ,
it can be set equal to some fraction of σ2

x ; in our subsequent numerical work, we have started the iterative
process with σ2

x = ϕδ . Similarly, the sample variance S2
Y = 1

n ∑n
t=1 S2

Yt
with S2

Yt
= 1

q ∑p
j=1 (Y

( j)
t − Ȳt)

2
for ūϕξ .

Regarding γ, an option would be to start from the sample skewness of the observed explanatory variables
X = (X1, . . . ,Xn)

⊤ with Xt = (X (1)
t , . . . ,X (p)

t )
⊤

, namely g1(X) = 1
n ∑n

t=1 g1(Xt), where g1(Xt) =
m3Xt
m2Xt

, with

mkXt =
1
p ∑p

i=1 (X
(i)
t − X̄t)

k
, and invert these values to obtain an initial choice of γx, In part (ii) Corollary

1 the Pearson measure of skewness was calculated for the TP-SMN family. .

4.1 Asymptotic covariance matrix of MLEs
According to Arellano-Valle et al. (2020) approach, the empirical information matrix can be approximated
as

Iemp(θ;z) =
n

∑
t=1

U(zt ;θ)U⊤(zt ;θ)−nŪ(z;θ)Ū⊤(z;θ),

where Ū(z;θ) = 1
n ∑n

t=1 U(zt ;θ) and U(zt ;θ) is the empirical scoring function for the subject t. The indi-
vidual score function can be determined as (Louis (1982))

U(zt ;θ) =
∂ log f (zt ;θ)

∂θ
= E

{
∂ℓ(θ;zct)

∂θ
|zt ;θ

}
,
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where zct = {zt ,wt ,vt ,ut}, is the complete data vector from the tth observation and ℓ(θ;zct) is the corre-
sponding contribution to the log-likelihood function.

Iemp(θ̂;z) =
n

∑
t=1

ÛtÛ⊤
t ,

where Ût =U(zt ; θ̂) = (Ût,α ,Ût,β ,Ût,µx ,Ût,σx ,Ût,γx ,Ût,ϕδ ,Ût,ϕξ ,Ût,ϕe)
⊤, with

Ût,α =
q

ϕ̂ξ +qϕ̂e

{
ût(Ȳt − µ̂y)− β̂ ûwvt

}
,

Ût,β =
q

ϕ̂ξ +qϕ̂e

{
(Ȳt − α̂)(ût µ̂x + ûwvt)− β̂ (ût µ̂2

x +2ûwvt µ̂x + ûw2v2t)
}
,

Ût,µx =
p

ϕ̂δ
{ût(X̄t − µ̂x)− ûwvt}+

qβ̂
ϕ̂ξ +qϕ̂e

{
ût(Ȳt − µ̂y)− β̂ ûwvt

}
,

Ût,σx =− 1
σ̂x

+
1

σ̂3
x

ûv2t ,

Ût,γx =
1
γ̂x
(

1+ ŝt

2
)− 1

1− γ̂x
(

1− ŝt

2
),

Ût,ϕδ =
p

2ϕ̂ 2
δ

{
ût

p

p

∑
i=1

(X (i)
t − µ̂x)

2 −2(X̄t − µ̂x)ûwvt + ûw2v2t − ϕ̂δ

}
,

Ût,ϕξ =
q

2(ϕ̂ξ +qϕ̂e)2

{
−q

ϕ̂e(2ϕ̂ξ +qϕ̂e)

ϕ̂ 2
ξ

(Ȳt − µ̂y)
2ût − β̂ (Ȳt − µ̂y)ûwvt + β̂ 2ûw2v2t

}

− q
2

(
ϕ̂ξ +(q−1)ϕ̂e

ϕ̂ξ (ϕ̂ξ +qϕ̂e)

)
+

ût

2ϕ̂ 2
ξ

q

∑
j=1

(Y ( j)
t − µ̂y)

2,

Ût,ϕe =
q2

2(ϕ̂ξ +qϕ̂e)2

{
(Ȳt − µ̂y)

2ût −2β̂ (Ȳt − µ̂y)ûwvt + β̂ 2ûw2v2t −
1
q
(ϕ̂ξ +qϕ̂e)

}
.

5 Simulation study
The simulation study is considered in this section. It is well known that misspecification of the model’s
distribution will lead to biases of parameter estimates. The main goal is to confirm the effectiveness and
precision of MLEs under TP-SMN distributions. We consider four skew distributions, including TP-N,
TP-t with ν = 4, TP-SL with ν = 2, and TP-CN with ν1 = 0.2,ν2 = 0.3, in RMEM with or without equation
error, respectively. Under the circumstances of no equation error, we denote the distributions TP-N, TP-
t, TP-SL and TP-CN by TP-N0, TP-t0, TP-SL0 and TP-CN0 respectively. To maintain the general and
consistent form of the estimators among different TP-SMN distributions, the degrees of freedom for the
TP-SMN model will not be estimated together with the parameters of interest. Hence, we selected some
heavy-tailed distributions with fixed degrees of freedom. In the application, to find the best distribution
for the data, the degrees of freedom for different distributions, chosen by the Schwarz (1978) information
criterion. As usual, we are interested in the regression parameters α and β in the simulations. We first
generate data from the model (4) with the number of replicated observations chosen as p = 4 and q = 3
under the TP-t distribution with ν = 4. Then, we use the EM algorithm to calculate the MLEs of θ
under the TP-N, TP-t, TP-SL and TP-CN distributions with or without equation error, respectively. We
used two indicators to evaluate estimates, including sample bias (BIAS) and standard deviation (SD).
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Other parameters of model (4) are set as: µx = 1.5,σx = 1,γx = 0.95,α = 2,β = 1,ϕδ = 1,ϕξ = 0.5. For
comparison, we set ϕe = 0.5,1, ϕe = 1.5 respectively, which shows that the degree of matching between
the true covariate and response tends from strong to weak. Based on 1000 simulations, the results are
reported in Table 1. As we expected, the BIAS, and the corresponding SD decrease when the sample
size increases from 50 to 100 in all scenarios, and the MLE under TP-t (ν = 4) distribution (the true
distribution) is the best estimator using any of the two indicators, which fully reflects the effectiveness
and accuracy of the ML estimates. Moreover, performance under the TP-CN and TP-t distributions
behaves better than those under the TP-N distribution, which may be attributed to their heavy-tailed
features. Thus, we encourage the use of the heavy-tailed model when the data show heavy-tailed features,
even if the proposed heavy-tailed distribution is not the true one.

Obviously, the estimates with equation error consistently perform better than the estimates without
equation error. Especially, when ϕe increases from 0.5 to 1.5, the SD ratios without equation error
and with equation error become clearly larger. It states that for the data with skewness or heavy-tailed
features, ignoring equation error will bring about a serious deviation for statistical inference. The equation
error plays an important role in expressing the uncertain relationship between the true covariates and
the response.

6 Application
We give an illustrative example using the CSFII data set. This data set has conducted 24-hour recall
measures, as well as three additional 24-hour recall phone interviews of 1827 women who were recorded
about their daily diet intake (for example, saturated fat, calories, vitamin, etc.). Carroll et al. (2006) have
indicated that saturated fat has a great relationship with the risk of breast cancer and other diseases,
but the statistical significance of saturated fat disappeared when adding caloric intake to the logistic
regression model. Therefore, it is necessary to reveal the inner relationship between saturated fat and
caloric intake. In this illustrative example, we take the calorie intake/5000 as x and the saturated fat
intake/100 as y (Carroll et al. (2006); Lin and Cao (2013)). Instead of x and y, the nutrition variables
X and Y are calculated using four 24-hour recalls and suppose that they follow the model (4) with
p = q = 4. For the purpose of verifying the existence of skewness and heavy tails in the latent covariate
x, Lin and Cao (2013) fit the data using normal RMEM without equation error. They showed that the
latent covariate is positively skewed and heavy-tailed. This indicates that a normal model may not offer
a good fit. The degrees of freedom for different distributions, chosen by the Schwarz (1978) information
criterion, are also reported in Table 2. Using the profile log-likelihood functions for the three models,
getting the highest values of the profile log-likelihood, the degrees of freedom are found as ν = 4.3 for
TP-t, ν = 1.3 for TP-SL, and ν1 = 0.29,ν2 = 0.22 for TP-CN. We now consider TP-SMN distributions for
xt and SMN distributions for measurement errors δt , ξt and equation error et in the RMEM, that is, the
TP-SMN-RMEM proposed in this paper. We calculate the MLEs of the parameter θ and their standard
errors (SE) and also the Akaike information criterion (AIC) (Akaike (1974)) values based on the RMEM
model in the above distributions. These estimates are displayed in Table 2. The AIC value under the
TP-t distribution is always the smallest, whether there is an equation error or skewness or not, and it
gets the smallest value under the TP-t0 distribution in all situations. Thus, TP-t-RMEM is more suitable
for these data. Note that as another potential competitor, AIC values based on the SMSN-RMEM model
have added in Table 2 (in parenthesis). Moreover, the heavy-tailed models show smaller SEs than the
normal model. It would be better consider skewness in the models for their smaller AIC values. The
practical significance of the parameter β can be described as the positive proportion of saturated fat in
calories. The skew parameter γx is positive, suggesting that these data are skewed to the right. The
values of ϕe seem very small and only slightly change between different models, indicating that there is
an inapparent random relationship between the intake of calories and saturated fats.
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Table 1: Performances of estimators under TPt-RMEM with or without equation error

Parameter n Estimator ϕe = 0.5 ϕe = 1 ϕe = 1.5
BIAS SD BIAS SD BIAS SD

α 50 T P−N -0.123 0.641 -0.108 0.781 -0.145 0.797
T P− t -0.052 0.390 -0.033 0.492 -0.054 0.501

T P−SL -0.072 0.483 -0.051 0.587 -0.074 0.598
T P−CN -0.069 0.472 -0.047 0.568 -0.073 0.595
T P−N0 -0.946 1.240 -1.997 2.011 -2.924 2.317
T P− t0 -0.796 0.542 -1.442 1.042 -1.857 1.545

T P−SL0 -0.803 0.649 -1.508 1.098 -2.152 1.618
T P−CN0 -0.801 0.631 -1.492 1.087 -2.138 1.609

100 T P−N -0.056 0.405 -0.061 0.512 -0.067 0.769
T P− t -0.020 0.254 -0.021 0.316 -0.028 0.531

T P−SL -0.031 0.297 -0.032 0.312 -0.043 0.552
T P−CN -0.029 0.289 -0.031 0.308 -0.042 0.548
T P−N0 -0.880 0.655 -1.884 1.231 -2.625 1.996
T P− t0 -0.795 0.382 -1.826 0.692 -1.136 1.379

T P−SL0 -0.827 0.448 -1.835 0.824 -2.021 1.408
T P−CN0 -0.820 0.439 -1.831 0.808 -2.018 1.402

β 50 T P−N 0.047 0.303 0.041 0.356 0.058 0.397
T P− t 0.026 0.196 0.019 0.221 0.037 0.267

T P−SL 0.034 0.207 0.029 0.268 0.041 0.289
T P−CN 0.032 0.201 0.026 0.259 0.039 0.281
T P−N0 0.488 0.607 0.996 0.927 1.017 1.128
T P− t0 0.395 0.211 0.884 0.513 0.998 0.885

T P−SL0 0.407 0.298 0.941 0.584 1.011 0.916
T P−CN0 0.405 0.281 0.937 0.571 1.009 0.903

100 T P−N 0.021 0.201 0.026 0.217 0.037 0.228
T P− t 0.010 0.131 0.009 0.152 0.011 0.173

T P−SL 0.014 0.142 0.013 0.167 0.018 0.189
T P−CN 0.013 0.136 0.012 0.161 0.017 0.181
T P−N0 0.428 0.317 0.976 0.627 1.010 0.638
T P− t0 0.315 0.182 0.824 0.313 0.971 0.585

T P−SL0 0.385 0.198 0.901 0.384 0.987 0.416
T P−CN0 0.379 0.192 0.899 0.380 0.979 0.4160
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Table 2: Parameter estimations for CSFII data
Models Degree AIC Parameter

µx α β γx σx ϕδ ϕξ ϕe

T P−N / -18965(-18842) 0.196 -0.060 0.957 0.793 0.017 0.011 0.014 0.0012
(0.007) (0.022) (0.067) (0.090) (0.002) (0.0002) (0.0003) (0.0006)

T P− t ν = 4 -21957(-21182) 0.200 -0.052 0.914 0.651 0.011 0.007 0.008 0.0003
(0.007) (0.014) (0.052) (0.085) (0.001) (0.0002) (0.0002) (0.0002)

T P−SL ν = 1.2 -21837.5(-21066) 0.201 -0.051 0.911 0.701 0.006 0.004 0.005 0.0002
(0.009) (0.016) (0.049) (0.063) (0.001) (0.001) (0.0001) (0.0001)

T P−CN ν1 = 0.4,ν2 = 0.2 -21591.5(-20954) 0.202 -0.049 0.896 0.672 0.007 0.005 0.006 0.0003
(0.008) (0.014) (0.043) (0.051) (0.001) (0.0001) (0.0001) (0.0001)

T P−N0 / -19010.5(-18996) 0.199 -0.067 0.974 0.768 0.018 0.011 0.014 /
(0.007) (0.024) (0.069) (0.082) (0.002) (0.0003) (0.0003)

T P− t0 ν = 4 -22041(-21887.5) 0.200 -0.059 0.934 0.642 0.012 0.008 0.009 /
(0.008) (0.013) (0.046) (0.078) (0.001) (0.0002) (0.0002)

T P−SL0 ν = 1.2 -21921.5(-21153) 0.201 -0.055 0.921 0.691 0.005 0.004 0.004 /
(0.009) (0.017) (0.036) (0.057) (0.001) (0.0001) (0.0002)

T P−CN0 ν1 = 0.4,ν2 = 0.2 -21880.5(-21497) 0.202 -0.051 0.901 0.613 0.008 0.006 0.006 /
(0.008) (0.012) (0.036) (0.037) (0.0007) (0.0002) (0.0002)

7 Conclusion

In this paper, we develop an RMEM in the TP-SMN distribution class, called TP-SMN-RMEM, which is
suitable for asymmetric, heavy-tailed, and multimodal data. Also, it includes many special cases, such as
nonreplicated MEM under SMN distributions (Lachos et al. (2011)), RMEM under normal distribution
(Lin et al. (2004)) or SMN distributions (Lin and Cao (2013)). Moreover, in contrast to similar models,
especially, considering SMSN-RMEM (proposed by Cao et al. (2018)), what our proposed model offers
exactly is that the SMSN and TP-SMN families have different properties (for instance, different tail
behavior). In addition, numerical stability might also be a property that could be used to motivate our
proposed model for the explanatory variable. This means that, estimating the skewness parameter in the
TP-SMN class of distributions is often easier, and more stable, than estimating the shape parameter in
the SMSN family (which controls the asymmetry, tails, location of the mode, and spread of the density).
We provide explicit expressions for both the EM-type iterative estimates and the corresponding standard
errors. Due to the hierarchical structure of the model, the features of skewness of both covariate and
response can be captured under these assumptions. The proposed TP-SMN-RMEM models can reduce the
negative impact of distribution misspecification and outliers to some extent. In biological, environmental,
chemical, medical and other research areas, measurement error, skewness, multimodality, and outliers
commonly exist in real data; thus, the robust TP-SMN-RMEM models would be a good choice to fit such
data.
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