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Letter from the Editor-in-Chief

It is my great pleasure to present this issue of Stochastic Models in Probability and Statistics
(SMPS). As an international, peer-reviewed, open-access journal, SMPS remains committed to
advancing both the theoretical foundations and practical applications of stochastic modeling,
probability, and statistics—with a particular focus on reliability and related disciplines.

SMPS publishes two issues annually and is proudly supported by the Department of Statistics,
Faculty of Mathematical Sciences, Ferdowsi University of Mashhad.

The journal’s mission is to promote the development and dissemination of innovative method-
ologies and ideas that bridge stochastic modeling in probability and statistics with real-world
applications. In this spirit, SMPS welcomes high-quality contributions across a broad range of
topics, including reliability theory, lifetime data analysis, stochastic modeling in industrial and
systems engineering, operations research, statistical methods in information theory, and depen-
dence modeling.

On behalf of the editorial board, I would like to express my sincere gratitude to all authors
for their valuable scholarly contributions, to the reviewers for their thoughtful and constructive
evaluations, and to the editorial team for their unwavering dedication and professionalism. The
continued success of SMPS is made possible by the collective efforts of this dynamic community
of researchers and practitioners who share a common goal: advancing the field of stochastic
modeling and statistical reliability analysis.

Finally, I warmly invite readers and contributors around the world to support SMPS by submit-
ting original research, citing published work, and sharing new ideas that help shape and expand
the journal’s vision.

Jafar Ahmadi
Editor-in-Chief
Stochastic Models in Probability and Statistics (SMPS)
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A note on the signature and dynamic signature of
coherent systems

Ahmad Mirjalilit and Mohammad Khanjari Sadegh**
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Abstract. This paper investigates new properties and applications of the system signature and its
dynamic counterpart, which serve as effective tools for analyzing stochastic ordering and aging properties
in both coherent and used systems. For coherent systems with exchangeable components, the system
signature offers a more powerful comparative framework than the traditional structure function. In
the context of used systems with different exchangeable components, we propose an alternative to the
dynamic signature that is simpler to implement and often preferable to the standard dynamic signature.
This alternative also proves useful in scenarios where the traditional dynamic signature is inapplicable.
Additionally, by examining all 28 coherent systems of order n < 4, we establish a unique property of
series systems: under both identical and non-identical independent component lifetimes, series systems
are the only ones that are decreasing failure rate (DFR) closed. The results extend several existing
findings related to system signatures and their dynamic versions. Illustrative examples are provided to
demonstrate the practical relevance of the theoretical results.

Keywords: Coherent systems, Dynamic signature, DFR, IFR, Signature, Stochastic ordering, Used systems.

1 Introduction

One of the most important problems in system reliability analysis is comparison among systems. The most
common tools to compare the coherent systems are structure and reliability functions, system signatures,
and distortion functions. Assume that the systems are coherent (see, Barlow and Proschan (1975) for
details on coherent systems) and suppose that the component lifetimes of the system are independent
and identically distributed (IID) or they are exchangeable (EXC) random variables, defined in the next
section. This paper is concerned to some more properties and applications of the signatures in system
comparisons. Let Ti,...,T, and T = ¢(T1,...,T,) be the component lifetimes and the system lifetime,
respectively. ¢ refers to the structure of the system. When 7;’s are continuous and IID random variables,
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120 Mirjalili, A. and Khanjari Sadegh, M.

the following well-known and important result is obtained by Samaniego (1985)
n
P(T >1) =Y siP(Tin > 1), (1)
i=1

where T;, is the i-th ordered components lifetime, and s; = P(T = T;,;). The probability vector s =
(81,...,8n) is called the system signature.

Using the system signature, many researchers have studied various aspects of system reliability. In
fact, the identity (1) was first proved by Kochar et al. (1999). Navarro et al. (2005) claimed that this
equation holds true if 7;’s have an absolutely continuous exchangeable joint distribution. Samaniego
(2007) published a book on the system signatures and their applications. Also Naqvi et al. (2022) have
done a review and bibliometric analysis on system signatures. Navarro et al. (2008) showed that (1) holds
true if 7;’s be continuous (or discrete) weakly exchangeable random variables and also P(T; = T;) = 0 for
all i £ j (that is T;’s have no tie). It seems that the strongest result is given by Marichal et al. (2011).
They proved that (1) holds true if and only if for i = 1,...,n, the following binary random variables are
exchangeable

x0={ o 7121 )

Navarro et al. (2011) investigated the signatures of coherent systems with heterogeneous and indepen-
dent components. Rao and Naqvi (2023) studied the stochastic comparisons of coherent systems with
heterogeneous and dependent components having proportional reversed failure rates. In the EXC case,
a necessary and sufficient condition for comparing two systems was given by Navarro and Rubio (2011).
For more details and an extensive study on comparisons of coherent systems see Navarro (2018) and
references therein.

Remark 1. The system signature has the following interesting and important property. It should be noted
that in all cases where the Equation (1) holds true (except when the component lifetimes are continuous
and IID random variables), the signature is not necessarily defined by s; = P(T = Ty,). But in these cases,
the value of s; used in (1), is exactly determined by s; = P(T = T;,,) when T;’s are continuous and IID
random variables. Therefore in all cases, the system signature s = (si,...,8,) remains as a probability
vector. For further clarification, consider T = min{T\, maz(Tr,T3)}, where T;’s are continuous and IID. We
have s =(1/3,2/3,0) and P(T = T;.,) = s;. Now suppose T;’s are discrete and IID with common distribution
Binomial(1,1/2). In this case we have

P(TZT];:;): 1—P(T1 = 1,T2=0,T3: 1)—P(T] = 1,T2: l,T3, :0):6/8755‘1 = 1/3.

But one can easily verify that for
3
P(T =x)=Y siP(Tin=x), x=0,1.
1

That is the mizture representation (1) holds true.

The concept of the dynamic signature of the system was first defined by Samaniego et al. (2009). It
is a common tool in comparisons among coherent used systems. They showed in the case of IID that

Sk

P(T:Tkn|T>t,N(t) :r) = ﬁ
j=r+1°J

= Wk,

fork=r+1,...,nand r=0,1,...,n— 1. The probability vector W,_,) = (Wyt1,...,wy) is called the dynamic
signature of the system at time ¢. N(¢) is the number of failed components of the system up to time ¢ and
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such a system is said to be a used system. Based on the dynamic signature, they obtained some ordering
results for comparing coherent used systems with IID components. Note that if » = 0, the dynamic
signature reduces to the usual signature as }'}s; = 1.

Burkschat and Navarro (2013) considered dynamic signatures of coherent systems based on sequential
order statistics. Under some partial information about the failure status of the system lifetime, Mahmoudi
and Asadi (2011) defined the dynamic signature of coherent systems. Burkschat and Samaniego (2018)
examined the concepts of dynamic and conditional increasing failure rates properties in coherent systems.
Chahkandi et al. (2015) studied the signature of the repairable systems.

The remainder of this paper is organized as follows. For the sake of completeness, Section 2 provides
an extensive review of comparisons among coherent systems based on structure functions, reliability
functions, and system signatures. As a minor result, it is shown that, in the case of exchangeable
components (EXC), the system signature is a more powerful tool than the structure function. Section 3
focuses on comparisons of coherent used systems. Using the dynamic signature, new stochastic ordering
results are derived for comparing coherent used systems with different exchangeable components. A new,
simple alternative to the dynamic signature is proposed, which is particularly useful in cases where the
standard dynamic signature is not applicable. Due to its ease of use, this alternative should be considered
as a first option in such comparisons. Finally, Section 4 examines properties related to the preservation
of reliability aging classes in series systems.

Motivated by the result of Samaniego (1985) and by verifying the signatures of all 28 coherent systems
of order n <4, it is shown that when the lifetimes of the system components are either IID or independent
and not identical (INID), the series systems are only decreasing the failure rate (DFR) closed systems.
The increasing failure rate (IFR) closedness property of the series systems is also considered. Recall
that a random variable X with absolutely continuous distribution function F and density function f has
an IFR (DFR) distribution if its failure rate function h(t) = f(t)/F(t) is increasing (decreasing) in ¢,
F(t) =1—F(t). Throughout the paper, when two systems are said to be ordered, it means that their
lifetimes are ordered stochastically. Recall that X is less than Y in the usual stochastic order and denote
it by X <y Y if Fx(t) < Fy(¢) for all r > 0.

2 Comparisons of coherent systems

The comparison of two systems can be done at a fixed point in time (static comparison) or during periods
of time (dynamic comparison). In order to present the main results of the paper given in the two next
sections, and for the sake of completeness, this section mainly deals with a review of the basic results
in the literature on comparisons among coherent systems. Some minor contributions are also included.
At a fixed point in time, and based on the system structure and reliability functions, we first consider
the comparison of two systems. In comparison among the systems with INID components, it is shown
that the structure and reliability functions are two equivalent tools. Finally the system signature is used
to compare two systems during of times. In the sequel, Lemma 1 shows in IID and EXC cases that the
system signature is a more powerful tool than the structure-function.
At a fixed point in time, assume that binary random states are as follows:

X — 1 if ith component is working
"7 1 0 otherwise,

and
1 if the system is working

0 otherwise.

000 = 0(x1.... %)~ {
Their reliabilities are also defined as:

pl:E(Xl):P(Xl: 1)7 i= 1727-"7’1
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h(p) = h(p1,...,pn) = E(¢(X)) = P(9(X) = 1).

¢ (x) is called the structure function of the system. In addition, the order of the system is defined as the
number of the system components 7.

Definition 1. (Kochar et al., 1999) Let ¢1(x) and ¢2(x) be the structure functions of two systems of
order n. The second system is said to be better than the first one if

¢1(x) < ¢2(x) Vxe{0,1}". 3)

If ¢1(x) = ¢a(x), Vx € {0,1}" two systems are obviously the same. Therefore (3) should be strictly hold at
least for one x. The second system is said to be more reliable than the first one if

hi(p) = E(¢1(X)) < ha(p) = E(92(X)) Vpe[0,1]". (4)
Again the inequality should be strict at least for one p, otherwise two systems have the same reliability.

It is claimed in Kochar et al. (1999) that the inequalities (3) and (4) are equivalent when X;’s are
independent (INID case). Note that in this case

Wp)=POX)=1)= ¥ Hp)w— I S s P s (L

X¢() x:p(x)=1i€ly  i€0x

where 1y = {1 <i<nlx; =1}, 0k = {1 <i<njx; =0}. An argument for their claim is as follows. The
inequality (3) simply implies (4). Now suppose (4) holds true. If ¢(x) = ¢»(x) for all x obviously
hi(p) = ha(p) for all p which is a contradiction. Now suppose there exists a vector xo such that ¢;(xg) =
1> ¢2(x0) =0. Put po =Xg then po; =1 for i € 15p and 1 — po; =1 for i € 0. Note that Py, (X =x)=P(X=
x|p =po) =0 for x #x¢. It is easy to see that a;(po) =1 and hy(pg) = 0 which is again a contradiction
and this shows that (4) implies (3).

The inequalities (3) and (4) are not necessarily equivalent if X;’s are IID that is p;=p, i=1,...,n
See the following example.

Example 1. (Kochar et al., 1999). Suppose ¢;(x) = min{x;, max(xz,x3)} and ¢»(x) = min{x,, max(x;,x3)}
then ¢;(1,0,1) = 1 > ¢5(1,0,1) = 0 and ¢1(0,1,1) = 0 < ¢2(0,1,1) = 1 whereas h1(p) = 2p* — p* = ha(p),
for all 0 < p <1. That is (4) does not imply (3).

Remark 2. Note that in INID case, the inequalities (3) and (4) are equivalent even if p € (0,1)". It is
because as the system components are independent, the reliability function h(p) is a multilinear, that is,
linear in each p; and therefore is a continuous function.

Now by using the system signature, the comparison of systems during of times is considered. The
first result is given by Kochar et al. (1999) as follows:
Let Ty = ¢1(X1,...,X,) and T» = ¢ (X}, ...,X,) denote the lifetimes of two coherent systems where X; is the
lifetime of the ith component and X;’s are IID and continuous and suppose s; and s, are their signatures
respectively. If s <y sz, then T1 <y T5. If 81 <, 82, then T7 <j, T» and if s1 <, 8p, then Ty <, T5.
The converse of their results is not true, see Rychlik et al. (2018). (We also refer to Shaked and Shan-
thikumar (2007) for details on stochastic orders).

Example 2. Consider two coherent systems mentioned in Example 1 where s; = (1/3,2/3,0) = s, and
hence from (1), T} and T are identically distributed. Note that these two systems could not be ordered
by using of their structure functions.
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The comparison of coherent systems with EXC components is studied by Navarro et al. (2005).
Recall that the random variables Ti,...,T, are said to be exchangeable if P(T} > t,...,T, > t,) = P(T,T(l) >
115+ s Ta(ny > ta) for any permutation 7 = (7(1),...,7(n)) of numbers {1,...,n}.

The relationship between the signature and structure function of a system is obtained by Boland
(2001) or Marichal et al. (2011) as follows. In EXC case and for k=1,...,n

n

Y s=POX)=1YX=k= Y ¢<x>(i). (5)
k

i=n—k+1 XY x;j=k
Lemma 1. If ¢1(x) < ¢o(x) for all x € {0,1}" then s; <y s;.

Proof. From Equation (5) we see that if ¢;(x) < ¢2(x) for all x € {0,1}" then ¥, 51, <YL, 4152
for k=1,2,...,n, that is s; < s5. O

In fact Lemma 1 shows that the system signature is a more stronger tool than the structure function.
This section is ended by reviewing the problem of comparison of coherent systems with different sizes.

Definition 2. (Boland and Samaniego, 2004), or (Samaniego, 2006). Let v = (ry,...,r;) be a probability
vector and suppose Tj = §;(X1,...,X,), j=1,....k are the lifetimes of k coherent systems with IID or EXC
components. If P(T =T;) =r;j then T is said to be the lifetime of a mized-r system. Note that in general,
a mized system is not coherent, and the class of coherent systems is a subset of the mized systems. Lets;
be the signature of the jth coherent system, then s =YX

i=11jSj is defined as the signature of the mized-r
system.

For a system of order n, an equivalent system of order n+ 1 is introduced by Samaniego (2006) as
follows.

Let T be the lifetime of a coherent or a mixed system of order n with ITD components having common
distribution F and with signature s = (sy,...,s,). Then T = T* where T* is the lifetime of a mixed
system of order n+ 1 with IID components which have the same distribution F and its signature is
s* = (s7,...,85,) with

57 = (i= l)s,-,l—}—(n—i—l—l)s,-’i: 1,...,n+1.
n+1
Assume that so = s,4+1 =0. s* is of order n+ 1 and is the equivalent of s.

For a system of order k, an equivalent system of order n(> k) can be defined. Note that the above
result also holds true for EXC components, also note that the equivalent systems belong in general to
the class of mixed systems and all comparison results among the coherent systems also hold true for the
mixed systems.

An extended result for coherent systems consisting of EXC components, is given by Navarro et al.
(2008) as follows.

Let T1 = ¢1(Y1,...,Y,,) and Th = ¢2(Z1, ..., Zy,) be the lifetimes of two systems where ¥;’s and Z;’s are subsets
of the EXC random variables {Xj,...,X,} and suppose s;(n) and sy(n) are their equivalent signatures of
order n, respectively.

(a) If s1(n) <y s2(n), then Ty <y T>.
(b) If sl(n) <ur Sz(n) and X, <pr Xiv1m, i=1,...,n—1, then Ty <, T5.
(C) If s (}’l) <ir SZ(n) and X <gr Xitim, i = L...,n—1, then Ty <, Tr.

For an extensive study on the existence and comparisons of equivalent systems with IID components
refer to Lindqvist et al. (2016). It is pointed out there, within the class of mixed systems, one can always
find equivalent mixed systems of larger sizes, but not necessary if the size is decreased.
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3 Comparisons of used systems

This section begins by considering the comparison of coherent used systems, extends some existing results,
and then proposes an alternative for equivalent dynamic signature. Its properties and applications are
illustrated. The following result is given in Samaniego et al. (2009).

Let s; and sy be the signatures of two coherent systems of order n and with IID components having
common continuous distribution F and let 71 = ¢;(Xy,...,X,) and T» = ¢(Xi,...,X,) be their lifetimes,
respectively. Suppose Ty >t, T» >t, Ni(t) =r; and N2(t) = r2. Let wi = (Wi 1,...,Win—r) and wy =

(W2,1,-..,W2n—r,) be their dynamic signatures. Also assume that WE") and w;”) are their equivalent versions

of order n. If W§”> <y W§”> then

(T —t|Th >t,N1(t) = 1) <g (Ta —t|Ta > t,Na(t) = 12).

As defined in Section 1, N(z) is the number of failed components of the system up to time z.
Samaniego et al. (2009) also provide the following expression:

n—r

n
P(T_t >x|T > tvN([) = r) = ZWH—iFi:nfr\t(x) = ngn)Fi:n\t(x)a
i=1 i=1

where F[;n,,‘t(x) is the reliability function of the ith order statistic in a random sample of size n— r from

Fi(x)= Féx(:r;) for x > 0.
Note that N(¢) is distributed as Binomial(n,F(r)) and N(¢) = r is equivalent to X, <t < Xy41,. Therefore

PXin—t>x|N(t)=r)=0,fori=1,...,r and for i=r+1,...,n, we have

(YF () iyt (5 F (6) = F 4] (F (e 40

Py —t > 2|N(0) = 1) = OFOFO

- ¥ (") @@y a-awy

j=n—i+1 \ J
= P(Binomial(n—r,F;(x)) > n—i+1). (6)

Now suppose T = ¢(Xi,...,X,) is the lifetime of a system with EXC components. For this system, the
following equation is given by Sadegh (2016)

n
P(T—t>x|T >t,N(t)=r)= Y wiPXin—1>x|N(t) =r)
k=r+1

- 2 W P(Xpp —t > x|N(1) = 0). (7)
k=1

Based on the Equation (7), the next theorem extends part (a) of Theorem 2.6 in Samaniego et al.
(2009), to the systems with different components.

Theorem 1. Let Ty = ¢1(Xy,...,X,) and T = ¢2(Y1,...,Y,) be the lifetimes of two coherent systems with

EXC components. Suppose Ty >t, T >1t, Ni(t) =r) and Na(t) =rp. Let wyi, wa, Wgn) and Wgn) are defined

as before. If w<1") <g wgn) and (Xim —t|N1 (1) = 0) <y (Yin —t|N2(t) =0) fori=1,...,n then

(Tl —I‘Tl >l‘,N1(l‘) = rl) < (Tz—t|T2 > t,Nz(l‘) = rz).
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Proof. It is known that if X <, Y then Eg(X) < Eg(Y) for any increasing function g. Let w(ln) and wén)
be the probability vectors of two discrete random variables X and Y, respectively. Note that X <y Y as

WE") < wg"). Now in view of the second equality of Equation (7) we have

Elg(X)] = Zw&’f,ﬂp(xk:n —t>x|Ni(t) =0)=P(Ty —t > x|T; >1t,N(t) =r1)
1
<Eg(Y)= Y WY )P(Xpu —1 > 2Ni () = 0)
k=1
< Y W P(Yiew —1 > x|Na(1) = 0)

=~
Il

=P(Th—t > x|Th > t,N2(t) = r2).

Here is an example that satisfies the conditions of the Theorem 1.

Example 3. Let T = ¢1(X;,X2,X3) = min{X;,max(X2,X3)} and suppose Tr = ¢(¥1,Y»,¥3) = max¥;. We
consider two following cases.

(i) IID case: Suppose X;’s and ¥;’s are independent and distributed as F(x) = e ** and G(x) = e ¥,

respectively and A > 6. Assume that Ny(r) = N,(t) =1, T} >t and T» > ¢. Now these two systems are
satisfying the conditions of Theorem 1 as we have:

s = (1/3,2/3,0), s =(0,0,1) and therefore w; = (1,0) and w, = (0, 1).

Also w?) =(2/3,1/3,0) and wg) =(0,1/3,2/3). Obviously w?) <g w?) and

F(x)=F(x) =e ™ < Gy(x) = G(x) =0,

It is known that the Binomial distribution B(n,p) is stochastically increasing in p. Therefore from
Equation (6), we have P(Xi —t > x|[Ni(t) =0) < P(Yin —t > x[N2(t) = 0) for i =1,2,3. It implies that

(Ty =Ty > t,N1(t) = 1) <y (L —t|Th > 1,N2(t) = 1).
For more clarity, we compare their survival functions as follows. From structures of these two systems
we have

2P(X) >t+x,Xp >t +x,X3 <t)
2P(X) >1,Xy > 1,X3 < 1)
[P(X) >t +x))?

P(Ti—t>x|Ty >t,Ni(t) =1) =

[P(X) > 1)]?
B o~ 2A(1+x) -y
- o2t - '

Now for the second system we have

X >t+x:<Xp<t+x,X3<t)+3PX; >t+x,Xp >14+x,X3 <t)
3P(X) >1,X > 1,X3 <1)
6e—e(t+x) (e—er _ 6—6(t+x)) +3e—26(r+x)

3e—201
_ 2e—0x _ e—29x.

6P
P(Tz—l >x|T2 > I,Nz(l‘) = l) =
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It is easy to see that

8721): < Zefex o 6729)5

)

as A > 0.

(ii) EXC case: Let F(x1,x,x3) = e~ Eixi—Ans and G(y1,y2,y3) = e~ E1i—0%33 where A > 0 and X33 =
max(xy,x2,x3). Again assume that Ny(r) = Na(r) =1, T} >t and T» > r. We now verify the conditions of
Theorem 1.

If i =1, then

P(X1;3 —t > x|N1(t) = 0) = P(X1;3 > l‘+x)/P(X1;3 > l‘)
=F(t+x,t+xt+x)/F(tt,t)
_ e—3t—3x—}.(t+x)/€—3t—lt _ e—3x—/lx

e—3x—9x

IN

= P(Y1;3 —1> xlNQ(l‘) = 0)
That is (X1.3 —¢|N1(t) =0) <y (Y13 —t|N2(¢t) =0). If i =2, then from exchangeability of X;’s we have

F(t+x,t+x,t4+x)+3P(t <X <t+x,Xp >t+x,X3>1t+x)
F(t,t,1)
eI M) L 3(F (1,1 x,t +x) — F(t+x,1+x,1+X))
e 3t—At
3o~ 3t—2x—A(t+x) _ 2873173x71(1+x) oy .
= e—3t—At = (3-2¢7)
< e—9x—2x<:3 _ ze—x)

:P(Y2;3 —t >x|N2(t) = 0)

P(X2;3 —1 >)C|N1(l‘) = 0) =

That is (X2;3 —I|N1 (t) = O) <st (Y2;3 —l‘|N2(t) = O)
Similarly it can be shown that (X33 —|N;(¢) = 0) <y (Ya:3 —¢t|N2(t) = 0). Hence all conditions of the
Theorem 1 are satisfied and therefore

(T] —I|T1 >t,N; (T) = 1) <st (T2_t|T2 > Isz(t) = 1)'

For more clarity, we also obtain the corresponding survival functions to see that the above stochastic
ordering between these two systems in fact holds true. For the first system we have

2P(X) >t+x,Xp >t+x,X3 <t)
2P(X) > 1,Xy > 1,X3 < 1)

F(t+x,t+x,0)—F(t+x,t +x,t)
F(t,t,0) = F(t,t,t)

672(I+x)7l(t+x) o e73172x77L(t+x)

P(T —t>x|Ty >t,Ni(t)=1) =

— e*/lx72x'

e~ 2—At _ o—3t—At
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Now for the second system we have

6P(X) >t+x,t <Xo <t+xX3<t)+3P(X; >t+x,Xa >t+xX3<t)
3P(X) >1,X > 1,X3 <1)

6[F(t +x,1,0) — F(t+x,t,t) — F(t +x,t +x,0) + F(t +x,t +x,1)]

3[F(t,t,0) — F(t,1,1))
3[F(t+x,t +x,0) — F(t +x,t +x,1)]
3[F(t,t,0) — F(t,1,1)]

6[F (t +x,1,0) — F(t +x,0,0)] = 3[F (t +x,1 +x,0) — F (t + x,1 + x,1)]

3[F(t,t,0) — F(t,t,1)]

P(Th—t>x|1h>t,N(t)=1) =

After algebraic simplifications, it can be shown that
P(Ty—1t > x|Ty > 1,No(t) = 1) = 2 *110) _ =x(246)

As A > 0, it is easy to verify that

eflx72x < Zefx(lJrG) _ €7x<2+9).

Therefore again we see that the stochastic ordering between these two used systems with EXC components
holds true.

3.1 A proposed dynamic signature

Let 7= ¢(X1,...,Xy), T >t and N(¢) = r. Also suppose W(,_,) = (Wr+1,...,W,) is the vector of dynamic

signature defined in Equation (2) and w™ is its corresponding usual equivalent dynamic signature which
is of order n. Here a simple modified dynamic signature w* for w is proposed that have some useful

properties. For i =1,...,n its coordinates are given below
0 i<r
ES . -
wi={ 0 15 ®)

In EXC case and in view of (7), it is obvious that

P(T—t>x|T >t,N(t)=r)= i WiP(Xgn —t > x|N (1) = r). 9)
k=1

Theorem 2. The results of Theorem 1 hold true if w(ln) and wg"), are replaced by wi and w3, respectively
and also (Xim —t|N1(t) = r1) <g Yy —t|N2(t) = 12) for i=min(ri,rn)+1,...,n.
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Proof. From Equation (9) and in view of the first equality of Equation (7) we have
n
Eg(X) =Y Wi P(Xin—1>x|INi(t) =r1) = P(Ty =t > x|Ty > 1,Ni(t) = r1)
1
n
<EQ(Y)=Y w3 P(Xin —1 > XN (1) = r1)
k=1

n
= Y W P(Xiw—1>xINi(t) =r1)
k=r1+1

n
- Z W;,kP(Xk:n —t> X|N1 ([) = ”1)

k=min(ry,r)

+1
n
< Z Wsz(Y/(:n —t> x|N2(t) = r2)
k=min(ry,r)+1
n
= Y W PYin—1>xINy(t) = r2) = P(Ta—t > x|Ty > 1,Ns(t) = r2).
k=ry+1

We note that P(X;., —t > x|N(t) =r) =0, for i=1,...,r. This completes the proof of the theorem. O

Remark 3. In comparisons of used systems, Theorem 1 is an extension of part (a) of Theorem 2.6 in
Samaniego et al. (2009). On the other hand the conditions of Theorem 2 are less and easier than those

(n)

of Theorem 1. In Theorem 2, we do not need to compute the usual equivalent dynamic signatures w;
and wg"), which are usually obtained after lengthy computations on dynamic signatures. Also the number
of stochastic comparisons of conditional random variables in Theorem 2 is n— min(ri,ry) which is less
than that of Theorem 3.1, that is n. One may verify the possibility of happening the following situation:
w&") <st wé") but wi and w5 are not ordered.

Obviously, in this case the proposed dynamic signature w* is not applicable and one should use w.
But the converse of this case may also happen (see the following example when the system components

lifetimes are I1ID).

Therefore as the above discussed, among w® and w* one should clearly first take w* into consideration,
particularly when w is not usable. See the following example.
Example 4. Let s; = (0,0,0,4/5,1/5) and s, = (0,0,3/5,1/5,1/5) be the signatures of two systems
consisting of different IID components and suppose N () =2 and N, (¢) = 3. From Equation (2), it implies
that w; = (0,4/5,1/5) and w, = (1/2,1/2). Also it is easy to see that the equivalent vectors of w; and
w, are wi =0.01 x (0,24,34,30,12) and w”) = (1/5,1/5,1/5,1/5,1/5), respectively. Note that in view of

the usual stochastic order, W(15> and Wgs) are not ordered. Therefore, regardless the system components

be common or not, for comparing of two mentioned used systems, part (a) of Theorem 2.6 in Samaniego
et al. (2009), and Theorem 1, both are not usable. Whereas,

wi = (0,0,0,4/5,1/5) <4 w3 =(0,0,0,1/2,1/2).

Hence, under the assumptions of Theorem 2, we have (T} —¢|Ty >t,N,(t) =2) <y (Ta —t|T> > t,N>(t) = 3).

4 Some unique aging properties of the series systems

The preservation of reliability aging classes under the formation of coherent systems is an important topic
in reliability studies. This section considers the preservation of IFR and DFR classes in series systems and
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particularly shows that among the coherent systems with INID or IID components, the series systems are
only DFR closed systems. This result is mainly obtained based on the system signatures. For a detailed
study on the preservation of reliability aging classes under the formation of coherent systems refer to
Navarro et al. (2013).

Let T = ¢(X1,...,X,) be the lifetime of a coherent system in which the component lifetimes X;’s are 11D
and have a common absolutely continuous distribution F.

Definition 3. (Samaniego (1985)) A system is said to be IFR (DFR) closed if T has an IFR (DFR)
distribution whenever F is an IFR (DFR) distribution. A class of systems is IFR (DFR) closed if each
system in the class is IFR (DFR) closed.

Samaniego (1985) showed that a coherent system with lifetime 7 = ¢ (Xj,...,X,) and with IID com-
ponents is IFR closed if and only if
i (n—D)si1 ()2

) (Xhirsi) ()X ,

k(x) = x € (0,00)

is increasing in x where s = (s1,...,s,) is the system signature.

It is well known that the class of k-out-of-n systems (i.e., systems that work when at least k of their
n components work) is IFR closed (see for example Barlow and Proschan (1975)).
Note that all coherent systems with IID components are not necessary IFR closed. For example, in the
system with lifetime 7' = max{X;, min(X,X3)}, k(x) is not a monotone function.

Remark 4. It is easy to see that the system is DFR closed if and only if k(x) is decreasing in x. Also
note that if a system be IFR and DFR closed both, then k(x) should be a constant function. That is, s; =0
fori=2,... ,n and therefore s; = 1. It means that, only the series systems are both IFR and DFR closed.
This result is also proved in Navarro et al. (2013). Note that only in a series system s = (1,0,...,0).

Remark 5. Using the signatures of all 28 coherent systems of order n <4 and verifying the monotonicity
of k(x), we observed that in each case it is not decreasing except for series systems in which obviously
we have k(x) = n. Based on this observation, we conjectured that the series systems are only DFR closed
systems. This unique property of the series systems is proved in the following lemma, for both IID and
INID cases. First see an example given in Barlow and Proschan (1975) which is needed in the sequel.

Example 5. Let T = max(X;,X») where X; and X, are independent and X; is exponentially distributed
with parameter A;, i = 1,2. Then the failure rate function of T is not monotone if A; # A,, but T has an
IFR distribution if A = A,.

Lemma 2. A coherent system with INID components is a DFR closed system if and only if it be series.

Proof. Tt is well-known that if 7 = min(X,...,X,) and X;’s are independent with &y, (¢) as the failure
rate function of X; then hr(f) = Y] hx,(¢) and therefore a series system is obviously both IFR and DFR
closed system. Now to prove the Lemma, we use induction on the values of n. For n =2 and from
Example 5, note that T can not be max(X;,X>), as its failure rate function is not monotone and therefore
T = min(X;,X;). Now assume that the result of the Lemma holds true for the systems of order n— 1
that is if ¢(Xy,...,X,—1) is DFR when Xj,...,X,_ are DFR then ¢(Xi,...,X,—1) = min(X,...,X,—1) or
equivalently its structure function is ¢ (xi,...,x,—1) = H’l”lxi.

Now suppose ¢(Xi,...,X,) is DFR when Xj,...,X, are DFR. One can consider the system of order n as a
system of order 2 in which the subsystem consisting of x,...x,_1 is its first component and x;, is the second.
We note that the main system of order n is DFR closed, therefore both subsystems ¢ (xi,...,x,—1,1)
and ¢(xi,...,%,—1,0), which are of order n— 1 should be DFR closed (otherwise one can easily give
the examples of some structures @(Xj,...,X,), such that when the substructures ¢(Xi,...,X,_1,1) and
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¢(X1,...,X,-1,0) are not DFR closed then the main structure ¢(Xi,...,X,) is also not DFR closed).
Now by pivoting on component n and using induction assumption, we conclude that, both subsystems
O(x1,...,xn—1,1) and ¢(xy,...,x,-1,0), which are of order n— 1, have the series structures. On the other
hand, in view of the case where n =2, these two subsystems and component n are also in series. That is
O(xr,. .. xn—1,1) = H’l"lxi x 1 and ¢(x1,...,%,-1,0) = H’f*lx,' x 0. Therefore we have

n—1 n
O(x1,. oy Xn) = X0 (X1, oy Xn—1, 1)+ (1 —2x) P (x1, ..., x0—1,0) = X, X HXH'O: Hxi.
1 1

This completes the proof of the lemma. O

Note that Lemma 2 holds true in IID case. That is the series systems with IID components are only
DFR closed systems. Therefore Lemma 2 extends a previous result in Lindqvist and Samaniego (2019)
for IID case.

Remark 6. Based on Lemma 2, one can similarly show that the series systems with INID components
are only IFR closed systems. Note that unlike the unique property of DFR closedness of the series systems
in both IID and INID cases, the class of IFR closed systems with IID components is not contained only
by the series systems, as mentioned before it also includes the k-out-of-n systems.

The result of the Lemma 2 and the mentioned property in Remark 6, extend the Proposition 2.1 in
Navarro et al. (2013) from IID to INID case. Proposition 2.5 in Navarro et al. (2013), gives a sufficient
condition for a coherent system with INID components to be IFR(DFR) closed. Therefore in view of
Remark 6, Lemma 2 presents a more stronger result than the Proposition 2.5 in Navarro et al. (2013).
Also for the systems with dependent components, some conditions are obtained in Navarro et al. (2013).
They showed that for different coherent systems, some aging classes are preserved.

5 Concluding remarks

This paper presents new properties and applications of system signatures and dynamic signatures, which
are essential tools for analyzing the stochastic behavior and aging characteristics of coherent and used
systems. Following an extensive review in Section 2, we explored comparisons among coherent systems
and examined the relationships between the structure function, reliability function, and system signature.
The main contributions are presented in Sections 3 and 4. In Section 3, we investigate comparisons of
the residual lifetimes of coherent used systems. By introducing the concept of an equivalent dynamic
signature, we derive extended results for systems composed of different exchangeable components. Ad-
ditionally, we propose an alternative to the equivalent dynamic signature, which exhibits several useful
properties for comparing used systems.

Section 4 focuses on unique aging properties of series systems. Specifically, we study the relationship
between system signatures and the concepts of IFR and DFR closed systems. It is shown that, under
INID and IID assumptions, series systems are only DFR closed, thereby extending existing results in the
literature. Illustrative examples are provided throughout the paper to clarify and support the theoretical
findings.
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Abstract. In this paper, we consider a Markov-switching bilinear process (MS-BL) that exhibits rich
dynamic behavior and plays an important role in modeling non-Gaussian data characterized by structural
breaks. In such models, the parameters depend on an unobservable (hidden) Markov chain with a finite
state space. Although numerous recent studies have focused on the statistical aspects of Markov-switching
models, systematic investigations of the probabilistic properties of this class of nonlinear models remain
relatively scarce. So, we derive conditions for stationarity and compute the moments of the process up to
the third order. Our analysis reveals that the conditions ensuring local stationarity within each regime
of the observed process are neither sufficient nor necessary. Furthermore, we show that the second-order
structure of the process is analogous to that of a Markov-switching ARMA (MS-ARMA) model with an
additional uncorrelated white noise component. Therefore, the examination of higher-order moments
becomes essential to distinguish between (locally) linear and nonlinear models. To illustrate the practical
relevance of our theoretical results, we conduct Monte Carlo simulation studies and apply the proposed
model to the exchange rate of the Algerian Dinar against the Euro. The empirical findings indicate
that the proposed approach provides a better fit and demonstrates superior performance compared to
alternative models.

Keywords: Higher-order moments; Markov-switching bilinear models; Stationarity.

1 Motivations

Markov-switching (MS) time series models proposed by Hamilton (1989) have recently received a growing
interest in several areas of statistics because of their ability to describe adequately various financial time
series and continue to gain more popularity, especially to model empirical macroeconomics and dynamic
econometrics time series (X;),cz, Z= {0,£1,%2,...}. The advantages of MS models are multiple, for
instance, among others:

(i) MS models are nonlinear models (even locally) because linear models are not, in general, always suit-
able for use.

(ii) Higher flexibility in capturing the persistence and/or asymmetric effect in datasets.
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(iii) In modeling time series which exhibit smooth or abrupt structure which occur frequently or occa-
sionally depending on the transition probability of the chain.

So, there exist various different ways to model such a series exhibiting break changes through a finite
number of "regimes”. A rather general model is given by

Xi=fs (Xzfiyet7j70<i§P70<j§Q)+et7

for some measurable function f depending on some finite state Markov chain (s;), that control the
change of regimes and some innovation process (e;),. However, in literature, some locally (given s;)
linear or nonlinear models (determined by f) were investigated in order to study the probabilistic and
statistical properties of such models. Indeed, the stationary ARMA models in which the parameters are
allowed to change through time according to Markov chain denoted by MS—ARMA have, got considerable
attention recently. For instance, Yang (2000), Francq and Zakoian (2001), Stelzer (2009), Lee (2005), Yao
and Attali (2000), Boubacar and Rabehasaina (2020) and the references therein, are references aims to
describe the probabilistic and/or statistical properties of MS —ARMA models. Namely, conditions assuring
the strict stationarity, ergodicity, the existence of higher-order moments and spectral representation. On
the other hand, to develop some appropriate statistical methods and their asymptotic inference. Francq
and Zakoian (2005), Bauwen et al. (2010), Alemohammad et al. (2020), Bibi and Ghezal (2015) and Wee
et al. (2022) have proposed a MS — GARCH model. So, the probabilistic structure, as in MS— ARMA
models were investigated and some procedures for estimating and forecasting the MS GARCH model
was studied. Recently, Bibi and Ghezal (2015) and Bibi and Hamdi (2025) and have introduced a new
class of MS—bilinear (MS — BL for short) model where several probabilistic properties were studied and
explicit conditions ensuring the existence of a strictly stationary solution of such a model to belong in
IL, are given. Moreover, it is also known that some bilinear processes have properties that are similar
to those of an autoregressive conditionally heteroscedastic (ARCH) model, which plays important role in
financial mathematics see subsection 3.1.

In this paper, a process (X;), defined on some probability space (,3,P) is called MS—BL(p,q,P,Q) if it
generated by the following stochastic difference equation:

p

q QO P
X, =ao(s)+ Y ai(s)Xi—i+ Y bj(s)er—j+ Y Y cij(s)Xi—ier—j. (1)
i=1 =0 j=1li=1

In (1), the functions a;(s;), bj(s;) and c;;(s;) depend upon a Markov chain (s;), that controls the dynamics
of X; and is subject to the following assumption:

The Markov chain (s;), is irreducible and aperiodic with a finite state space S={1,...,d}, the n—step
transition probability matrix, that determines the evolution in S is given by

pn) — (pg‘l));i’j)eSxS7

(m _ P(s; = jls;_n = i), so by Chapman-Kolmogorov Equations P") = P". The one-step transition

where p; :

probability matrix P := (p;;) where p;; 1= pij

m) _ P(s; = jls;—1 =1i) for i,j €S, such that ipij =1, for
j=1

all i. The stationary distribution of the Markov chain (s;), will be denoted by II= (7(1),...,m(d))" that
solves the equation P'IT = IT where (i) = P(so =), i = 1,...,d. The chain (s;), is said to be independent
if Pij = 71'(]) foralli €S.

The innovation process (¢;), is assumed to be independent and identically distributed (i.i.d) with mean
0 and variance 0y. In addition, we shall assume that ¢, and {(X;_1,s;),s <t} are independent.

As already pointed out by Bibi and Ghezal (2015), the MS — BL(p,q,P,Q) includes as special cases
several classes of interesting models having been investigated in the literature. It is worth noting that the
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key difference between MS — BL and a threshold model is that the former assumes that the underlying
state process that gives rise to the nonlinear dynamics (regime switching) is latent, whereas threshold
models commonly allow the nonlinear effect to be driven by observable variables but assume the number
of thresholds and the threshold values to be unknown. Before we proceed, we will first introduce some
algebraic notations and definitions.

1.1 Algebraic notations and definitions

Some notations are used throughout the paper:

o For some specifications of the chain (s;),, i.e., constant (d = 1), independent and dependent chain,
in the sequel we shall indicate the corresponding models by C—BL, I — BL and D — BL respectively.

o I is the n X n identity matrix, I:= (I(X)f e fI(S)) , is the d—block matrix, and 1) (resp. 1)
sxds
is a d x d matrix (resp. d x 1 vector) whose components are matrix unity (resp. 1).

* O, denotes the matrix of order k x I whose entries are zeros, for simplicity we set O := Oy
and Q(k) = O(k,l)'

e The spectral radius of a square matrix M is denoted by p (M), ||.|| denotes any operator norm
on the set of m x n and m x 1 matrices, ® is the usual Kronecker product of matrices and M®" =
MRIM®..QM, r—times. If (M(i),i €1) is n X n matrices sequence, we shall note for any integer [

J
and j, [IM(i) = M()M(1+1)...M(j) if | < j and I(,) otherwise.
i=l

o For any function f:S — #m(R), where #,xm(R) denotes the space of real n x m matrices, we

write
Pt (D parf* (1) P ) P ()
P(f*) = : PO = : :
® ®. n n) p
pldf r(d) Pddf r(d) pgd)f@)r(d)“ p((id)fglr(d)
and
m(1) (1)
() = :
n(d)f*"(d)
In the sequel, we will use the following result due to Francq and Zakoian (2005) stated in the next
lemma.
Lemma 1. 1. Fori>1, if (Z—;), is an integrable random variable belonging to o (e,—s,s > i), then

d .
R()E{Zyilsi =k} = Y E{Z, ilsi-i = j}p7()-
J=1

2. If f:S — Myxn(R) and g:S — M1 (R), then for any k>0 and T >k,
E{f(s)f(s1-1)--F(sies1)8(st—0) |51} = T{P(f)} TI(g).

Remark 1. [Independent switching]. For the model I —BL, then (P(f))" =P (f() (E {f(st)})k_l) and
IP(f)=[E{f(s))},...,E{f(s:)}] where in the last equality, the matriz E{f(s;)} is duplicated d—times.
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We arrange the rest of the paper in the following manner. In the next section, we give the Markovian
state-space representation, which is used to derive conditions for stationarity (in the strong and weak
sense) and a recursive formula for the higher-order moments. Section 3 is devoted to giving explicit
expressions of the second, third and fourth-order moments of some particular MS — BL models. Section 4
provides results of a Monte Carlo experiment and section 5 concludes the paper.

2 Markovian representation of MS— BL and its properties

In the rest of the paper, we shall restrict ourselves to the case when b;(.) =0 j=1,....q in (1), ie,
without moving average part

P Q p
X = Zai(S;)X;ﬂ‘—F Z ZCij(St)thietfj +e, (2)
i=1 j=li=1

which denoted also hereafter MS —BL(p,0,p,Q). Because it is difficult to handle the product terms like
Xie—j, j >0, Liu (1992) when d = 1, introduced the so-called lower triangular model for which ¢;;(.) =0,
if i < j. So in this paper we extend the lower tridiagonal model to include a MS — BL one, i.e.,

)4 [
X, = Za,»(st)Xt,mL Z Zcij(s,)X,,,-et,jJre,. (3)
i=1 j=1i=j

The representation (3) has however the advantage to admit the state-space representation X, = H'Y, where

Y, =Ty (e)Y, 1 +1(er), (4)

with T, (e;) = To(s¢) + e, T1 (s;) where the matrices Ty(s;), I'1(s;) and the vectors n(e/), H are explicitly
given in Bibi and Ghezal (2015). Note that the representation (4) shows that the MS — BL(p,0,p,Q)
can be represented as a multidimensional first-order random coefficient Markov-switching Autoregressive
(MS —RCAR(1)) model, and hence the extended process Z, := (Y!,s;)’, is an aperiodic Markov chain
on (2,%8(%Z)), where 2 = R* xS. This compact representation allows us to provide a necessary and
sufficient condition for the existence of strict stationery, ergodic, and S; = o (€/—n,S;—n,n > 0) —measurable
(or causal) solutions for (3). These concepts are ensured under the strict negativeness of the Lyapunove

t—1
e o) |
i=0

definition). However, it follows from Bibi and Ghezal (2015) that the unique strictly stationary and
ergodic solution of (4) is given by the first component of

exponent defined by y(T') := H>1f %E {log (the chosen of the norm is unimportant in this
=

o (k=1
Y, = Z Hrsl—i(ef—i) ﬂ(e,,k)’ a.s., (5)
k=0 { i=0
k/
with the usual convention [] = 1, whenever k' < k.
i=k

Remark 2. For the process (X;), defined by X; = c11(s:)Xi—1€,—1+¢;, the Lyapunov exponent is

(ON

7 (i) E{log(|c11(i)eol)} s

i=1

d :
s0 Hl et (i)\ﬂ(’) < e Elloglool} constitutes the necessary and sufficient condition for strict stationarity.and
i—

ergodic solution. Note that when (e;), is Gaussian, the necessary and sufficient condition reduces to
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H et (i )| ) < 1.88736. It is worth noting that this ezample shows the existence of explosive regimes (i.e.

|C11( )| > 1 compared with the standard case) does not preclude the strict stationarity.

Recalling here (interested readers are advised to see Bibi and Ghezal (2015) for more details) that if
Oom+1 =E {e,z’"ﬂ} =0, 00, =FE {etzm} < +oo for any integer m, and if

Ay :=p (P(T®™)) <1, (6)

where I'®" := (T"(i),1 < i < d) with T®"(.) = E {T{"(e;)|s; = .}, then equation (4) has a unique strictly
stationary solution (Y,), given by (5) and the process (H'Y,), is also a unique, strictly stationary, causal
and ergodic solution of equation (3) which satisfies X" € LLy,,.

Remark 3. For the model I — BL the condition for the existence a strictly stationary solution in L, is

d
that Ay ==p (E{T3™}) <1 where E{T{™} =Y T (k)@ (k
k=1

2.1 Computation of the higher-order moments

Once the second-order stationarity condition is established, it is useful to compute the expectation and
some cumulants of the process (¥,),. A property which will be heavily used in the sequel, associated with
representation (4) is given in the following lemma.

Lemma 2. Consider the representation (4), then for any integer m >0, we have
Z‘P styet [ 17 (7)

where the matrices ‘PE"” (si,e1)'s are uniquely determined by T, (e;) and n(e;) according to the following
TeCuUrsions

(m) (st e0) =M (er), ‘Pgl) (st,e) =T, (er), and for any m >0,

n
m+1 (m) (m)
‘P (s,,e,) n(e) @Y, (s,,e,)—O—l"Y,(et)®‘I‘Z 1 (se,er),

with the convention ‘I" (s,,et) 0 when i>m ori<0 and Y0 = ‘I’(()O) (st,e) = 1.

Proof. The formula (7) for m =1 is given by (4). Assuming that (7) holds true for some m > 1, then we
have

1
LQza(m+ ) _

(T (e)Y, 1 +1n(er)) ®‘P§m) (sr,e) Y

N agE

i
o

{ﬂ(et)®{‘l’§m) (St7€t)xl(‘®—i]}+<rst(et)®lpl< >(s;,€z))( Y 1)}

ngE

(=)

=

m

™

{{ﬂ(e,) o™ (st,e,)}zf?jl n {rs, () W) (s,7e,)}x$i"1}

S

and the result follows. O
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Now, we note U = (m (k) E{Y;*"|s; =k} k=1,..,d)" , then

T (k) E{Y&m]s, =k} = flpﬁ’") (K)E{Y |s, = k} 7 (k)
i=0

m
d i . .
=Y W)Y E{Y s = par (), (8)
i=0
where ‘P (k) {‘PEM (sty€) s :k}, so Ut Z IP’( l(m) (k))Q<i), hence under the condition (6),

E{YP"} =10 and U™ = (Igen) —P (237" <k>)) { T B (%" () o }

Example 1. Explicit formulae for some power m are addressed below

0, -
n ) l_O’
) = {Fo(k), i=1.

(0)@2 _
n i=0,
)= 0N + Ve ®©) + T en® +Ti@enh, =1,
T2 (k) 4 0T (k), i=2.
For m = 3, the non-zeros terms in ‘I‘ES) (k), i=0,1,2 and 3 are
ﬂ<0)®3 i=0,
n© >®2®Fok)+n V2 @k) +n@ @Tok)@n® +nO eI (k) onM©®
\ +To(k)@n© +F1(k)®ﬂ“), i=1,
¥ 09= VST £ o0 £ o (o) 0T (0 W 2Tk)
+To(k)@n© ®Fo(k)+ro(k)®g<‘> ®@T (k) +T1(k) @) @To(k)
+T (k) @n® T (k) i=2,
(F®2(k) + 62F®2( )) @To(k) + 02 (To(k) @ Ty (k) + Ty (k) @ To (k) @ Ty (k) i=3
where ) = E {ein(e,)}, i=0,1,..... The fourth—order moments is also useful to study which may be

deduced from the recursion U™,

Note here that the recursion U™ demonstrates the dependence of the m — th moment terms on the
(m — 1)th—moment. Provided that the (m — 1)zh—moment.converges, and the summation in (8) is also

stable, this term will converge. Moreover, we note that the matrices ‘I—’Sm) (k) are not zero for any k € S.

3 Case studies
In this section we examine the following particular cases of MS— BL models (3), i.e

(Superdiagonal model): X, =a(s/)X;_je;_r+e, 0<k<l, (MS-SBL) )
(Diagonal model): X =a(s)Xi—xe—x +er, 0 <k, (MS-DBL)

where for the sake of generality it is assumed that (e;), is i.i.d., Gaussian sequence and we set 6, = E {e]'}.
So, the even moments of (), up to eight order are 63 = 62, 64 =307, 06 = 1503, and o5 = 10503 while
all the odd moments are equal to zero. The above models was studied in non switching framework
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(i.e., d =1) by, among others, Gabr (1988) and Martin (1999) who gave some general discussions on
the properties of such models including stationarity and moments properties. Moreover, Grange and
Anderson (1978) studied the superdiagonal in detail and showed that this series might be mistaken as
a white noise. In the following we give an explicit expression of the higher-order moments of the above
models. Let us consider

¥ (i) = E{(X, — )(thi—.u)}:.uX(i)_ﬂza (10)

Y (6,0) = E{ (G =) (Ximi = 1) (X — ) } = x (i, ) — b {px (0) + px () + o (= )} +20°, (1)

where 4 = E{X,}, ux (i) = E{X,X;—;} and ux (i,j) = E {XtX, X ]} In this illustration, the autocorrela-
tions of (X?) noted p (i) = (1) (i) — ug(0))/Var {X?} where pp (i) = E{X?X?,}, it be use as a power

criterion for bilinear model identiﬁcatlon Wthh often replaced by a standardized third central moments,
ie.,
p3(is ) = E{(X; = 1t) (X — 1) (X — ) } / {Var {X;}}
2
= {uxo,] — {7+ () + e )} + 20} /5(0)

The last moment has several features with respect to p, (i). For instance, the coefficients of skewness
of (X;), may be derived from p3(i,j). Moreover, if (th) , is generated by a (locally) linear model then
P2 (i) can be nonzero whereas p3(i, j) will be zero for all lags i and j. Also p3(i,j) should provide more
information about the model under study than the autocorrelation of (th) , - Note that from Gabr (1988),
the following symmetry relations hold yx (i, j) = ¥x (j,i) = ¥x (=i, j—i) =vx (i— j,—j ) where i, j € Z. So,
it is sufficient to calculate ¥y (i, j) for 0 <i < j. In the sequel we shall note for any i > 1, a' = (ai(j),j € S)

and [TP® () =Pi® (),
=1

3.1 Superdiagonal model

Note that the MS —SBL model may be written as X; = a(s;)X;—r€r—grm+er,2 <k,1 <m <k—1, which is con-
ditionally heteroscedastic (but not a MS—ARCH model). Indeed, for k=2, let h; (1) := E {m (1) XI5, —1|S: -2},
[ €S, then we have

(1) = o2a® () (1) E {X? 51 (5,—}|Si—2 } + 7 (1) 02

d
= 02a*(1) Y, E{X7 15, ,=r)[Si- 2} zz’ z(I')+x(l)o

I'=1

= o ()X, Zl{sr =1 h 11/ n(I')+x(l)o
I'=1
So, hy = Zf:] h (1) is given by h; = {I]P’( ) (Gza )Z }X,2_2—|—0'2 where Z, = (I{stzl}""vl{s,:d})/v this show
that MS —SBL is an ARCH model. From the discussion in subsection 2.1, it can be shown that a sufficient
condition for the strict stationarity solution in Ly, is that p (IP’(I‘> (sza )) <l,m>1.

Lemma 3. [First and second-order moments| For the MS — SBL, assume that p (]P’<k) (0'2612)) <1, which
ensures the second-order stationarity, then we have
pay (k) =E{X} =0, E{Xe}} =0, E{X?e,} =0, E{X?¢}} =0, E{Xie;} = 02, E{X,€} } = 04,

2. oy (K) = E{X?} = 141, (K) where o) (k) = ( )—w)(czaZ))*lg(oz),
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—1
3. ﬁ(z) (k)=E {X2 } Jl (k) where ,u ) (k) = 0'221P7(k) (az) <I(d> —p® (Gzaz)) I(oy)+0(04).
4. (i) = ey (k) Sfizoy -
Proof. The proof is straightforward and hence omitted. O

The nullity of (i) for i > 0, shows that the MS — SBL appears as a sequence of weak white noise
(0—dependent). So, in order to provide more informations, we need to investigate some moments of
order greater than 2.

Lemma 4. Under the condition of Lemma 3, all the third-order moments y(i,j) of the MS— SBL, are
equal to zero except i=k—m and j =k for which we have

—1
¥ (k— m, k) = 1P6) (@) P (G5,) (I(d) _p® (62a2)) I(c,).
Proof. 1t is easy to see that yx(0,0) =0. For i = k—m, j = k, we have
— 7 — 2 _
_ — = = —k+mC€rt—k+mAs— -
ﬂ:(l)E{XtX[ kXt k+m|st l} ﬂ(l)a(l)E{X, k+m€t—k+ X k\s, l}
— l]P)(k—m) (a)g
where
U= (E{XitimerismX ilsikim =1} (1), 1 = 1,..,d) =P™ (%) E{X?|s; = u}m (u),u=1,...d) .
So,
—1
¥ (k— m,k) = IP6—) (@) P (G5,) (I(d) —pi (62a2)) I(o,).

Lemma 5. For the MS — SBL, we have under the condition p (]P’(k) (0'215121)) <1,1>1.

n (k) = E{X7} =1 (k) Iy—o1y where
k) = (1, —P® 2\ 2 pk) 2i k) + 10
E(zz)( )= ( (d)— (GZla )) (Z 102(1 i) ( oia )E(Zi)( )+ (0y)).

By (k) =E{(Xie,)"} :lE(r) (k) where Em (k)= o2 +1 (21[2]1 C¥PW (03, a ) (k)> [x] is the integer
part of x.
Proof. 1. For the first assertion, we have for any integer r > 1,
=€ +Z Cl l (s¢) ti ket ktmEr -

So if r =21+1, then due to Gaussianity of (¢),, the expectation of the first term is 0 and because
if i is even integer, r —i is odd and vice versa. Therefore the expectation of the second sum is also
0. In contrast if r =2/ say, then

E{x¥|s = jhx(j) =E{els = j} n J)+Z,  Chia® () E{XZilsi = j} 7 (J) 02000

=oyn(j +Zi:1 Sia* (j ZuzlE{ngBt—k:u}Pu,’”(”) 02i05(1—j).

By passing to vectorial representation the results follows. In particular,

,Ll(4) (k) =F {Xt4} = l (I(d) —P(k) ((74(,14)) (6(72]P( ) ( ),Ll<2) (k) +H(G4)> .
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2. The proof of the second assertion is similar and is omitted.
O

Now, we carry out a second-order analysis of the squares (¥, = X? ) of MS —SBL which providing an
alternate differentiation technique characterizing the processes 0—dependent

Lemma 6. For the second-order stationary MS — SBL, consider the process Y; =X,2 and assume (to
facilitate the exposition) that k=2,m =1 and for any j >0, we set

t, ()= (FWE{YY, jlss =u} u=1,.d),
then under the condition p (P(z) (Gzaz)) < 1 we have

E(4> (2) if j=0
1y (=1 (a—P(0:a?)  P(o2)p, (2) ifj=1 .
P@ (caa®) p, (n—2)+P" (), (2) if j>n>2
and hence y (j) =1p, () — Y3 (2) for any j > 0.
Proof. The first part is obtained from the Lemma 5. For the second, 70 (u) E{Y;Y,_1|s; = u, } =a* (u) @ (u) E{X? ,X? |
el \|lss=ul+om(u)E{X? |sy =u}, so

By (1) = ]P’(Gzaz)gy ()+P () p

@ (2).
The third one is immediate. O

Remark 4. According to Brockwell and Davies (1987) Section 3.2, it follows that if (X;), is a is
q—dependent and (e;), is i.i.d. then for any measurable functions of (X:), is g—dependent. So, since
because Y (j) # 0 implies that the process (Y;), is not an 0—dependent and hence (X;), is fare from an
MA(1) process.

The next corollary we summarize some results listed above when (s;), is independent sequence noted
hereafter I — SBL. The proof of this corollary is omitted as it consists of straightforward, but tedious
algebra.

Corollary 1. [Switching-independent case] Set a=E{a(s;)} and A = a0y, then, for the I —SBL, we
have:

1. u=0.
2. (i) =02 (1-2)" 8y,

3. W (i) =03 a(l=A)" 8k jty-

-1 _ , -1
4. E{X/} = <021+ ;1 C3/02:0y1_ > E {XIZI}) (1 — Oy azz) O(r=any.

20 .
— —— J=0,
(1 — Gzaz) (1 — (74612) ,
. 3.2
5. w(j)= 202“72, j=1,
(1 — Gzaiz)
o’y (n—2), j=n>2.
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Remark 5. The results of the fifth assertion of above corollary shows clearly that when (s;), is an
independent sequence, the process (X,z), associated to k=2 and m =1 has the same covariance structure
of an MS —ARMA(2,1), with an independent sequence (s¢),, i.e.,

Zi=o(s;)+ai(si)Zi—1 +ax(s)Zi—2 + b(ss)e—1 + e, with a;(.) = 0. (12)

Indeed, the covariance structure of (12) is given by ¥z (j) = lgz(j) — U2 where

1, =11y P (@) 1(0)
and
(1 - az) (1(0) +260) (@a)p, +11(0%) +T1(c2)), =0,
p,() =1 (1 (P(bﬂ (w)EZ), j=1,
P(ag)EZ(n 2)+P<”>(w)uz, j=n>1,

which is reduces in I—SBL to ¥z (j) = uz(j) — u2 where uyz = (1—az)”"" @ and

-1 _
Gz(lfa%) (1+8%), j=0,
2= eb?(1-a)", j=1,

Comparing Yz (j) and that given in fifth assertion of corollary 1, it can be shown that for @ = (1 —a) ) (k),

a; = 0pa? and b2 =1+ 04a?, ¥z (j) and ¥ (j) coincide. This finding excludes the I — SBL to being a weak
white noise. (0—dependent). Moreover, the results of parts 1,2 and 3 of the above Corollary are identical
to the results given by Gabr (1988) when d = 1. Furthermore, it is easy to see that the results in part 4
of Corollary 1 are in agreement with the results given by Martin (1999).

Example 2. Consider d = 2, the entries of the transition matrix P are p;; = o, p» = B, the ergodic
distribution is then w (1) = (1 — ) /(2— a— ). The kurtosis (in terms of a(1) and a(2)) of MS —SBL are
shown in the Figure 1. The kurtosis of MS— SBL in above figure are strictly positive and hence their
distributions are leptokurtic i.e., the tails are thicker than normal one. Note here that all calculations
thereafter have been performed with native code under MATLAB’15 computation language.

3.2 Diagonal model

Lemma 7. (Second-order moments) If (X;), is generated by a MS— DBL, then under the condition
p (]P’U‘) (Gzaz)) < 1 we have

1. [](1) (k) :E{X,e,} = 0),

2. gy (k) = E{X} =) (K) where ) (k) =PW (@)T1(0y),

3. Hp (k) = E{X?el} = lE(z) (k) where @, (k) = (I(d) —PpW (Gzaz)) O(oy) and pp) (k) = E{X?} =
1, (k) where ) (k) =P® (a?) E(z) (k)+1(02).

) (I(d) ) (O'zaz))ilﬂ(oh) +H(0-2)7 j=0,
4- 1, () =19 P (a)PH (20,)(03), =k,

(
P®) (q) P (02) 1y (k) j=n>k
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Figure 1: Kurtosis of the two-state MS —SBL. Left dependent D —SBL and right I — SBL with a =0.75 and 8 = 0.95.

Proof. The proof is straightforward and hence omitted. O
Note that in standard case (d = 1) the process (X;), is an k—dependent and hence y(j) =0 for all j #k,
in contrast here y(j) #0 for all j. This finding could be used as a sufficient condition for testing the
Markovianity switching with dependent chain. Similar results stated in Lemma 5 for MS — SBL may be
given in MS — DBL one.

Lemma 8. For the MS — DBL and under the condition p (IP’(") (Gra’)) <1, we have
1. fy (k) = E{(Xe,)"} = l,lz(r) (k) where
m -1 w[E]-1 o
B (k) = (I<d> ~POo; ar)) (Z,[i]l C oy P ( QZ[)E(Z!’) (k) +11(02,)).

l (H(G2n) +er'l=1 C%;G2(n7i)]P<k) ( sz) ’u(Zi) (k)) , I'= 2"7

2wy (k) =E{X"Y=1u, (k)= . =
oo () =B} =11 (1 {12?1C%,’,:‘1 PO (0300 @) By, ) (B). r=2n-l

Proof. For any integer r > 1, we have (X;e;)" = eterer:l Cid' (s;) (thket—k)ietzrfi, SO
NEL(Xe s — iV —ELe?ls — V(i (5] 22 (B L (x 2if _ _
TC(J) {( tet) ‘SJ_J}_ {et ‘St—]}ﬂ'(])‘i‘zi:l ra (.]) ( tfketfk) ‘St_f 7'5(])(72(,,,)
, £ 0i 2is axd ;
=0 (j)+ L (DL E{Xver b=} om0 0,
-1 - . o
and thus E(r) (k) = (I(d> —PW( Grar)) (H(GZr) +Z,[i]1 ICE’ 62(,,,»>IP’(/‘) (a*) B, (k)) Therefore

E{(Xe:)"} :lgm (k).
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For the second assertion, we have X! = e/ +¥_, Cia (s,) (X;_rer—r) €} ~", so if r =2n, we get (1) E {x>s, =1}
=oyn(l)+ Z C2n0'2 (n—i) a ()E {(X,,ke,,k)% sy = l} 7 (l). Hence

n ) o
By (K) =T (02) + Y G, 03—y P (a¥) I, (K)

i=1
otherwise,

n—1 )
H(anl) (k) = Zocgfzill Gz(r*i)]P)<k> ( " l) 'u(Zt 1) (k)u
i=l

so E{X/} = 1) (k) Itymany + 11t ) (K) Ipmn 1y O
All the third-order moments of the MS — DBL are summarized in the following lemma

Lemma 9. (Third-order moments) If (X;), is generated by a MS— DBL, then under the condition of
Lemma 8, the non centred third-order moments are

3oa4t,,, (k) + P (a )u@)(k), i=j=0,
P“( ){364#1(k>+P (020) gy (K) b +PW) (o) gt ) (K), i=0, =k,
P(c) {PE1) (202) ) (K) + oot (0K (n—1)) }
by (i,)) = +P(nk)("2)—<1>(")’ i=0,j=nkn>2
Ky 0 P (@) {PW) (30202) iy (K) + T (03) } i=j=k,
462P2()()H<)() i=k,j="2k,
20,P2(0) ()]P’ 2) (o) ty (), i=k,j=nkn>3
PH (a) Pkt (Gz)ux(k(n—l))) =1k, j=nk,l>2,n>3,

and hence W (i,j) may be expressed from (11).

Proof. The first part corresponding to i = j =0 may be derived through Lemmas 7 and 8. For the case:
i=j=k>0, then we have 7 (u) E {X;X? ,|s; =u)} =7 () a(u)E {X} re,—x|s; = u}, so Uy (kk) = P (a)Q(k)
where the components of the vector U (k) are 7 (u) E {X2e/|s; = u} = 70 (u) 05437 (k) 020> (u)E {X* ;e |s = u}
and we deduce that U (k) =II(c4)+ P (302a?) H(2)(k) hence the results follows. Similar methodology
can be used to obtain the expansion of the remainder cases. O

Lemma 10. For the MS — DBL consider the squared process Y, = X? and assume that p <]P’(k) (G4a4)) <1,

then we have

H(4) (k) ) Jj= 0,
()= P® (a?) {g (06) +604PX (a®) L o0+ o PW (a*) @ (k)} +PO (0) o ®. i=k
PO (ara?),, (k(n—1))+ (]P’(k) (a)Pk=1) (263 + Pk (02)) Ky (k) Jj=nk,n>2.

andhencew(j)—luy(]) u for any j>0.

Proof. The first part, for j =0 may be deduced from the Lemma 8. The second part, for j =k, let
us define the vector p (k) = (7[(] E{X?X> |si=j} 1< <d) , then its is not difficult to see that
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wy (k) =P® (@)W (k) + PO (03) ) (k) where W (k) = (m(j)E {X'¢}|s; = j},1 < j <d)". Tedious calcu-
lation shows that W (k) =I1(0o%) —HF’( )(6G4a2)E(2) (k) + (k)(Gza ),u(4> (k) and hence the results follow. The

third part, follow upon the observation that p (kn) = P® (a?)U+P "k)(O'2E (k), where

2
U= (@ (E{XIX s =i} 1< j <),

(k) and hence the result follows.
O

after some computations, we get U = oop, (k(n—1)) + pk(r—1)) (262)E(2>

The following corollary correspond to independent switching MS — DBL, we stated the moments properties
without proofs. Details of the proof are of course available if it required.

Corollary 2. [Switching-independent case] For the I — DBL, we set A = 0242, then we have:

67264
1. p=E{X,;} =0ona and Var(X) = o + =i 2.
2. 'yx(l) :AZ 8{1':1{}'
B o o) Pa . im0
L ﬁ 2a (527 i= 0,] =k
1- 0‘211)
2n+1 g, Zn
3' w(i7j> = al 0‘2” B i:0’j:nk,n:2737.'.
- 6202 (647622+$ (647622+2a726§’)), i=j=k,.
a3c72, i=k, j="2k,
0 otherwise

)

where B = a* (367 — 0206) +a? (06 + 0204) +204.
E(xH) - i, j=0
4wn=4 @ {G6+6<’402#< )+ 02 lis >} o2z — My, j=k
Gy (k(n—1)) + (262a + c§) M)+ o2y p) if =k, n>2.

Remark 6. The results of second assertion of above corollary shows clearly that I —DBL is a k—dependent
process and hence it has the same covariance structure of an MS— MA(k) model, in other hand the result
of the fourth assertion clearly indicate that I —DBL is not an MS— MA(k).

Remark 7. The results obtained for MS— BL can be useful in modeling nonlinear time series, particularly
in the choice of the lags k and | of some simple bilinear models for which the innovation is Gaussian.
Note here that the results obtained in independent switching case are similar to standard ones (d =1)
when the parameters in moment properties are replaced by the moments of their coefficients. Despite the
difficulty and the complexity of computation, especially in dependent switching, the results obtained here
constitute an alternative for the study of nonlinear series.

Example 3. Consider the same distribution as in Example 2, then the kurtosis and the skewness of
MS — DBL are shown in the Figure 2 terms of a(1) and a(2)) of MS — SBL are shown in the Figure 1. The
kurtosis of MS — DBL in top panels of the Figure 2 are strictly positive and hence their distributions are
leptokurtic. The skewness of MS — DBL in bottom panels are negative for some values of a(1) and a(2)
and hence the distribution has a long tail to the left, i.e., mode>median>mean.
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Figure 2: Kurtosis and skewness of the two state MS— DBL. The left of top panel displayed the kurtosis of D —DBL followed
by I —DBL. Bottom panel displayed the skewness of D— DBL in left followed by I — DBL.

3.3 Simulation study

In order to examine the problems associated with the identification of a M.S — BL model with the help of the
third or fourth order moment, we consider an MS—SBL (resp MS—DBL) with (e;), is a Gaussian sequence
A7(0,1) and (s;), is a 2—state Markov chain with pi; =0.75, po» =0.95 and a(s;) € {—0.75,0.15}. Now we
simulate a series of length n = 1000, according to the models already mentioned, and calculate the second,
third and fourth order moments ¥ (i), % (i, /), and %z (i), i, j=1,...,max/ag. We repeated the experiment
500 times and the mean values of ¥ (i), ¥x (i, j) and %2 (i) are obtained. The simulation experiment has
been made in order to compare the difference between the theoretical values of ¥y (i), yx (i,7) and yy2 (i)
and those obtained via a Monte Carlo experiment. To avoid biased simulation’s intervention, we delete
first 100 observations to make sure the randomness of the model. The different plots of models according
to the variability of the chain (s;), are presented in Figure 3. In Figure 3, we can see that the graphic
associated to MS — SBL, presents more volatility than the MS — DBL. Moreover, it can also be observed
that there is a closed similarity between the C —. and I —. models.

3.4 Second-order properties

The sample % (s) up to lag 25, according to the variability of the chain (s;), are given in Figure 4. As
expected theoretically, the covariances in all cases decay to zero as the lag increases, though the rate of
decay in the case of the MS — DBL is slower. The results of the simulation of the second-order moment
are given in Table 1.

Observations of the series simulated from MS— SBL (resp. MS— DBL) are plotted in right (resp. left)
side panel of Figure 3 for different specification of the chain (s;),. The covariance yx (h) of these series are
shown in Table 1, for & € {0,1,2,3,4,5} and their plots are in Figure 4. So, we can see that the covariance
function are zero beyond 0 (resp. 1) for MS — SBL(resp. MS— DBL). This finding confirm the theoretical
results summarized in Figure 4.
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Figure 3: Displayed are in top panel C— DBL followed by C —SBL in second panel the I — DBL followed by I —SBL and in
the third D — DBL followed by D — SBL.

3.5 Third-order properties

Now, the third—order moments are concerned. The sample third-order moments % (0,s) up to lag 25,
according to the variability of the chain (s;), are given in Figure 5. It can be observed that for the
MS — SBL, ¥x(0,s) are approximately zero, contrary to the MS— DBL, ¥x(0,s) are not zero even beyond 1.
This means that the white noise structure of MS — SBL is preserved by the third-order moment properties
and the structure MA (1) of MS — DBL is violated. The results of simulation of the third-order moments
are shown in Table 2 for MS —SBL when (s;), is an independent (resp. dependent) chain, and in Table 2 for
MS — DBL with the same structure chain followed by their true values (results between parentheses). Table
2 gives theoretical values (in the parenthesis) of (i, j) for different values of i,j and the corresponding
simulated values ¥ (i, j) for MS — DBL.

Observations of the first series simulated from MS — SBL is plotted in first panel of Figure 3. Its
second-order Yy (m) and third-order yx(i,j) moments are shown respectively in first column of Table 1
and in Table 2 with (i, j) € {0,1,2,3,4} x {0,1,2,3,4}. It can be seen that simulation results agree well
with the results reported in in Figure 5 and with the theoretical results. Moreover, the order of yx (i, j)
and Yy (m) are quite different, we believe that the simple bilinear structure are not obvious and hence, an
AIC criterion should be discussed further.

Observations of this series (when (s;), is independent) simulated from MS — SBL is plotted in second
panel of Figure 1. Its second-order %x(m) and third-order % (i,j) moments are shown respectively in
second block of Table 1 and in Table 2. In this case also the simulation results are quite closely with
the theoretical results. Moreover, the values corresponding to the cell (0,0) are found to be absolutely
dominant over other values. Since ¥x (2) is zero, we believe that yx (2,2) should be wrong message.

3.6 Covariance analysis of squared MS—SBL and MS— DBL

The purpose of this subsection is to carry out a second-order analysis on the squared MS — SBL and
MS — DBL noted Y, = X? with the help of the Lemmas 6 and 10 to providing an alternate differentiation
technique from their linear representations
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Figure 4: From top to bottom: The covariance functions associated respectively to (.) — DBL followed in right side by
(.)—SBL

Observations of this series simulated from the squared version of MS — SBL and MS — DBL their
covariance % (m) is plotted in Figure 6. and there values are shown in Table 4.

As a consequence of the results reported in Table 4 is that the second-order structure of white-noise
for MS — SBL model (resp. MA(1) for MS — DBL) are not preserved by the process (¥;),. So, the squared
process maybe constituted a powerful alternative for the differentiation between linear and/or nonlinear
models. In the other words, in view of Figure 6, it can be see that the monotony of ¥ (%) is also preserved
by ¥2(h) for h=0,1,.... Note here that in spite the large values of ¥y (h) for C — DBL and I — DBL, the
values of ¥y2 (h) corresponding to D — DBL are significantly relaxed.

4 Application to investments

In this section, we use our theoretical results to analyze certain series of asset returns via MS — BL
models (9) aimed to predict the future values of such series. The resort to regime switching in asset
returns and their pronounced implications for investments have been widely documented through several
models according some accommodates features. (see Marcucci (2005) for more discussions). Based on
the findings in this literature, we analyze the exchange rates of the Algerian Dinar against the single
European currency (Euro) (EUR/DZD). We investigate some descriptive statistics and the impact of
such series for the different regimes. Our base model is an MS — BL models (9) with two regimes are
considered. We compare its implications to those of restricted models to determine the impact of regime
switching models.

4.1 Sample data and preliminary analysis

The proposed models MS —SBL and MS — DBL are investigated to model the series of EUR/DZD already
studied by Bibi (2021), observed from January 3, 2000 to September 29, 2011. Since there is some weeks
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Table 1: The Monte Carlo simulations and theoretical values (in parenthesis) of 1y (s) in different lags of MS-SBL and
MS-DBL model.

Lags\Models MS —SBL MS —DBL
C—SBL I1—SBL D —SBL C—DBL [—DBL D —DBL
0 2.2878 1.8946 1.4419 4.0592 3.2296 1.4608
(2.2857) (1.8957) (1.4269) (4.0946)  (3.2639) (1.4594)
| —0.0042 —0.0022 —0.0006 0.5219 0.4200 0.1216
(0.0000) (0.0000) ( 0.0000) (0.5191) (0.4192) (0.0984)
) 0.0017 —0.0068 —0.0059 —0.0400 —0.0249 0.0053
(0.0000) (0.0000) ( 0.0000) (0.0000) (0.0000) (0.0045)
3 —0.0031 —0.0038 —0.0038 —0.0583 —0.0498 —0.0010
(0.0000) (10.0000) (0.0000) (0.0000) (0.0000) (0.0006)
4 —0.0095 —0.0082 —0.0042 —0.0453 —0.0378. —0.0091
(0.0000) (0.0000 ) (0.0000) (0.0000) (0.0000) (0.0080)
5 —0.0026 —0.0031 —0.0036 —0.0305 —0.0315 —0.0057
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0045)

comprise less than five observations (due to legal holidays), we remove the entire week with less than five
available. So, the final length of the series is T = 3055 observations uniformly disturbed on 611 weeks.
The elementary statistics are tabulated in Table (Star) below which shows some description of the series
EUR/DZD. The kurtosis is less than the normal value of 3 indicating that the distribution has lighter
tails and a flatter peak than a normal distribution (platykurtic). The skewness is significantly negative,
showing that the tail on the left side of the histogram is longer than the right, with most of the data
clustered on the right side of the mean.

Note: The Jbstat-test which has a y? distribution with 2 degrees of freedom under the null hypothesis
of normally distributed errors. The 5% critical value is therefore 6.4795. The LM(12) statistic is the
ARCHLM test up to the twelfth lag and under the null hypothesis of no ARCH effects it has a x2(q)
distribution, where ¢ is the number of lags. The Q?(12) statistic is the Ljung-Box test on the squared
residuals of the conditional mean regression up to the twelfth order. Under the null hypothesis of no serial
correlation, the test is also distributed as a x?(gq) where ¢ is the number of lags. Thus, for both tests
the 5% critical value are 6.5597 (resp.31.4104). At a confidence level of 5% both skewness and kurtosis
are significant, since the standard errors under the null of normality are 6/T = 0.0019 and 24/T = 0.0077
respectively.

The plot of the trajectory of EUR/DZD series followed by its second and third-order cumulants are given
in the following Figure 7

It is clear that the series displayed in Figure 7 exhibit a structural break changes. More precisely,
from the results of Table 6 we can see that the descriptive statistics show that the negativity skewed,
indicate that the most data points are clustered on the right side (higher values), with a few extreme
low values stretching out to the left. So, we have mean < median < mode. Moreover, the positivity of
the kurtosis shows that the data are Leptokurtic and hence the null hypothesis of normality is rejected.
Additionally, the Jarque-Bera test statistics (Jbstat) is larger than the critical value (6.5597) which is
significant of 1% level which confirm the rejection of null hypothesis. The plot of third-order cumulant
displayed in Figure 7 performs the rejection.
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Table 2: The third-order moments of I-SBL and D-SBL models.

ﬁ%& ] — SBL model 1073 x D — SBL models
0 1 2 3 4 0 1 2 3 4
0 —0.0007 0.0002 —0.0009 0.0003 0.0002 —0.0363 0.1553 —0.0265 0.0154 —0.1085
(—0.0006) (0.0000) (—0.0007) (0.0005) (0.0000) (—0.0291) (0.1522) (—0.0255) (0.0164) (—0.1001)
1 0.0003 0.0019 0.0001 —0.0001 0.0820 0.5082 —0.1040 —0.0599
(0.0000) (0.0020) (0.0000) (0.0000) (0.0789) (0.4811) (—0.1003) (—0.0411)
9 —0.0007 0.0001 0.0003 0.0641 0.0369 —0.0614
(—0.0006) (0.0000) (0.0001) (0.0788) (0.0335) (0.0059)
3 —0.0002 —0.0002 —0.0310 0.0295
(—0.0005) (0.0000) (0.0325) (0.0198)
4 —0.0003 —0.0252
(0.0000) (—0.0250)
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Figure 5: Displayed are the sample third-order moments %y (0,s) of the MS— DBL in left panel and of MS—SBL in right.

Table 4: The simulate values of Yx2 for different values of lags for the MS-SBL and MS-DBL.

%;SZS Squared MS — SBL Squared MS — DBL
C—DBL 1-DBL D—DBL C—DBL 1-DBL D—DBL

0 46.2211 19.4792 4.3941 405.3164 206.3111 40.9966
1 5.9235 3.4578 0.6353 || 222.7964 95.6614 18.5253
2 23.4193 8.2800 1.0314 113.4164 38.2723 7.6013

3 3.6595 1.7531 0.2424 || 56.5737 15.7618 4.0707

4 11.4029 3.4330 0.3205 || 32.3876 7.0561. 3.8038

5 1.8171 0.7900 0.0889 || 15.4928 3.3257 3.2314

4.2 Fit MS—BL to daily EUR/DZD

Based on the above description of EUR/DZD series, the MS — ARMA model did not reflect the behavior of
such data, and hence MS — BL models may be called for modelling and forecasting this series. Indeed, for
modelling purpose, we are firstly using a quasi-maximum likelihood (QML) procedure for fitting the series
by MS — BL. Table 6 some goodness-of-fit statistics are reported according to C__BL. These statistics
are used as model selection criteria. The Akaike information criterion (AIC) and the Schwarz criterion
(BIC) (results not reported here) both indicate that the best model is the MS— DBL. Another property
of MS — DBL models that emerges from Table 6 is the high persistence showed by small parameters
estimates. The results of the parameter estimation followed by the mean squares errors (results between
parentheses), according to C —SBL and C — DBL models are reported in the column (Parameters) of
Table 6. The results gathered in (statistics column) of Table 6 are the elementary statistics associated
with the adjusted series

This table shows the parameter estimates of adjusted EUR/DZD by MS — BL under d = 1 and their
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Figure 6: Displayed are the 7 (s) of the squared MS— DBL in left panel and of squared MS —SBL in right one.

Table 5: Elementary statistics of daily EUR/DZD series.

Statistics: Mean Std Skew Kur Jbstat LM (12) 0% (12)
10*«Results  0.0088  0.0011 -0.0001 0.0002 0.0232 0.2688 5.8687
Table 6: The elementary statistics of adjusted MS —BL under d = 1.
104«Statistics
Models | Parameters | Mean  Std skew  kur Jbstat LM(12) Q*(12)
C—SBL (884912) 0.0088 | 0.0011 | —0.0008 | 0.0004 | 0.0548 | 0.2720 | 0.8480
C—DBL (882?) 0.0089 | 0.0012 | —0.0001 | 0.0003 | 0.0211 | 0.2697 | 1.6060

elementary statistics.

153

The main observation is that the values of elementary statistics of the series

adjusted by C — DBL model are better than C — SBL comparing with the original series. This is not
surprising observation because the model C — SBL is a weak white noise whereas the EUR/DZD series
is very far to be considered as a white noise. The second approach for modelling the EUR/DZD is by

MS — BL under d =2 with independent and dependent chain, are summarized in Table 7.

In above Table 7 the column "Matrix P” means the estimate of transition matrix of the chain. Now, a
few comments can be made. Indeed, it is clear that the Table 7 demonstrates that the MS — DBL model
applied to the EUR/DZD series performs as effectively as the applications to EUR/DZD concerning
classification certainty for the mean. At least 96% of the fitted observations are considered with low
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Table 7: The elementary statistics of adjusted MS —BL under d = 2.

10*«Statistics
Models | Parameters Mean  Std skew  kur Jbstar  LM(12) Q*(12) Matrix P
I—SBL Muooo_%w wﬁ%ww 0.0088 | 0.0011 | —0.0008 | 0.0004 | 0.0550 | 0.2720 | 0.8480 A NWMWM WMWMM v
D—SBL Mvoo%ww% wm%w“w 0.0088 | 0.0011 | —0.0009 | 0.0004 | 0.0521 | 0.2718 | 0.8573 A Mwwww wmwww v
I—DBL Muoomhw wﬁ%mu.@v 0.0089 | 0.0012 | —0.0001 | 0.0003 | 0.0211 | 0.2697 | 1.6060 A MWWWN WMMWM v
D —DBL MVOO%M% wﬁ%@w 0.0088 | 0.0019 | —0.0008 | 0.0004 | 0.0521 | 0.2718 | 0.8573 A NMWWN mwmmw v




Higher-order moments of Markov switching bilinear models 155

60 I I I I I I

15

AN
\

AN
/ //f‘:‘ﬁ\‘é&“

0.5 I
|

SN
\:\::‘:‘:“‘““‘“““

20

T
[

05 |
.

Figure 7: Top panel: the EUR/DZD series. Bottom panels: the second (left) and third (right) order cumulant of EUR/DZD
series.

uncertainty. In terms of variance, the model classify at most 95% of the observations as decisive. The
MS — DBL with a greater number of states, applied to EUR/DZD is the least effective in classifying
variance, with a percentage of "decisive” between 99% and 100%. Regarding the skewness and the
kurtosis are the same as for original data with non-significant difference The Jbstat-test is also significantly
to reject the null. In end, the ARCH effect tests indicate clearly that no serial correlation up to the twelfth
lag. Nonetheless, the model is indicated as good alternatives in terms of goodness— of— fit. According
to the study, the MS — DBL with d > 2, is a reasonable choice for the application. This conclusion is
obtained when accounting for both ”classification power” and goodness-of -fit.

5 Conclusion

In this paper, we propose a unified framework that enables the calculation of higher-order moments and
the diagnostic analysis of an MS-BL(p,0,P,Q) model under both independent and dependent switching
structures. As a crucial first step, we represent the model in a Markovian state-space form, which allows
us to derive the conditions for the existence of strict stationary and ergodic solutions in IL,,, p > 1, under
which explicit expressions for the first-, second-, and third-order moments are obtained. The second
step of our framework focuses on analyzing specific cases of MS-BL(p,0,P,Q) models. More precisely, the
first-order MS-SBL and MS-DBL models are examined in detail.

For the MS-SBL model, the first- and second-order moments are derived under both (in-)dependent
switching schemes, which exhibit structural similarities to those of an MS-MA(1) model. Consequently,
studying the second-order structure of the squared process allows us to distinguish between MS-SBL
and MS-MA(1) models. The same methodology is applied to the MS-DBL model. Our main theoretical
contribution lies in demonstrating how this generalized formulation can be used to derive the first and
second moments conditional on dependent regime switching. In contrast, for the MS-DBL model with
independent regime switching, the first- and second-order moments coincide with those of the standard
model and can be identified under covariance with the MS-MA(1) model. However, this equivalence
does not extend to the third-order moment structure, which breaks this covariance-based similarity.
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Nonetheless, examining the covariance structure of squared processes can help resolve this ambiguity.

In this study, we have made the following assumptions:

(i) d =2, since the implications of the transition matrix prevent us from considering higher-order models,
even in cases such as d =3 and m =4 (in MS-SBL).

(ii) A lower-triangular model is adopted to obtain a Markovian representation that simplifies the analytical
derivations.

(iii) The restriction to a model without a moving average component is justified by the fact that the
stationarity and ergodicity conditions are independent of this part.

(iv) Gaussian innovations are assumed to simplify otherwise cumbersome computations.

(v) The estimation of cumulants is known to be biased.

These specifications introduce some limitations to our analysis. Nonetheless, the empirical results
demonstrate that MS-DBL models significantly outperform standard BL models according to a broad
range of elementary statistical criteria. This strong conclusion holds regardless of whether the differences
in performance are statistically significant. We conclude that our theoretical findings are useful for model
identification, and the tools we propose can be directly applied to investigate processes that exhibit
structural changes.
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Abstract. The End-of-life phase is the longest phase of the different life cycles of a product. This phase,
characterized by a last time buy order, is known for increasing supply risk and decreasing demand rate.
In this paper, starting initially with a repair replacement policy the manufacturer optimizes the order size
of the last time buy and selects a time switching to another policy substituting failed components.The
defective items stochastic arrival process is given by a non-homogenous Poisson process and the switch
time is modeled as a stopping time of this demand process. Since the optimal switching time within
the class of stopping times can be difficult to implement, we introduce in this paper the set of so-called
pseudo-deterministic stopping times being the minimum of a deterministic stopping time and the time
to depletion of the spare part inventory. We show that the optimal pseudo-deterministic stopping time
satisfies some nice properties under realistic assumptions on the arrival rate function of the Poissonian
defective items arrival process and the substitution cost function of the alternative policy. Using these
properties an efficient algorithm is proposed to determine the optimal pseudo-deterministic stopping
time. Although in general an optimal stopping time (optimal among the class of all stopping times) does
not belong to the class of pseudo-deterministic stopping times, we numerically show and explain in the
presence of high penalty costs that the objective value of the optimal pseudo-deterministic stopping time
is close to the objective value of the optimal stopping time.

Keywords: End-of-life inventory problem; Martingales; Non-homogeneous Poisson process; Spare parts inventory
management; Stopping time.

1 Introduction

Due to rapid technology developments the production time of newly introduced products in the market
shortened considerable to sometimes only a few months. By these developments it became more difficult
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to deal with after sales services like for example warranty period requirements lasting for several years.
At the same time, customers are also seeking support for their equipment even after the expiration date
of their warranty, and they value manufacturers based on their aftersales service performance (Ahmad
and Butt, 2012). Similarly, some customers are willing to pay extra for longer manufacturer care through
extended service contracts (Padmanabhan and Rao, 1993). To respond to this demand and preserve their
brand perception in the market, Original Equipment Manufacturers (OEMs) pay increasing attention to
aftersale services of products which are at the end of their life cycle (Cohen et al., 2006).

Management of aftersales services for end-of-life products is problematic due to both demand and
supply-side problems in spare parts supply chains. Demand-side problems in spare parts supply occur
due to the uncertain spare parts demand over time as customers use only the product during a limited
amount of time in the market and these products are subject to random failure times. At the supply
side, OEMs need to deal with increasing risk of losing suppliers’ support (Hekimoglu et al., 2018; Li et
al., 2016) for original spare parts mainly due to technological (Solomon et al., 2000) or economic reasons
(Li et al., 2016).

OEMs utilize different strategies to deal with supply-side problems of original spare parts of a given
product. The two most common strategies are recognized as last time buy and or development of a
substitute component to guarantee the supply of spare parts (Shen and Willems, 2014). When a product
at some OEM becomes end-of-life and is out of production, spare part manufacturers will eventually
request the OEM to place a last order for original spare parts. For this order, which is referred to as the
Last Time Buy order, OEMs need to consider the total amount of spare part demand until the planned
date of End-of-Support (EoS), at which the OEM no longer provides repair services for that product.

The size of the Last Time Buy order is critical for OEMs as ordering too much original spare parts
leads to obsolete spare parts, increasing salvage costs and economic losses. On the other hand, if the size
of the Last Time Buy order is insufficient, this results in unsatisfied customer demand, possibly leading to
the loss of goodwill and customers’ brand loyalty (Padmanabhan and Rao, 1993). To safeguard against
these problems an OEM can alternatively next to a repair-replacement policy also utilize a substitution-
based policy. This means the company uses as a policy original spare parts in a repair-replacement policy
if a defective product, which cannot be repaired, appears until a particular point in time before the End-
of-Support date. After that time the OEM switches to an alternative substitution policy not depending
on original spare parts. The combination of these two spare parts policies is recognized as bridge buy in
the literature (Shen and Willems, 2014). We refer to this combined strategy as Generalized Last Time
Buy since a switching time being equal to the End-of Support date leads to the classic Last Time Buy
problem (Teunter and Fortuin, 1999). In the Generalized Last Time Buy problem, substitute products
can be obtained by either taking over suppliers’ production lines (Shen and Willems, 2014), using 3D
printing (Westerweel et al., 2018) or finding an alternative supplier (Shi and Liu , 2020). Therefore,
the OEM needs to make two critical decisions for the optimal solution of the Generalized Last Time
Buy problem: At time 0, the OEM decides on the size of an Last Time Buy order and then chooses
a switch-to-substitute time. The motivation of this study is to investigate how such a more general
switching policy affects both the risk of obsolete spare parts and the supply-side risks of obtaining spare
parts and how such a general switching policy increases the service level to customers. For a practical
example in airline industry related to these risks the reader is referred to (Hekimoglu et al. (2018)). Since
the optimal switching policy is difficult to compute (Frenk et al. (2019b)) we are also motivated in this
study in identifying a simple class of switching polices called the class of pseudo-deterministic policies
which under certain conditions achieve expected objective costs close to the expected costs of the optimal
switching policy among all stopping rules.

1.1 Problem setting

In this paper, we consider a problem setting where customers bring their defective products for repair to
the OEM, which accepts them to its repair facility until the time of the End-of Support announcement.
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It is assumed in all of the early and later literature (see for example (Behfard et al., 2015; Fortuin, 1980,
1981; Krikke and van Der Laan, 2011; Teunter and Fortuin, 1999)) that in a continuous time setting a
non-homogeneous Poissonian defective items arrival process is a good representation of the demand for
spare parts. If the arrival of a defective item is before the switch-to-substitute point, then the product’s
defective component is removed and sent to inspection for repair feasibility. If a repair is possible, the
repaired component is installed back to the product and if the component cannot be repaired and there is
available stock, the defective component is replaced with an original part to complete the repair service.
If there is no original replacement in stock, the repair process uses a substitute part possible from an
external source. This business process is depicted in Figure 1.

if Part
(External Source)

Is switch-to-
substitute time
passed?

Demand
Arrival

Customer
Replacement .
Service
from Stock
Complete

Is Repair
Feasible?
YES

|—> Repair Process
/

Figure 1: Repair process at the arrival of a defective product

The Generalized Last Time Buy strategy consists of the sequential utilization of a repair-replacement
and a repair-with-substitute policy. This particular structure of the Generalized Last Time Buy strategy,
which checks the switch-to-substitute point before checking the repairability of a part, allows OEMs to
exploit decreasing substitution cost in time. We may justify this assumption since after the switching time
to an alternative policy the repair center is closed and any defective product will be handled according
to the new policy. The OEM now needs to make an optimal plan including the optimal size of a Last
Time Buy order (at time 0) and the optimal switch-to-substitute time to keep their after sales services
running. Note that our repair-with-substitute policy is dubbed alternative policy by Frenk et al. (2019Db).
Similar to Frenk et al. (2019a),Frenk et al. (2019b) we follow the same cost setup and our switch-to-
substitute decision is formulated as an optimal stopping time problem. As such this paper can be seen
as a review, extension and generalization of the results discussed in Frenk et al. (2019a) and Frenk et al.
(2019b). To obtain the optimum solution of the Generalized Last Time Buy problem, we first derive the
objective function for any switching time represented by an arbitrary stopping time following a simplified
approach as done in Frenk et al. (2019a). Next, by substitution, we evaluate the objective function for
the new defined subclass of switching times represented by the so-called pseudo-deterministic stopping
times. These stopping times representing the switching time between different policies are defined as the
minimum of a deterministic stopping time as discussed in detail in Frenk et al. (2019a) and the random
time of inventory depletion of the Last Time Buy order received at time zero. According to the authors
knowledge this is the first time the subclass of pseudo-deterministic switching times is discussed in the
Generalized Last Time Buy problem literature and its mathematical properties are derived for both a
piece-wise constant substitution cost function and a non-homogeneous Poisson defective items arrival
process also having a piecewise constant arrival rate function. The practical and theoretical reason for
studying this particular subclass of switching times between policies will be explained in the following
paragraphs. First of all, we observe it is more difficult to compute the optimal pseudo-deterministic policy
for a non-homogeneous Poisson defective items arrival process having an arbitrary bounded arrival rate
function than for an arrival process having a piece-wise constant arrival rate function. In the later case
the computation of this optimal pseudo-deterministic policy is very easy. Since any non-homogeneous
Poisson process with a bounded arrival rate function can be approximated arbitrarily closely by a non-
homogeneous Poisson process with a piece-wise constant arrival rate function it follows that the restriction
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to this class of arrival processes of defective items is not too restrictive. Our theoretical results and new
algorithm for identifying the optimal pseudo-deterministic policy for this class of arrival processes having
a piece-wise constant arrival rate function now complement and extend the results discussed in Frenk et
al. (2019a), Frenk et al. (2019b) and Javadi (2018).

The motivation for studying this particular class of policies is that our numerical results suggest that
the cost of using a switching time represented by the optimal pseudo-deterministic stopping time is almost
the same as the cost of the optimal switching time represented by the optimal stopping time within the
class of arbitrary stopping times. This indicates that the optimal pseudo-deterministic stopping time is a
good approximation of the optimal stopping time within the class of arbitrary stopping times. The main
reason for this empirical observation is the absence of penalty cost within the class of pseudo-deterministic
policies. These penalty costs occur when both a defective non-repairable item arrives and at that time
no inventory of original spare parts is available and we still apply the repair-replacement policy. If the
penalty costs are high at the occurrence of these events any optimal policy tries to avoid these penalty
costs by switching in time from the repair-replacement policy to an alternative policy and so such a policy
acts like a pseudo-deterministic policy. At the same time, an optimal pseudo-deterministic stopping time
is much easier to compute and due to its simplicity easier to implement in practice.

Our problem setting can be motivated by the end-of-life management of electronic products, whose
manufacturers aim to provide post-warranty repair service to keep their customers loyal. Due to the
rapid pace of technological change in the semi-conductor industry, component manufacturers frequently
update their product assortment and shift their capacity to the components of newer models with higher
profit potential. Component suppliers usually call for Last Time Buy order, forcing OEMs to decide on
the order size of the last order and other supply alternatives.

This paper consists of 5 sections. In the remainder of this section, we briefly review the relevant
literature and articulate the contribution of our study. Section 2 describes the mathematical model also
discussed in Frenk et al. (2019a) and the different classes of policies and yields simplified proofs of already
known results for this model. In Section 3, we derive under some reasonable assumptions properties of
the class of pseudo-deterministic stopping times and at the same time give an easy procedure to compute
the optimal policy within this class. These results seems to be new in the literature. Section 4 gives by
means of easier proofs then the ones used in Frenk et al. (2019a) how to approximate the optimal policy
within the class of all bounded stopping times for the generalized last buy decision problem or end of life
decision problem. Finally Section 5 includes numerical results, while Section 6 concludes the paper.

1.2 Literature review

The relevant literature for our study mainly consists of the studies from end-of-life management of durable
products.

The last stage of a capital product’s life cycle starts with the end of the manufacturing of a product
by OEMs. Some time later, component suppliers start announcing their end-of-support dates and ask
OEMs to place their last orders. In the literature such an order is called a Last Time Buy order (Bradley
and Guerrero, 2008, 2009; Fortuin, 1980, 1981; Frenk et al., 2019a; Teunter and Fortuin, 1999; Teunter
and Haneveld, 1998). For determining the size of the Last Time Buy order, OEMs need to make an
estimation on the total spare parts demand from their products in use. The first contributions in the
literature on determining the size of a Last Time Buy order focused in a discrete time setting solely on
using only a repair-replacement policy during the remaining economic life time of the product(Fortuin,
1980; Teunter and Fortuin, 1999). In a recent study, Hur et al. (2018) considers the size of a Last Time
Buy order decision in a continuous time setting.

However, in many business cases, companies are interested in complementing decisions about the size
of the Last Time Buy order with other policies to replace defective items such as removal of repairable
parts from phased out products (Behfard et al., 2015; Frenk et al., 2019a; Van Kooten and Tan, 2009;
Krikke and van Der Laan, 2011; Pourakbar et al., 2014), finding an alternative supplier of a substitute
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(Frenk et al., 2019b; Pourakbar et al., 2012; Sahyouni et al., 2010) or redesigning the entire production
line of components (Shen and Willems, 2014; Shi and Liu , 2020). In Krikke and van Der Laan (2011) a
case study and a simple heuristic solution is provided for determining the size of a Last Time Buy order
in combination with the availability of repairable spare parts that are removed from phased out products.
They address the impact of phaseouts on spare parts demand and the availability of alternative supply
sources. The same problem setting is utilized by Pourakbar et al. (2014) for the joint optimization
of returned repairable parts from phaseouts and the Last Time Buy Order size. Shi (2019) extended
this problem setting with actively collected end-of-life products. They explicitly model the dynamics of a
installed base to jointly control the Last Time Buy order size, repairable parts and the size of the installed
base. Design refresh options are another important tactic to complement Last Time Buy order decisions.
Shi and Liu (2020) considers a problem setting where the Last Time Buy Order size, design refresh
and end-of-support decision are jointly optimized in a discrete time setting with respect to the profit
maximization criterion. In addition, Inderfurth and Kleber (2013), Inderfurth and Mukherjee (2008) and
Baymdir et al. (2007) consider re-manufacturing options to satisfy incoming spare parts demand.

Another relevant research stream for our study is on spare parts management during the warranty
period. (van der Heijden and Iskandar, 2013; Huang et al., 2007, 2008; Kim and Park, 2008; Sahyouni et
al., 2010). van der Heijden and Iskandar (2013) consider joint optimization of the size of the Last Time
Buy order and repair decisions for products with active warranty. They develop cost and service level
formulations using a discrete time setting. Huang et al. (2007) consider a discrete-time problem setting
where a manufacturer receives demand for new products and warranty claims of old ones. They show
the optimality of a state-dependent base stock policy using Markov decision processes. This problem
setting is extended with age-dependent warranty claims in the installed base by Huang et al. (2008). Kim
and Park (2008) employ continuous time optimal control theory to optimize pricing and production of
durable products by considering their spare parts costs during warranty periods. They explicitly model
the positive impact of a warranty period on the products’ demand. Sahyouni et al. (2010) study the joint
optimization of repair and Last Time Buy order quantity for a deterministic repair demand from products
under warranty in a continuous time setting. In their model, which is more suited to products having a
short life cycle, they focus on the joint optimization of the Last Time Buy order size and end-of-repair
point after which failed products are replaced by substitute products.

1.3 Our contribution to the literature

Our paper contributes to the existing literature of the Generalized Last Time Buy decision problem by
analyzing in detail a subclass of switching times from a repair-replacement policy to an alternative policy
in the optimal stopping formulation of the Generalized Last Time Buy decision problem as discussed in
Frenk et al. (2019a). It is shown that this subclass of switching times satisfies desirable properties under
very general assumptions on the non-homogeneous Poisson arrival process of defective items and the
substitution cost function of an alternative policy. The optimal policy within this class of these so-called
pseudo-deterministic policies can be easily computed and can be used as a heuristic solution replacing
the optimal, more complicated, optimal policy within the class of all arbitrary bounded stopping times.
It is verified and also explained in the computational section that under certain conditions this can be
done without a significant loss in the objective value. At the same time, the optimal policy within the
class of pseudo-deterministic policies has a clear interpretation contrary to the optimal policy within the
class of all bounded stopping times.

The closest studies to our paper are Frenk et al. (2019a); Javadi (2018); Pourakbar et al. (2012); Shi
and Liu (2020). In Frenk et al. (2019a), which extends Pourakbar et al. (2012), the optimal solution
of this problem is studied and solved by a dynamic programming algorithm. In Shi and Liu (2020) a
similar problem is addressed in a discrete time setting. Under deterministic demand assumptions the
same problem is solved in Sahyouni et al. (2010) using mathematical programming techniques. To the
best of our knowledge, this paper is the first one addressing the use of pseudo-deterministic policies in
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the joint optimization of the size of the Last Time Buy order and switching time to an alternative policy
in a continuous time setting for a non-homogeneous Poisson defective items arrival process.

2 On the generalized last time buy problem

In this section we introduce in subsection 2.1 the random arrival process of defective items. In subsection
2.2 we define the costs parameters of the generalized last time buy problem, while in section 2.3 we intro-
duce the objective function for this problem. In subsection 2.4 we formulate the associated minimization
problem and derive in subsection 2.5 a lowerbound on the optimal objective value. This is needed to
derive an upperbound on the optimal Last Time Buy order size as expressed in Lemma 3 for nonnegative
scrapping values and in Lemma 5 for arbitrary scrapping values. Finally in subsection 2.6 we derive some
qualitative results for the new class of pseudo-deterministic stopping rules. As such these six subsections
reviews, simplifies and extend and complements the model and results in Frenk et al. (2019a) and Frenk
et al. (2019b).

2.1 The arrival process of the defective items process

To formulate our end-of-life inventory or generalized last time buy problem, we assume that defective
products arrive according to a non-homogeneous Poisson point process for a repair or replacement. To
introduce this arrival process let (Q,.7,P) be a probability space hosting the point process (7;,R;)ieN-
The random variable T;, i € N denotes the arrival time of the ith customer having a defective product and
requesting repair. The counting process of defective products N = {N(¢) : r > 0} is defined by

N(@t) =Y " Yzt >0, (1)

and assumed to be a non-homogeneous Poisson process with a bounded Borel arrival rate function A(.).
The random variables R;, i € N, on the other hand, are independent and identically distributed Bernoulli
random variables indicating the condition of the defective items. They are defined as

R — 1 if the product can be repaired
"7 1 0 otherwise

with probability 0 < g=P(R;=1) < 1. The thinned arrival processes Ny := {No(¢) : ¢ >0} and Ny = {N;(¢) :
t >0} given by

No(t) = Yo7 (1= R Lpery, M (0) := 27 Ril ey, (2)
count the number of non-repairable and repairable products arriving over time. It is well known that
the arrival processes Ny and N; are independent non-homogeneous Poisson processes with arrival rate
functions Ap(.) = (1 —¢)A(.), A1(.) = gA(.) respectively (cf. Cinlar (2011)) having mean arrival functions
Ao() = (1—q)A(.) and A;(.) = gA(.) with A(t) = [y A (u)du for 0 <t < T. In the sequel, we let F = (.%;);50 C
A denote the filtration of the point process (T;,R;)ien; that is, the flow of information associated with
both the arrival times of the products and their condition.

Let T denote the end of service time at which the OEMs’ service obligations with respect to the
product expires. For the optimal application of the Generalised Last Time Buy policy, the manufacturer
makes two decisions: the size of the Last Time Buy order at time 0, x € Z; = {0,1,2,...}, and the
optimal stopping time 7 € [0,7] of switching from a classical repair-replacement policy to an alternative
policy. This is a (possibly random) stopping time belonging to the set of all bounded stopping times with
respect to the filtration F. The subset of deterministic stopping times is denoted by Fy. Recall that for
the deterministic stopping time 7% T the Generalised Last Time Buy optimization problem reduces to
the Last Time Buy optimization problem in which we only need to determine the size of the Last Time
Buy order.
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For the decision making problem, we consider the finite horizon, continuous compounding discounted
cost criteria with discount rate 6 > 0. Figure 1 depicts the control process under the Generalized Last
Time Buy policy. The total cost of these two decisions for a given (x, T)-policy consists of cost components
related with acquisition, inventory holding, repair and replacement. These cost parameters are explained
in the next subsection and are the same as discussed in Frenk et al. (2019a).

2.2 The cost parameters of the generalized last time buy problem

Acquisition of spare parts take place at time 0 and parts are delivered immediately. The acquisition cost
function is denoted by ¢ :Z, — R, where ¢(0) = 0. Also the holding cost rate for the delivered parts is
h > 0 per spare part per unit of time.

The used policy up to the end of service time T is now summarized by the following procedure.
Starting with x units representing the size of the Last Time Buy order, the OEM utilizes the repair-
replacement policy until some random stopping time T < 7. Under this repair-replacement policy, if a
repair is feasible for an arriving defective component, it is always repaired at some repair cost c,. plus
some service cost cg. If the component is beyond repair and the inventory level of spare parts is non-zero,
the defective component in the item is replaced with a spare part from the inventory at service cost cg,.
If no spare part is available in inventory, the beyond repairable component is replaced with a substitution
spare part supplied from an external source like a gray market or a 3D printer (Figure 1). The cost
of this substitution is given by the right continuous function ¢, : [0,7] — R*. Utilizing the substitution
policy during the time one should use the repair-replacement policy also leads to an additional penalty
cost function p: [0,7] — R*. This penalty cost function can be motivated by customers’ loss-of-goodwill
or transportation of the substitute part from another location. Therefore, the total penalty cost of being
forced to use the alternative substitution policy at time 0 <t < 7 during the time one should use the
repair-replacement policy is given by

Cap(t) = calt) + p(1). (3)

We assume that cap(t) > g for 0 <t < 7 to avoid trivial domination of substitution parts over spare
parts available in inventory. It is assumed that the functions ¢, and p are both non-increasing and right
continuous. Namely, the substitute component gets cheaper over time thanks to technological progress
in production processes and the penalty of using a substitute component under the repair-replacement
policy is a decreasing function of time.

After time T <t < T until the end of service time T, the OEM first discards at time 7 the existing
inventory at a scrapping cost of ¢y per item and abandons after this time for any defective item arriving
at time ¢ the repair-replacement policy and replaces it by the substitution policy at the substitution cost
cq(t). All costs of the repair services are indicated next to the associated processes in Figure 1. In our
formulation, all cost terms are positive except the scrapping value ¢y, which is allowed to be negative.
This means there can be a net revenue associated with these scrapped parts. To avoid pathological cases
where ordering is profitable because of scrapping, we assume in this study that the function x — c(x) — cgx

is increasing with ¢, := —min{csc,0} and

1im e €(X) — 5o X = oo (4)

This implies for the special case that the scrapping costs are positive, then the acquisition cost function ¢
is increasing and satisfies limye c(x) = co. Also for scrapping costs negative this implies that the function
X — ¢(x) 4+ cserx 18 increasing. For the scrapping action to be economically justifiable, we must impose the
condition that h— 8cg, > 0. If this condition fails to hold, instead of scrapping an item at some time 7,
we can keep it indefinitely in inventory at a total cost of h [ e %du = (h/8)e 3% which would be less
than cgre 97, These three conditions on the cost functions and the parameters listed in the previous
relations always hold in this study unless stated otherwise.
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2.3 The objective function of the generalized last time buy problem

In the decision making problem under consideration, a Last Time Buy order of size x and switching time
7 < T are determined, which we refer to as a (x,7)-policy. The first variable x is static, and its value is
determined at time zero. The switching decision, on the other hand, can be dynamic, and in the general
formulation of the problem 7 is a stopping time of the filtration F.

In this section, we derive the expected discounted cost C(x,7) of any (x,7)-policy, x € Z,, T €F
and introduce the optimization problem to be solved. To this end, we introduce the random variable
oy := inf{r > 0: Ny(¢r) > x}, denoting the (random) time of inventory depletion for an order size of x.
Observe the total expected discounted cost is the sum of the procurement and expected discounted
operation costs. The procurement cost is given by c(x). To derive the expected discounted operation
costs we utilize the following results about martingales. For any locally bounded Borel measurable
function f and any non-homogeneous Poisson process N with locally bounded Borel arrival rate function
U defined on the probability space (Q, 5, P) it follows that the stochastic process X = {X(¢) : 7 > 0}, given
by X(t) := [ f(s)dN(s) — J§ f(s)i(s)ds for t > 0, is a right-continuous martingale (cf. Cinlar (2011)). For
these so-called Poissonian martingales and any bounded stopping time 7 it holds that E(X(7)) = 0. This

o E( [ rwave) =e( [ fonwar). (5)
(f soavo) =2 ( [ omoa)

This is known as Doob’s stopping theorem (cf.Cinlar (2011)) and we will make frequently use of this
result in the computation of the expected discounted operation costs. The expected discounted operation
costs consist of the following components for any (x,T)-policy with x € Z, and 7 € F:

e Inventory holding costs: We switch to the repair-with-substitute policy at time 7 < T and scrap
at that time (possibly) leftover inventory of spare parts. Hence, the random discounted inventory
holding costs are given by h [ e=%(x — No(u))*du with (z)* := max(z,0). This shows that the
expected discounted holding costs Ciy(x, T) of any (x,7)-policy equal

Cin(x,7) = hE (/.Te_‘s”(x—No(u))+du> . (6)

0

e Service costs: Service costs arise during the cost of running repair operations for both re-
pairable and non-repairable products. For a repairable product service costs occur during the
repair-replacement policy from time 0 to time 7 in any (x,7)-policy. For a non-repairable product,
service costs occur in case of positive spare parts inventory at the arrival time of a defective prod-
uct. Hence, for non-repairable products, service costs only need to be paid from time 0 up to time
TA Oy, :=min{7,0,}. This shows that the random discounted service costs are given by

T 5 TACy 5
Cse/o e °"dN, (u)Jrcsg/O e "dNo(u).
Applying now relation (5) for properly chosen functions f and using both point processes Ny and N
it follows for the bounded stopping time 7 < T that the expected discounted service costs Cy(x,7)
of any (x,T)-policy equal

Cooe(x,7) = CoE ([ff e %A1 (u)du) + s B (J5" O e A0 (u)du) -
= qcE(fy e~ %), (u)du) + (1 — q)cs E ([ e_‘s“l(u)du) .

¢ Repair costs: We incur repair costs during the repair-replacement phase from time 0 to 7. Hence
the random discounted repair costs are given by ¢ [o e %dN; (u). Applying the same arguments as
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for service costs the expected discounted repair costs Cp(x,7) of any (x, 7)-policy equal to
T T
Cre(x,7) = crE ( / esull(u)du) = qc B ( / e5"/1(u)du) . (8)
0 0

e Substitution costs: The random discounted costs of applying the repair-with-substitute policy
consist of the substitution cost before and after time 7. The random discounted cost of using the
alternative policy is given by

/TT e, (u)dN (u) + ' e ¢y (u)dNo ().

TAOCx

Applying the same arguments as before and using relation (3) the expected discounted alternative
policy costs C,(x,7) of any (x,7)-policy are as follows:

Cox,7) = E ( I e"s"ca(u)l(u)du) + (1= Q) ([Fg, € Ocup(u)A ()du)
0 ¢ ¥ ca(u)A(u)du+E( [§ e [(1 = g)cap(u) — ca(w)A (u)du
—(1 =) (fF"% e=5%c,p (u)A (u)du) (9)
i e, (i) A (w)du+ E( [ e[(1 — g)p(u) — gea(u)) A (u)du

—(1—¢q)E (fomc" e"sucap(u)),(u)du) .

e Scrapping costs: The random discounted scrapping costs at time T are given by csc,e"sr(x—
No(7))*. This shows that the expected discounted scrapping costs Cy(x,7) of any (x,7) policy
equal

Coor(x,7) = serB(e 0T (x — No(T))T). (10)

Adding up the separate operational costs derived in relations (6)-(10), the expected discounted operation
cost C(x,T) of any (x,T)-policy is given by

h]E(fore_‘S“(x — No(u)) " du) + cserB(e 3% (x — No (1)) ™)
Cx,7)=< +E (fOT e du [g(cre+cse —ca(u)) + (1 — q)p(u)]k(u)du) (11)

+(1—Q)E (J§"% e % [cse — cap(u)] A (u)du) + [§ ¢ Oca(u) A (u)du.

To rewrite the expression in (11) in a more suitable form, we remind that for any first order stochastic
processes Y ={Y(¢),t > 0} and Z = {Z(¢r) : t > 0} it holds that

Y(£)Z(t) = Y(0)Z(0) + /0 'Y (w)dz(u) + /O " Z()dy (w),1 > 0
This shows for any 0 < g <1 using Ny(0) =0
e 9T (x—No(1))t = e %N (x—Ny(tAGy))

= x—8 [ % e % (x — No(u))du — [ e %"dNy(u)
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and so by Doob’s stopping theorem

Ble 3% (x-No() ) =88 [ e S Motw) o) ~ (- ([T e awan).  (2)

Replacing the expectation for the scrapping value in (11) with the expression in (12) and rearranging
some terms, we obtain the following more suitable representation of the expected discounted operation

costs. \
cserx+ (1= q)E (J % e %A () [ege — Coer — Cap(u)]du)

Cle,1) =9 +E(Jg e ®Aw)lqlcse +cre —ca(w) + (1 - q)p(u)]du) (13)

+(h— 8cser)E (f5 e (x — No(u))™*)du) + T e A (u)cq(u)du.

In case we consider the subclass of policies (x,TA0y),7 € F this yields by relation (13)

CoerXx+E (fomg" e Sup () [cse + qcre — (1 — q)Cser — ca(u)]du)
Clx,TA0y) = (14)
+(h— Seyer)E (fy €% (x — No(u))*du) + JL e 0 A () colu)du

and so

C(x,r)—C(x,T/\Gx)zE</TT

NOx

¢34 (coo+ e — calu) + (1 - q)p(u)]du) | (15)

In the following lemma, we use relation (15) to show that under certain conditions on the penalty and
the substitution cost functions it is always optimal within the class of all stopping times to switch to the
substitution policy before or at the moment the inventory level of spare parts is depleted. In Section 2.6
we will analyze this special class of policies with T a constant.

Lemma 1. If
info<r<r{q(cse +cre —ca(t)) + (1 —q)p(t)} = 0, (16)

then the class of (x,T A Gy)-policies with T € F contains an optimal policy.
Proof. Apply relation (15). O

If no item is repairable (¢ = 0!), the (sufficient) condition of Lemma 1 is satisfied. In this case one can
find an optimal policy belonging to this special class of policies. In many service systems penalty costs
are very high. Hence the condition in Lemma 1 is mostly satisfied in practice especially when ¢ is close to
0. Since the subclass of (x,T A oy)-policies avoid the (possibly) high penalty costs occurring in practice,
it is therefore worthwhile to study them in detail. We will focus on this set of policies with 7 € Fy in
subsection 2.6 and section 3. However, it might not always happen that a (x,7 A o,)-policy is optimal
within the class of all bounded stopping time policies. In case of high substitution cost ¢,(.) being larger
then ¢y + ¢ and low penalty costs p(.), and g close to one it might be cheaper (see proof Lemma 1!) to
continue with the repair-replacement policy after the inventory level hits zero.

2.4 On the formulation of the generalized last time buy problem

Applying relation (13) the objective function of using a given (x,7) policy consists of the summation of
the procurement cost ¢(x) and the operating cost C(x, 7). The corresponding last time buy optimization
problem is then given by

V(P) = infyez, rero<r<r{c(x) +C(x,7)}. (17)

Hence we need to determine the parameters of a (x, 7)-policy, if it exists, attaining the infimum in the
above optimization problem.
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There is one instance of optimization problem (17) which can be solved easily. In case all the defective
items are repairable, i.e. ¢ =1, the stochastic counting process Ny of non-repairable defective components
listed in relation (2) becomes the zero process. Since for ¢ = 1 all items can be repaired without using
spare parts, it is easy to check applying relation (13) it is optimal not to order any spare parts. Also, since
the function ¢, is decreasing and every time we use for a (repairable) defective item the repair decision
against cost c¢g + ¢ it is optimal to switch to the substitution policy at the earliest time ¢t < T satisfying
¢q(t) < ¢5e + Cre. This result is formally stated in the next lemma.

Lemma 2. If all defective items can be repaired and the three conditions on the parameters introduced
in subsection 2.2 hold, then the optimal policy is not to order any spare parts at time O and the optimal
switching time to the repair-with-substitute policy is given by T = {; with

Co=nf{0 <u<T:ce+qcre—ca(u)>0},0<g<1, (18)

with the convention inf{@} =T and & denoting the empty set. Also the optimal objective value v(P)
equals

o(P) = /0 " e300 () min{ese + cre, o) bt

Proof. See Appendix. O

Since in Lemma 2 we know for the optimal policy that the time to switch to the alternative policy is
already known at time zero this optimal policy is a so-called static policy. Hence by Lemma 2 we only
need to consider in the remainder of this paper the optimization problem (17) satisfying 0 <g < 1. To
solve optimization problem (17) we first compactify the decision space by deriving an upper bound on the
optimal order quantity. An easy upper bound valid for ¢y, > 0 is given by the following result. Since the
function x — infzep g<r<r{c(x) +C(x,7)} does not satisfy in general discrete convexity type properties this
restriction to a finite number of possible order sizes is very useful in the computational section. Observe,
for the general case of both either positive or negative values of ¢y, one can show under an additional
condition on the function ¢, an improved upper bound and this is shown in Lemma 6.

Lemma 3. If ¢ > 0 and the three conditions on the parameters introduced in subsection 2.2 hold
and xy = min {x €Ly clx)> f) e"s"l(u)ca(u)du} then an optimal order quantity x, of the optimization

problem (17) exists and it satisfies x. < xy.

Proof. See Appendix. O

Lemma 3 implies that solving optimization problem (17) is equivalent to solving
U(P) = minxSxU7x€Z+ inffemogrgT{C(X) —+ C'()C7 T)}, (19)

and this problem can be approximated by a computable optimal stopping problem. In Frenk et al. (2019a)
an approximate solution to this problem is provided by replacing the set of all stopping times with the
set of stopping times attaining only values from a finite subset of [0,T]. To bound the approximation
error replacing the set of stopping times by the smaller set of stopping times only attaining values at a
finite subset of [0, 7] we need a lower bound on v(P). In the following subsection we provide under some
additional assumption on the function c4p(.) an improved upperbound on the optimal order quantity x
valid for any scrapping value cy,. This improves the representation in (19).
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2.5 An upper bound on the optimal order quantity for arbitrary scrapping
values

In this subsection we derive in Lemma 6 an upper bound on the optimal order quantity of the generalized
last buy decision minimization problem for arbitrary scrapping values ¢y, under general conditions on
the function c4p(.). To do so we first derive a lower bound on v(P) in Lemma 5. To start our analysis
introduce the function L:Z, xF — R given by

c(x) +hE (fg e7%"(x — No(u)) tdu) + cser E(e 7% (x — No(7))F)
L(x,7) := (20)
+E (for e"s"[cse +qcre — ca(u)M(u)du) + fOT e"s”ca(u)k(u)du.

If ¢cqp(u) = cye for every 0 <u < T it follows that the costs of the different events given by either an arrival
moment of a non-repairable defective item at which one still uses the repair-replacement policy but the
inventory level of spare parts is zero or the cost of replacement at a positive spare parts inventory level
are the same. If this holds we obtain using p(u) = cp(u) — ca(u) = 5 — co(u) that for every 0 <u < T

q(cre+cse — Ca(”)) +(1- ‘I)p(”) = Cse +qCre — ca(ut)

This implies by relation (11) that for this selection of the cost parameters the value L(x,7) is the sum of
the procurement and the operational costs for every 0 <t < T and so the result in Lemma 4 should not
come as a surprise. Also by relation (11) it is easy to check that

c(x)+C(x,7)—L(x,7)=(1—¢q)E (/T/T\ ef‘s'%(u)[cap(u) —cse]du> , (21)

X

and by relation (12)

(x) + cserx + (h— Scger)E (fg €75 (x — No(u)) tdu) + i e A (u)cqlu)du
L(x,7) = (22)
—Cser(1=@)E (fg"* e %A (u)du) +E (f§ e %"[cse + qcre — ca(u)) A (u)du) .

The following result, which immediately follows from relations (21) and (22), is also shown in Frenk et
al. (2019a) using a much more complicated proof.

Lemma 4. If the three conditions on the parameters introduced in subsection 2.2 hold, then for every
T €T the function x — L(x,T) is increasing and limye L(x,T) = co. Also, if additionally cap(u) > cse for
every 0 <u <T, then c(x)+C(x,T) > L(x,T) for every (x,T) policy.

Proof. By relation (22) the first part follows, while the second part is an immediate consequence of
relation (21). O

Clearly by the interpretation of ¢4, being the cost of being forced to apply the substitution policy
to a non-repairale defective item at a time one still applies the repair-replacement policy it is natural to
assume that this cost is higher then the costs ¢y representing the cost of applying the repair-replacement
policy to that same item under expected conditions. Using Lemma 4 one can derive for every positive or
negative scrapping value ¢y, per item a positive lower bound on v(P).

Lemma 5. If the three conditions on the parameters introduced in subsection 2.2 hold and cap(u) > cse
for every 0 <u < T, then the optimal objective value V(P) of the optimization problem (17) satisfies

v(P) > /0 ! e~ min{cge + gcre, ca() YA ()du > 0. (23)
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Proof. see Appendix. O

Using Lemma 4 and the natural condition cap(u) > ¢y for every 0 <u < T it is possible to derive
a tighter upper bound Xy < xy on the optimal order quantity than the one presented in Lemma 3.
Contrary to the (weaker) one in Lemma 3 this upper bound holds for both positive and negative values
of the scrapping value cyc-

Lemma 6. If the three conditions on the parameters introduced in subsection 2.2 hold and cap(u) > ce
for every 0 <u <T and

T
Xy = min{x € N: ¢(x) +min{c;er, 0}x > / e %A (u) max{0, ¢4 (1) — cye — gere ydu}, (24)
0

then an optimal order quantity x. of the optimization problem (17) exists and it satisfies x. < Xy.
Proof. See Appendix. O

Observe the upper bound Xy is easy to compute by bisection since by our assumptions the function
x = ¢(x) + min{cer,0}x is increasing having limit infinity at infinity. By using the proof of Lemma 6,
one can construct an upper bound knowing the value ¢(x) 4+ C(X,T) of the objective function for a given
(x,7)-policy. In this case the upper bound Xy (%,7) is given by

T
Xy (X,7T) = min {x € N: ¢(x) + min{cser, 0}x > ¢(X) + C(%, 7) —/ ¢~ %2 (u) min{cye +qc,e,ca(u)}du} . (25)
0
Clearly by Lemma 5 the value
T
c(@)+C(x7)— / e~ A (u) min{cye + gcre, ca(u) bdu,
0
is non-negative and the lower the values of this difference leads to tighter bounds.

2.6 On the subclass of deterministic and pseudo-deterministic policies

Another important class of policies is the class of (x,7) policies with T € Fy. These so-called deterministic
policies are studied in detail in Frenk et al. (2019b). Observe these polices are sometimes also called static
due to the following advantage. The decision maker knows applying those policies already at time O the
switching time of the repair-replacement policy to the alternative policy and so this policy is easy-to-
implement in practice. Not knowing the switching time at time zero, but avoiding possibly high penalty
costs instead, leads us to study the class of (x,7 A 0y) policies with 7 € F. For arbitrary bounded stopping
times 7 € F it was shown in Lemma 1 that under some reasonable conditions the class of (x, 7T A 0) polices
indeed contains an optimal one among all (x,7) policies, x € Z;, T € F. We will now study this class of
policies in more detail for any 7 € Fy and call this class the class of pseudo-deterministic policies. These
policies are not discussed previously in the literature and are still relatively easy to implement in practice
as the decision maker switches from the repair-replacement policy to the alternative policy either at the
deterministic time T € Fy or at the random time o, of inventory depletion, whichever occurs first. Since
in general penalty cost can be very high, it seems natural to assume that any optimal policy tries to
avoid penalty cost or at least tries to minimize the probability of penalty occurrences. Hence it is useful
to study this new class of policies. We will compute for different scenarios in Section 5 the probability
of occurrence of a penalty and the gap between the cost of the optimal pseudo-deterministic policy and
U(P). In the next section, we will also show that it is extremely simple to compute an optimal pseudo-
deterministic policy for the important class of piece-wise constant arrival rate and substitution policy
costs functions. For these cost and arrival settings one can compute exactly the optimal policy within
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the class of pseudco deterministic policies instead of approximating the optimal policy. At the same time
these cost and arrival settings approximate by any accuracy the general arrival and cost settings.

For the subset of deterministic and pseudo-deterministic policies, one can simplify considerably the
expression for C(x,7) in relation (13). By Fubini’s theorem it follows for any Borel measurable function
f,T € Fg and x € Z, that

E ( /0 e f(u)du) _E ( /0 " w1 {wa}du) - /0 " ()P (No(u) < x)du.

This relation and relation (13) imply for T € Fy that
serx+ (1= q) Jf € %A () [cse — Cser — Cap () P(No(u) < x)du
Cle, 1) =4+ Jg e A(u)[g(cse +cre — calu)) + (1= g)p(u))du (26)
+(h— Scser) [ e T E((x — No(u)) F)du+ [y e %A (u)ca(u)du.
By the same argument, we can write relation (14) as

Cserx+ fy e dup) () [ese + gcre — (1 — q)cser — ca ()| P(No(u) < x)du
Clx,TA0y) = (27)
+(h—8cyer) Jf e S B((x— No(u)) ") du+ f) e A (u)ca(u)du.

To analyze the behavior of both objective functions for a given T € .%( we need the concept of discrete
converxity: A function f:Z; — R is called discrete convex on Z, if its first order difference A, f(x) :=
f(x+1)=f(x),x € Z4 is a non-decreasing function on Z. The function f is called discrete concave if the
function — f is discrete convex. Discrete convexity is applied to our problem through the following result.

Lemma 7. Let N be a non-homogeneous Poisson process with a locally bounded Borel measurable arrival
rate function g and f:[0,T] — R some Borel measurable function. If the function f is non-decreasing
and non-positive on [0,7) for a given T € Fy,0 <t <T then the function

¥ Glx) = E ( /0 e f(v),u(u)du) (28)

is mon-increasing and discrete convexr on Z.. If the function f is non-increasing and non-negative on
[0,7), then this function is non-decreasing and discrete concave on Z. .

Proof. See Appendix. O

Using Lemma 7 the next result is easy to verify. A similar result was proved in Frenk et al. (2019b)
using a much more complicated proof.

Lemma 8. Let 1€ Fy,0< 1 <T be given.

1. If the procurement cost function c¢ is discrete convex on Zy and cqp(t) > cge — Coer for every t < T,
then the function x — c¢(x) +C(x,7) is discrete convex on Zi .

2. If the procurement cost function ¢ is discrete conver on Zi and c4(t) > ¢se + qcre — (1 — q)cser for
every t < T then the function x — c(x) +C(x,TA0y) is discrete convex on Z. .

Proof. See Appendix. O
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Since we always assume (unless stated otherwise) that p(u) > ¢4 and c4p is non-increasing, it follows
for ceer > 0 that cqp(r) > e — Cer for every 0 <t < T. Hence by Lemma 8 the function x — C(x,7) is
discrete convex for every 0 < T < T and this result was used in Frenk et al. (2019b) to give an efficient
algorithm to compute approximately the optimal deterministic policy. In the next section we will only
consider the class of pseudo-deterministic policies and prove that one can identify beforehand a finite
set of T values containing an optimal solution for piece-wise constant arrival rate and (decreasing) piece-
wise constant substitution cost functions. For this realistic setting, we will analyze the properties of the
following optimization problem

v(Q) = infyez, 1ewy0<r<r{c(x) +C(x,TAOy)}. (29)

3 On properties of the class of pseudo-deterministic policies

In this section we show for a Poissonian defective items stochastic arrival process having a piece-wise
constant arrival rate function and a piecewise-constant non-increasing substitution cost function ¢, that
the finite set of breaking points of these functions contain the optimal switching time between the two
used policies and so this optimal switching time can be easily computed. Without loss of generality, we
may assume that both functions have the same set of breaking points. If this is not the case, we use the
union of both sets of breaking points.

To justify the use of a piece-wise constant substitution cost function we first observe one can always
find a piece-wise constant function approximating a bounded non-increasing substitution cost function ¢,
within any given accuracy using the following procedure. Introducing the composite function ¢, (1) :=
du(cq(1)),0 <t <T,n €N with the so-called dyadic function d, : [0,e0] — [0,00) (cf.Cinlar (2011)) given by

o k—1
du(r) =) -, 71[(k—1)2*”,k2*”)(r) 1l (), (30)

yield a sequence of piece-wise constant functions taking only finitely many values. Using this repre-
sentation we obtain that the function c¢,, is again a non-increasing right continuous function satisfy-
ing cyn < c¢q and for every n € N, n > ¢,(0) we have the approximation errors || con — ¢4 ||< 27" with
| f lleo=sup,eo.7y | f() |. Similarly, one can also approximate any locally bounded, Borel measurable
arrival rate function A by the function A,(7) :=d,(A(¢)) for 1 € [0,T] and || A, — A [|< 27" for sufficiently
large n. By increasing the value of n, we obtain more accurate approximations. Although not proved
in this paper it is relatively easy to give an upper bound on the error in the optimal discounted cost
replacing the function ¢, by its approximation ¢, , and the arrival rate function A by A,. Hence up to any
given accuracy one can replace the true functions ¢, and A by their piece-wise constant approximations
can and A, for some properly selected n € N. Hence this justifies the use of these piece-wise constant
functions.

To solve the optimization problem (29) listed in subsection 2.6 for the set of pseudo-deterministic
policies two alternative approaches are possible: The first approach we may use (used in Frenk et al.
(2019b) for only the set of static policies) is given by

D(Q) = infTG]F(),OSTST (p(T)7

with
¢(7) :=infyez, {c(x)+C(x,TA 0L} (31)

Applying this bilevel approach and Lemma 8 we may use the necessary and sufficient first order conditions
to determine first the optimal order quantity x(7) for each given deterministic switching time 7 € Fy and
compute for this optimal order quantity the optimal value ¢(7) of optimization problem (31). In general
the optimal value function ¢ : [0,7] — R is not a convex function on [0, 7] and so we cannot use a classical
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one-dimensional optimization algorithm to determine an optimal 7 € Fy. However, it can be shown that
the function ¢ is Lipschitz continuous with a computable Lipschitz constant and so up to any given
accuracy we may construct a finite discretization 2 of the set [0,T]. Evaluating the finite number of
function values @(7),7 € 2 and taking the minimum of those values we can then approximate v(Q) up to
any given accuracy. Although applicable this approximation approach will not be followed in this paper.
The second bilevel approach (considered in this paper) yielding an exact procedure to compute the optimal
pseudo-deterministic policy for a piecewise-constant arrival rate and piecewise constant substitution cost
function is given by

v(Q) =infiez {y(x)}. (32)
with
V(x) :=info<r<7 1ery{c(x) + C(x,TACy)}. (33)

For the optimization problem (32) we first identify the following easy instance.

Lemma 9. If the substitution cost function c, of applying the alternative policy is non-increasing and
cq(0) < cse+qcre — (1 —q)cser it is optimal within the class of pseudo-deterministic policies not to order any
spare parts and switch at time 0 immediately to the substitution policy. This yields the optimal objective
value v(Q) = ij e %) (u)ca(u)du.

Proof. See Appendix. O

Due to the low cost of substitution at time 0 and using relation (14) in the proof of Lemma 9 it
is easy to see that it is also optimal to switch immediately at time O to the alternative policy within
the class of all (x,7 A 0y) policies with 7 an arbitrary bounded stopping time. Hence in the remainder
of this paper it is assumed that c,(0) > ¢s +gcre — (1 — ¢)cser. In practice this condition on the costs
parameters is realistic since immediately applying the alternative policy at time 0 is in general much
more expensive then applying the repair-replacement policy. We will now analyze the optimization
problem (33) for a Poissonian defective items arrival process having a piece-wise constant arrival rate
function and decreasing piece-wise constant substitution or alternative policy cost function ¢,(.). To
introduce this piece-wise constant arrival rate function consider a strictly increasing sequence (a,');’ill
satisfying 0 =a; <ap < ... < a, < ay+1 =T and define for t > 0

AM) =Y Al (1) (34)

for any arbitrarily selected non-negative sequence (4;)"_;. At the same time the non-increasing substitu-
tion cost function of applying the alternative policy is given by

n
calt) =Y Ciligap)(1),0 <t <T. (35)
with ¢; > 2> ... > ¢, >0 and ¢; > ¢ge +gcre — (1 — g)cser. Since by Lemma 9 it is optimal not to order
and immediately switch to the substitution policy if ¢; = ¢4(0) < cge + gcre — (1 — g)cger, We may assume

c1 > Cse +qgcre — (1 — q)cser. By relation (14) it also follows that the partial derivative of the function
¢(x) +C(x,7 A 0y) with respect to 7 € Fy for any a; < T < aj11,i=1,...,n is given by

aC
E(x, TAG,) = e 97 (li[csg +gcre — (1= q)cger — ci]P(No(T) < x) + (h— Scser ) E((x —No(‘l:))+)) . (36)
Using relation (36) and introducing the index

n*=max{l <i<n:c¢;>ce+qcr—(1—q)cser} <n, (37)

the next result is easy to show for optimization problem (33).



On the generalized last time buy problem 175

Lemma 10. Introducing Wi(x) = ming<c<q,,, {c(x) +C(x,TA 0y}, i=1,...,n it follows for every x € Z,
that w(x) = mini—;__,+ Wi(x) with y(x) the optimal objective value of optimization problem (33).

Proof. See Appendix. O

The partial derivative in relation (36) consists of the difference of two positive decreasing functions
and so this difference might not be increasing or decreasing. To analyze in detail this partial derivative
we introduce the well known Erlang-B formula represented by the function B:Z, x Ry — R given by

*

B(x,t) := ﬁ, xeN, (38)
J=0 j

and B(0,7) = 1 for every ¢t > 0. The value B(x,f) represents the probability that an arriving customer
is rejected in a M/M/x/x Markovian loss model with an arrival rate r and departure rate 1 (Kleinrock
(1975)). Hence 1 — B(x,t) represents the probability that an arriving customer is admitted to the system.
By a straightforward computation it is easy to show the following result.

Lemma 11. If N={N(t):t > 0} is a non-homogeneous Poisson process with arrival rate function 6 and
mean arrival function O(t) = [ 0(u)du,t >0 then for any x €N and t >0

sz—@(t)(l—B(x—l,@(t))). (39)
Proof. see Appendix. 0

Introducing the function «;: Z4 x [0,T] — R given by
Ki(x, 7) = Ailese + qere — (1= q)eser — il + (h = 8cser)x — (h— 8cser) Ao (T)[1 — B(x — 1,A0(7))], (40)

with Ag(7) = (1—¢) Jy A(u)du and considering relations (36) and (39), we obtain

%(ancx) = e OTP(No(7) < x)K;(x, T), (41)

for a; < T < ajy1,i =1,...,n. For every x € N the following result is well known. We list a short proof of
this result in the Appendix.

Lemma 12. For everyx € N the functiont — t(1—B(x,t)) is increasing and satisfies limyoot (1 —B(x,1)) = x.
Proof. see Appendix. O

Using Lemma 12 we can slightly improve the result in Lemma 10. By Lemma 12 it follows for every
x€Nand 7 >0 that Ao(7)(1 —B(x—1,A0(7)) <x—1, and this yields for every x € N that the function x;
listed in relation (40) satisfies

Ki(x,T) > Ai(cse +qcre — (1 = q)Cser — ¢i) + (B — Scger). (42)

Hence it follows for ¢; < ¢5e + gcre — (1 — q)Cser + )Llfl(h — Ocyer) that by relation (41)
aC -1
ﬁ(x, TACy) =e °"P(No(7) < x)ki(x,7) >0, (43)

and this shows the improved result that the function 7 +— c¢(x) + C(x,T A 0y) is actually increasing for
every x on [a;,a;y1]. This shows for

C1l S Cse + qCre — (1 - q)cscr + lr;alx (h - 5Cscr)7 (44)
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with Amax := max;=;_,A; that again it is optimal not to order in optimization problem (32). Hence to
solve problem (32) it is sufficient to consider problem instances satisfying

C1 > Cse + qCre — (1 - q)cscr + A‘I:lalx (h - SC‘V”)' (45)

For such instances the set {1 <i<n:c;> ce+qcre — (1 —q)cser + Aps (h— 8¢ger)} is nonempty and intro-
ducing
ny=max{l <i<n:c;> e+ qcre— (1 —q)cser + Ape (= 8cser)} <n*, (46)

where n* is listed in (37). Using similar arguments as in Lemma 10, we obtain
y(x) =mini_y e Wi(x). (47)

In the next result we show for every x € Z that the finite set of breaking points a, -Gy 41 contains an
optimal exit time 7 of the optimization problem (33).

Lemma 13. For every x € N an optimal solution of optimization problem (33) is attained at some a;,
i=1,..,n5+1 with n; listed in (46).

Proof. See Appendix. O

The result in Lemma 13 implies that for any given x € Z, we only have to evaluate the objective
function ¢(x) +C(x,TA0x) at T=a; for i=1,...,nj+ 1. Therefore, our optimization problem (32) listed
in subsection 2.6 reduces to

v(Q) =min;—y 41 mincez, {c(x) +C(x,a; A 0y)}

By Lemma 8 the function x — C(x,a; A 0y) is discrete convex for i < n*+ 1 since ¢, (u) > cse +qcre — (1 —q)Cser
for every u < ap4+1. For a discrete convex procurement function c¢(.), an optimal solution x(a;), i =
L,..,n5+1 of infyez, {c(x) +C(x,a; A oy)} is given by

x(a;) =min{x € Z; : c(x+ 1) — c(x) + AC(x,a; A 0y) > 0}, (48)
where AC(x,a; A 0y) represents the first order operator of the function x — C(x,a; A 0y) given by
AC(x,a; \Noy) :=C(x+ 1,a; ANO11) —C(x,a; N Cy),x € Z. (49)

Observe (49) can be used to compute the objective value ¢(x(a;) + C(x(a;),a; A 0x) using

c(x(a)) + Clxla),a; A Oay) = Yo ek + 1) = c(k) + AC(k,a; A 0)] + C(0,ai A ap), (50)

for every i =2,...,n*+ 1. In (50), we need to evaluate the first order difference operator for different
parameter values and the value of the objective function in case of no ordering. Applying relation (27)
to the special instances of piece-wise constant arrival rate and substitution cost functions, we obtain the
following simplification for the first order cost difference.

Lemma 14. If the arrival rate function is given by relation (34) and the substitution cost function by
relation (35) then for everyi=1,...,n+1

T C:
CO.an) = [ P hleafudu=Y_, (e b0 b, (51)
A :

and for everyi=2,...n+1 and x € Z4

Ei (S — ey ) e PNy () < x) — e 2 B (No(ajen) < )]

AC(x,a; Noy) = (52)
+(h—8cser) D! Jal ' e S P(No(u) < x)du+ cocr.
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Proof. See Appendix. O

For a; = 0, relation (27) leads to AC(0,0 A 0y) = cser. This implies, by relation (48) and x — ¢(x) +
min{c,.r,0}x being increasing, that an optimal solution is given by x(a;) = 0 with the optimal value
cjhj

T
infyez, {c(x) +Clx,a1 A Gy} = /0 e, wdu = Y I (0 o) (53)

To simplify the calculations in Section 5 and determine the optimal pseudo-deterministic policy we will
use Lemma 14 together with the following result.

Lemma 15. If the arrival rate function is given by relation (34) and introducing for every 1 < j<n and
XE€Zy
0j(x) = ¢ UP(No(a;) < x),

then for every 1 < j<n and x € Z4

¥ 1-g)A; \™
(5o ) Twstx=m) = vy (x—m)

0+ (1—g)A; (54)

Proof. See Appendix. O

To solve the optimization problem (32) determining the optimal pseudo-deterministic policy we can
now apply the following algorithm.

Solving optimization problem (32) for piece-wise constant arrival rate and substitution cost function with
breaking points a;, i =1,...n and c¢ discrete convex

« Compute nf in relation (46).
« Solve for every i =1,...,n;+ 1 the discrete convex minimization problem infycz, {c(x)+C(x,a; Aoy)}

by evaluating the first order conditions x(¢;) = min{x € Z, : ¢(x+ 1) — ¢(x) + AC(x,a; A 0y) > 0} with
AC(x,a; A Oy) given below

Coer + fé”' e’éul(u)[cse +gcre — (1 — q)cser — ca(u)|P(No(u) = x)du
AC(x,a; N oy) = (55)
+(h— 8cser) Jo e OP(No(u) < x)du.

e Output
v(Q) = mini<j<p+1{c(x(a;)) + C(x(ai), ai) },

and
(x(ai),a;+) = argmin <j<p= 4 1{c(x(a;)) + C(x(ai),ai) }-

In Section 5, we present the results of some computational experiments with piece-wise constant
arrival rate and substitution cost functions. We determine both the optimal pseudo-deterministic and
the optimal stopping time policies for the most general optimization problem (17). Before presenting the
computational results, we shortly discuss in the following section how to (approximately) compute the
optimal policy of optimization problem (17).
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4 On the optimal policy within the class of all stopping times

In this section we discuss how to solve optimization problem (17) listed in Section 2.4. Although most
of the results except the characterization of the optimal stopping sets S; in Lemma 18 and 19 already
appeared in Frenk et al. (2019a) using a slightly more difficult approach, we list these main results for
completeness also in this paper. By relation (19) we know that there exist a computable upperbound xy
satisfying
V(P) = inficy; rez, , infrer o<c<r{c(x) + C(x,7)}. (56)
To solve for each x <xy,x € Zy the optimization problem ¢ (x) := infrer g<c<r{c(x) +C(x,7)} we discretize
the set [0,7] and construct a finite set @ = {ry,11,...,ty} C [0,T] satisfying 0 =19 <t; < ... <ty =T. Its
mesh is given by
A(®) = maxo<j<n-1 | j41 15 ] - (57)
Depending on the given set ® we consider the set of stopping times 7 € F taking only values in ®. For

each finite set ® the set of stopping times only attaining value in ® is denoted by Fg. Consider now for
every x < xy,x € Z, the optimization problem @g(x) = infrer, {c(x) +C(x,7)}, and introduce

U(PG) = infxgxy,relF@ (PG(X) = infxgxy.reﬁ?@{c(x) + C(x, T)} (58)

Since Fg C I it follows by relation (56) that 0 < v(Pg) — v(P). It is also possibe to construct an upper-
bound on v(Pe) — v(P). If we introduce the functions f;: [0,7] — R,i = 1,2 as follows.

fl (t) = (1 _q)(cse _Cscr_cap(t))a
and
fa(t) = qlcse +cre —ca(t)) + (1 —q)p(t).

By using these definitions, one can show the following result. Although this result is shown in Frenk et
al. (2019a) we list for completeness an outline of the proof.

Lemma 16. If the arrival process N of defective items is given by a non-homogeneous Poisson process
with arrival rate function A(.) then v(Po) — V(P) < fo(xu)A(®) and fo(x) =h—8egx+ || Afi || + || ASf2 ||
with || glle := supg<,<7 | &(t) | denotes the well-known supnorm.

Proof. see Appendix. O

By Lemma 5 we obtain that the relative error of solving the approximative problem (58) instead of

optimization problem (17) is given by

v (Po) 1 fo(xv)A(®)

< . 59
~u(P) T [T e duA(u)ymin{cy + gere, calu) ydu (59)

In our computational section we select € > 0 and use a finite set ® with mesh A(0) satisfying
0 a0) < e [ e %A (u) min{cy, —l—qc,e,ca(u)}du. (60)

folxu)

If (60) holds, then (59) implies that the relative error is smaller than €. In Section 5, we will use a
piece-wise constant arrival rate and a piece-wise constant substitution cost function with the same set
of breaking points. @ is chosen to be ® = {jA(®): j=0,...,N} with NA(®) =T and the breaking points
of arrival rate substitution cost are included in this set. A=A(®) > 0 we solve the optimization problem
(58) using shifted stochastic processes.
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Definition 1. For any non-homogeneous Poisson process X with arrival rate function 6, the shifted
stochastic process {XW)(¢) :1 >0} is defined as X (r) := X (t + kA) — X (kA) for k=0,...,N —1.

It is well known that X® is again a non-homogeneous Poisson process with arrival rate function

t — 0(t+kA). Let us define the shifted stochastic process N(gk), k=0,...,N—1 for the arrival process Ny of
non-repairable items with arrival rate function Ay = (1 —g)A. For this shifted process the stopping times
is defined as G)Sk) :=inf{r >0: N(gk) (1) > x} for every x € Zy. At time kA,k=0,...,N — 1 we either stop or
continue with the repair-replacement policy. If we decide to stop at time kA and the inventory level equals

x, then the random discounted costs of switching to the substitution policy (discounted from time kA) is

given by cgerx + féka)Ae’S"ca(u +kA)dN® (1), where N*®¥) is a shifted Poisson process of arrival requests

with rate A. Hence the expected discounted cost of taking action 7y, which is defined as to switch to the
repair-with-substitute policy, at time kA with inventory level x equals

(N—k)A
Crp (%) 1= Coorx+ / e e (u+kA)A(u+ kA)du. (61)
JO

Also the random discounted cost of continuing with the repair-replacement policy at time kA equals
bi(x) +e %4V ((x—Nék) (A))™) with by (x) the random discounted cost of applying the repair-replacement
policy during the time interval [kA, (k+ 1)A). Introducing

Bi(x) = E(bi (%)), (62)

the expected discounted cost of taking action 7, defined as not to switch to the repair-with-substitute
policy, with inventory level x at time kA becomes

Cry (%) = B(x) + ¢ 2B (Vi1 (v — Ny (4)) ). (63)

This shows for x < xy that the Bellman equations for the above stopping problem are given by the
functions V; : Z4+ — R, k=0,...,N given by

Vv (x) = ¢erx, Vie(x) = min{Cpy (x),Cr, (x) }. (64)

To simplify the recurrent relation for V; in relation (64), we introduce the function Wy : Z4 — R, k=0,...,N
given by

Wie(x) = Vie(x) — /O <N_k)Ae—5"ca(u +kA)A (u+kA)d. (65)

Since it is easy to check that

(N—k)A
/ e Oy (u4 kA (u+ kA)du =
0

(N=(k+1))A

A
/ e 8y (14 kA (1 + kA)du + e / e~ Scy(ut (k+ 1A (u+ (k+1)A)du,
0 0

we obtain from relations (61)-(65) that we need to solve for x <xy and k=0,...,N the Bellman equations

Wy (x) = CyerX, Wi (x) = min{cscrxagk(x) + e_SAE(WIH»l ((x —Nék> (A))+)}v (66)

where

Bi(x) := By(x) — /0 Ae*%a(n +kA)A (u+ kA)du. (67)
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For x=0 and k=0,...,N — 1 relation (66) reduces to the simplified recurrent relation
Wi (0) = 0, W (0) = min{0, B (0) + ¢ Wi (0) . (68)

Observe that after hitting the zero inventory level, so x =0, it might be cheaper to continue with the
repair-replacement policy depending on the sign of B;(0). This holds if the expected cost g(cse + cre) +
(1 —q)cap(u) of any defective item arriving at u is much lower then the expected costs ¢, (u) of substitution
at u. Having computed Wy(x) for x =0,...,xy with the recurrent relations (66) and (67) after N iterations,
we set

NA
Vo(x) = Wo(x) +/0 e e, (u)A(u)du, (69)
for x=0,...,xy and solve the optimization problem
mine<y, {c(x) + Vo (x)}, (70)

by enumeration. To compute By (x) in (66) we proceed as follows. By definition let Cy(x,A) denote the
expected discounted operational cost (discounted from time kA) from time kA up to time NA=T. If
we observe inventory level x at time kA and we apply the deterministic (x,A) policy at time kA, the

shifted arrival processes Nék) and N® are non-homogeneous Poisson processes with arrival rate functions
t = Ap(kA+t) and t — A(kA+1). Therefore by the definition of Bi(x) in (62), we need to subtract the
discounted substitution costs from time (k+1)A up to NA=T from Ci(x,A) and set the scrapping value
equal to zero in the expression for Ci(x,A). This means that

Bi(x) = Ce(x,A) — /A WOR 8 (kA ek, (71)
and by relation (26) substituting cgr =0
(1—q) J2 e B (kA +u)[ese — Cap(u+ KAP(NS (1) < x)du
Ce(x,A) =+ [ e S L (kA +u) [q(cse + Cre — Calu+kA)) + (1 — q) p(KA +u)]du
h 2 e SR ((x — NSO () ) + [N THA =R (kA + u)cq (KA + u)du.
This implies using relation (71)
(1= q) f2e A (kA +u)[cse — cap(t+ kAP(NS (u) < x)du
Bi(x) =< + [&e T A (kA+u)[q(cse + cre — calu+KA)) + (1 — q) p(kA + u)|du
h 2 e SR ((x— N () ) + 2 e (kA + ) (kA + u)du.
Applying relation (67) we obtain
(1—q) 2 e A (kA + 1) cse — cap(t+ kAP(NS (u) < x)du
Bi(x) =+ Jg e %A (kA +u)[q(cse + cre — calu+KA)) + (1 — q) p(kA+u))du (72)
+h 2 e E((x— N (1)) )du.

Hence by relation (72) and the definition of the first order difference operator, the next result easily
follows.
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Lemma 17. For every k € N it follows that

A
Bi(0) = /0 e PN KA+ u)[g(cse + re — ca(kA+ 1)) + (1 — q) p(kA+ u)]du, (73)
and for every x € Z
_ A s (k) A s (k)
ABi(x) = (1—¢q) / SN (kA + ) [cse — cap (KA + )] PN (1) = x)du+ / e PN® () < x)du.  (74)
0 0
By relation (66) we obtain the following optimal stopping sets Sk.

St i={x € Zy : coorx < Bi(x) + e PE(Wepr (x— N (A) 1)}, (75)

for k=0,...,N—1. Under certain intuitively clear conditions on the arrival rate and the substitution cost
one can show a desirable property for the optimal stopping set S;. To this end, we first need the next
two results.

Lemma 18. If the arrival process of defective items is a homogeneous Poisson process and the penalty
costs are constant over [0,T| then for every 0 <k <N —1 and for every x € Z

Wk(x) < Wi (x) < CyerX.
Proof. see Appendix. O

The following result follows from Lemma 18.

Lemma 19. If the arrival process of defective items is a homogeneous Poisson process and the penalty
costs are constant over [0,T] then Sy C Sgy1 for every 0 <k <N —1.

Proof. see Appendix. O

By Lemma 19 we obtain that for every time 0 < k <N — 1 there exists no threshold value or there exists
some threshold inventory level x} satisfying we will always stop at time k if and only if our inventory level
is above this level. In Section 5, we numerically find that the same structure for our optimal stopping
sets in Lemma 19 holds for our piece-wise homogeneous Poisson process. This is probably due to A being

extremely small, so we have ]P’(Nék) < 1) ~ 1 at the breaking points which is partly indicated by the proof
of Lemma 18. Hence due to (72) the function x — By (x) is almost an affine function with approximately
the same slopes depending mainly on the inventory cost & and the discount factor § but with increasing
constant terms.

5 Computational results

In this section we numerically analyze the performance of the optimal stopping problem (17) and deter-
mine the optimal pseudo-deterministic policies for different parameter settings. We measure the sensitiv-
ity of the performance gap between pseudo-deterministic and deterministic policies to different param-
eters. Our computational experiments are coded in R Gui and run with a 1.60GHz processor. It took
on average 8 minutes to execute the algorithm to compute the optimal stopping policy for the dynamic
model and 4 seconds to run the algorithm for the optimal pseudo-deterministic policy.
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5.1 Experimental setting and base scenario

In our test bed, the planning horizon [0,T] is split into three equal intervals by the sequence of breaking
points (a;)}_,, where a; = (i—1)%. Therefore, our sub-intervals are [0,%], [£,%] and [2L,T], and in each
of these sub-intervals the arrival rate and the substitution cost functions are assumed to be equal to A;
and ¢; for i = 1,2,3 respectively. The cost of the repair-with-substitute policy over different sub-intervals
is now given by ¢; =c,(0)e™ " for j=1,2,3, where ¥ is the decay factor. The arrival rate of the defective
products is assumed to be a step function; constant arrival rate of A; = IB!~! over the interval [a;,a;;1]
and jumps at time g;. For a given B, [ is set to a value that makes the expected number of product
arrivals over the horizon [0,7T] equal to 10T (i.e., on average 10 customer requests per unit time). For the
general (x,T)-policy the penalty costs, p, is assumed to be equal to 1290. The base case scenario with
these parameters is given in Table 1. Note that our substitution cost and arrival rate functions are also
used by Frenk et al. (2019a), to which we benchmark our results.

Table 1: Problem parameters for the base case scenario.
width=0.9
T Cscr  Cse  Cre h q ¢ Cq <O) Y 14 € J ﬁ
66 (months) 30 30 20 325 05 225 645 0.02 1290 0.001 0.003 0.5

The procurement cost function has the form c¢(x) = éx with rate ¢ > 0. Also we assume ¢ > ¢y, =
—min{cs.r,0} which makes x — ¢(x) — c,x an increasing non-negative function with limit oo satisfying
our standard assumption on the cost parameters. This also implies that the first order conditions in (48)

reduce to
x(a;) = min{x € Z, : AC(x,a; A\ oy) > —C}. (76)

To solve the optimization problem (17), we apply the approximation approach proposed in Section
4 and select the finite set ® having mesh A > 0 in such a way that the breaking points are contained in
®. This means that M;\A=a;,i=1,....n+1 and so M; =0 and M, 1 = N. Selecting a relative error of
€ =0.001 in the base case scenario, the mesh A of our set ® is not larger than 0.003 due to (60). Due to
the approximation approach, the computed optimal objective values v(P), in Table 2, are subject to this
selected relative error. For the above settings one can also simplify the computation of ABy(x). The next
result follows immediately from Lemma 17.

Lemma 20. If the arrival rate and substitution policy cost functions are given by relations (34), and
(35) then for Mi <k <M;11—1,i=1,...n+1

Bi(0) = [gcse+cre—ci) + (1 —q)pl A6~ (1 —e7%4). (77)

Also for every m € Z4
AB(m) = [h+8(p+ei— )] | S B () < m)du— (p+ i~ o)1 — e BBX(A) <m)).  (78)

and X a homogeneous Poisson process with arrival rate (1 —q)A;.

Solving the Bellman equations in relations (66) and (67) we are able to compute the function Vy in
relation (69) and solve optimization problem min,<, {c(x) +Vo(x)}. In Figure 2 the function Vy is plotted
for the values x =0, 1,...,xy under the base case scenario. This plot shows that this function achieves a
minimum within this range.
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Figure 2: Function Vy(x) plotted over the range of x values for the base case scenario.

5.2 Sensitivity of v(P) to problem parameters

The optimal solution of (17) consists of the optimal initial order quantity, x, and the optimal stopping
time to switch from the repair-replacement policy to the repair-with-substitute policy, 7. Plainly, the
set of points (x,T) represent the times 7 at which it is optimal to stop holding inventory x. In order
to provide insight into the structure of the optimal policy, we present the optimal (x,T) policies as blue
regions in Figure 3 for different values of holding cost and decay factors. If for a given realization of the
arrival process one enters the blue region at a certain time with x items in inventory, it is optimal to
switch at that time to the repair-with-substitute policy. Also in the base case scenario it follows for every
1 <i<nthat g(cee +cre—c;)+ (1 —q)p = 670 —322.50"!. This shows that the conditions of Lemma (1)
are satisfied restricting our class of optimal policies for the optimization problem (17). At the optimal
stopping time we immediately switch to the substitution policy (from the repair-replacement policy) at
the moment the spare parts inventory is zero. This is depicted by the thin blue horizontal lines at the
bottom of each plot in Figure 3.

In Figure 3, we observe that as 7y increases, the substitution policy cost declines faster and that
makes switching to the substitution policy by scrapping inventory more profitable. & has similar but
opposite effect on the stopping region. With the increase of A, the repair-replacement policy becomes
more expensive. Hence, the size of stopping area is increasing in h. These results are consistent with the
results of Frenk et al. (2019a). The main difference between their results and ours stems from the cost of
substitution policy, which is larger in our experiments. Therefore, we encounter larger stopping regions
than Frenk et al. (2019a) in all scenarios.

In Figure 7, we depict the effect of different parameter values on the optimal cost and order quantity
of the problem 17. In each plot, the value of a parameter is changed whereas the rest of the parameters
are set to the values in Table 1. The optimal cost value is depicted with a dashed line whereas the
optimum order size is presented with a straight line on the secondary axis.

Figure 4 indicates that the optimal order size and the optimum cost decrease in y with different rates.
Decrease in the optimum cost values occurs with a constant rate due to decaying cost parameters. The
optimum order size converges to 200 for ¥ > 0.05 due to the fact that order size of less than 200 lead to
high penalty costs.

Figure 5 also depicts the effect of the probability g on the optimum order size and the optimum cost
value. As ¢ increases, less spares will be needed and thus the optimum order is smaller. In addition, we
apply the repair-replacement policy for most of the time horizon which in turn incurs lower expected total
cost. For the extreme case ¢ = 1, which represents all items can be repaired, the optimal order quantity
is 0 and the total expected cost of the optimal policy is 30.757 thousand. On the other hand, for ¢ =0,
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Figure 3: Stopping regions for different y and h values. First row plots are for y € {0.03,0.05,0.07}. Second row
plots are for h € {3.25,6.5,13}.

we order initially a large quantity to cover the demand and therefore, we incur a large optimum expected
cost. This shows that the effect of the repair probability is rather significant on the system behavior and
optimum results. Figure 6 shows the relation between the optimum results and the inventory holding

cost rate. Expectedly, increasing values of & lead to lower order size and higher total cost in the optimum
solutions.

5.3 Performance of pseudo-deterministic policy for different parameters

To investigate the effect of different problem parameters on v(P) and v(Q), we conduct numerical ex-
periments by altering parameter values of the base scenario in one-at-a-time fashion. For each parameter
setting, we report the optimal values of v(P) and v(Q) together with their relative percent difference
given below:

(Q) —v(P)

v
RPD(P: Q) =100 x —= 7

In addition, we report the optimal initial order quantities for both optimization problems and switching
times for v(Q). The results of our numerical experiments are reported in Table 2.

In all considered scenarios the optimal policies of v(P) and v(Q) are almost the same and this explains
the small relative deviation. The relative error between the optimal objective v(P) and v(Q) is on
average 0.15 percent. Such a low difference justifies using the optimal pseudo-deterministic policy as an
approximation to the general optimization problem. At the same time, the small difference between the
two policy shows that one cannot prove that the optimal pseudo-deterministic policy is optimal within
the larger class of stopping times and that within the class of pseudo-deterministic policies the order
quantity is the most important decision variable to control the cost. For many parameter settings, the
optimal order quantity of the problem (17) satisfies

(79)

Xopr <min{x € Zy : (x,7) : We(x) = Cgerx}, (80)

showing that the optimal policy never switches to the repair-with-substitute policy before the end of the
horizon with a positive inventory. The switch to substitution takes place before the end of the horizon
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with 0 inventory. This means that the optimal dynamic policy actually coincides with the optimal
pseudo-deterministic policy, explaining the extremely small relative deviation, which is mainly caused by
our approximation to v(P). For the pseudo-deterministic policy, we calculate the probability of {1y < o, },
which represents the event of switching to the repair-with-substitute policy with positive inventory. Table
2 presents the calculated probabilities, which are very close to zero in almost all cases. For the cases
failing to satisfy (80), the highest probabilities of switching with positive inventory are related to high
substitution costs either directly by means of ¢,(0) or indirectly through y and g. The probability is almost
0 in case of low h, high initial ¢,(0) or high g. All of these findings are intuitively clear. In addition,
we computed the probability of switching to substitution with a positive spare parts inventory in the
optimum solution of (17). This probability, which we didn’t report in Table 2 due to space limitation, is
again found to be extremely small. Hence in both optimal policies (recall that we will only stop at the
end of the horizon with a positive inventory level under the pseudo-deterministic policy) switching to the
repair-with-substitute policy with a positive spare parts inventory occurs rarely when the system starts
with the optimal order quantity.

Generally we observe that time to switch to substitution coincides with the breaking point at which
substitution becomes cheaper and inventory is depleted in the optimal policies. In Table 2 we observe that
the optimal order quantities of both policies are the same and the objective values of the two problems
are very close to each other. This is partly due to the fact that the majority of the cases in Table
2 satisfy the condition in Lemma 1. In majority of the cases, the deterministic switching time of the
optimal pseudo-deterministic policy is equal to 66, i.e. T,, = 66 except two cases where the substitution
is relatively inexpensive at time 0. In those cases T, = 44. Tp = 66 represents the utilization of the
repair-replacement policy until oy, after which substitution is utilized.

In Table 2, we notice that the decay factor, ¥, of the substitution cost function has a negative effect
on order sizes and costs of both optimal policies. Decreasing values of ¥ make substitution expensive
leading to a higher total expected cost. For the same reason, we order a higher initial inventory so that
we can avoid switching to the repair-with-substitute policy due to reaching earlier inventory level 0. The
initial substitution cost ¢,(0) has a similar effect on the optimal cost and the optimal initial inventory.
In our analyses we find that the optimum cost and policy parameters are insensitive to c¢s. value. This is
mainly because switch time mostly corresponds to o, in almost all cases. Similarly, p values do not have
major effect on the objective value as long as (16) in Lemma 1 is satisfied (cases that do not satisfy (16)
are evaluated in Section 5.5).

Furthermore, we find that ¢ has a large negative effect on the expected total costs for both policies. In
case of high ¢, a lot of the returned products need only a repair service, which leads to smaller order size
and lower cost. Parameters & and B have similar effect on the optimal order quantity and the objective
value. Expectedly, a higher & increases the average cost of the repair-replacement policy and decreases
the optimum order size. For higher values of B most of the arrivals happen in later periods (recall that
the total number of expected arrival is 107). This decreases the optimal order quantity as substitution
gets cheaper over time.

5.4 [End-of-life management for different product types

We also compute the optimal dynamic policy and the optimal pseudo-deterministic policy for different
lengths of the warranty period by considering three different product types. Each of these cases is
presented in Table 3 and the different length T refers to a certain type of product. First, we compare the
performance of the two policies on the second product type in the table (row with T =66). The box plot
in Figure 8 indicates a very small and always positive difference between the optimal policy in problem
(17) and the optimal pseudo-deterministic policy. Also one can observe that both policies order the same
amount of spare parts at the beginning of the planning horizon.

The first product in the table represents a high-demand electronic device with T = 24 months of
warranty. The product type can be exemplified with cell phones. Since, the product has a short life cycle,
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Table 2: Sensitivity analysis of the problem parameters for different policies.

v(P) v(Q) P(1 < o) RPD(P: Q)
x cost x T cost (%)
0.05 227  105,455.8 227 66 105,552.9 1.19x107° 0.09
Y 0.02 304 122,965.6 304 66 122,974.6 7.88x 1072 0.09
0.01 323 127,140.5 323 66 127,259.6 3.64x 107! 0.09
0.005 329 128,755.6 329 66 128,8782 4.93x107! 0.10
250 191 100,289.7 191 44 100,382.0 4.16x107° 0.09
ce(0) 3225 216 109,735.0 216 44 109,732.0 2.01x 107> 0.09
1290 329 128,991.9 329 66 129,111.9 4.93x 107! 0.09
2580 342 132,955.64 342 66 133,083.2 7.56x 107! 0.10
3225 304 122,845.2 304 66 122,974.6 7.88x 1072 0.11
14 645 304 122,850.3 304 66 122,974.6 7.88x 1072 0.10
2580 304 122,854.2 304 66 122,974.6 7.88x 1072 0.10
5160 304 122,853.5 304 66 122,974.6 7.88x 1072 0.10
0.8125 320 107,237.1 320 66 107,350.5 3.03 x 107! 0.11
h 1.625 315  112,6792 315 66 112,787.6 2.14x 107! 0.10
6.5 285  140,809.4 285 66 140,953.0 6.24x 1073 0.10
13 248  169,876.7 248 66 170,039.8 1.41x107° 0.10
-30 304 122,829.7 304 66 122,945.8 7.88x 1072 0.09
Cscr 10 304 122,8412 304 66 122,965.0 7.88x 1072 0.10
60 304 122,864.2 304 66 122,989.1 7.88x 1072 0.10
90 303 122,879.7 303 66 123,001.8 7.09x 1072 0.10
0.4 353 138,842.7 353 66 138,849.5 1.51x 1072 0.10
q 0.6 250  106,489.7 250 66 106,500.5 2.04x 107! 0.09
0.8 134 72,127.8 134 66 72,1452  5.92x 107! 0.13
1 0 30,772.5 1 66 31,232 1 1.54
0.25 319 119,9432 319 66 119,958.8 2.84x 107! 0.10
B 1 270 130,079.9 270 66 130,078.7 3.73x107* 0.09
1.5 244 134,660.0 244 66 134,652.9 4.20x 1077 0.09
2> 227 137,4957 227 66 137,485.0 1.19x10°° 0.09

the average number of service requests per unit of time A(T)/T, the substitution cost and its decay factor
are expected to be high. The second row in Table 3 represents products with medium economic lifetime
(5-10 years) with relatively cheaper substitution and repair costs. As it has longer lifetime, its repair
demand is slower than the electronic products. This product type can be exemplified with household
appliances such as dishwasher. The last row refers to a product with a long warranty period and very
low value of A(T)/T. An example of such a product can be an expensive medical machine/equipment.
The average monthly service demand as well as the decay of the substitution cost are very low for these
types of products. The box plot of the operational costs is given in Figure 9. The box plot shows that
short and long-life products have closer optimum cost whereas the medium-life product has a much lower
optimum cost. The proximity of the optimum costs of short and long-life products, despite the difference
between the cost rates, mainly stems from the difference between their demand rates. Lower optimum
cost of medium-life products, on the other hand, is due to cheaper substitution, service and repair costs.

In order to investigate the relative cost difference between (17) and (32), we calculate the statistics in
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Table 3: Three types of products with different characteristics.

Type T A(T)/T parameter ranges

Short life, medium cost 24 50 cser € [—10,80], cse € [20,70], cre € [10,70], h € [0.5,1.5],
g €[0.2,0.5], ¢ € [250,750], cq(0) € [1250,3000], y € [0.025,0.05],
(Cell phone) p € [1000,3000], & € [0.001,0.01], B € [0.7, 1]

Medium life, low cost 66 10 cyer € [—10,40], c5e € [10,50], cre € [10,40], h € [1,5),
. q €[0.3,0.7], & € [100,400], c4(0) € [750,2000], ¥ € [0.01,0.03],
(Dishwasher) p €[500,3000], & € [0.001,0.01], B € [0.5,0.7]

Long life, high cost 120 i Coer € [~1000,2000], c5e € [200,700], cre € [1000,3000], 4 € [10,30],
g €[0.5,0.9], ¢ € [7500,20000], c,(0) € [15000,30000], ¥ € [0.005,0.015],
(MRI Scanner) p € [10000,30000], & € [0.001,0.01], B € [0.5,0.7]

2.5

2.0

1.5

1.0

Relative % difference

0.5 .
0 —_—

s0ptimum costs *Optimum order quantities

Figure 8: Difference between the dynamic and the pseudo-deterministic policies for a medium-life product
(T =66).

(79) for each generated parameter sets for the three product types. Percent cost difference between the two
problems are depicted in Figure 10. Results of our calculations indicate that the pseudo-deterministic
policy provides a very good approximation to the optimal policy for short-life products. However, as
product lifetimes increase (while spare parts demand decreases), the cost difference increases up to 300%.
This indicates that the pseudo-deterministic policy has a questionable performance for long-life capital
products due to the importance of penalty costs, which is ignored by the pseudo-deterministic policy.

5.5 Worst case performance of pseudo-deterministic policy for short-life prod-
ucts.

In Sections 5.2 and 5.3, we consider parameter settings that mostly satisfy the condition (16) in Lemma 1
and similar to short-life medium-cost products in Table 3. Specifically, 24 out of 28 cases in Table 2 satisfy
(16) in Lemma 1, which proves that the pseudo-deterministic policy is optimal for the GLTB problem. In
order to investigate the worst case performance of the pseudo-deterministic policy, we conduct numerical
experiments with the parameter values, given in Table 4, which violate the condition (16). To this end,
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Figure 9: Operational costs for the three different product types in Table 3.
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Figure 10: Percentage of relative cost efficiency for the three product types.

we set g to the values close to 1 and choose ¢,(0) such that (16) fails at least one part of the planning
horizon. Note that all unspecified parameters are equal to the values given in Table 1.

Our results in Table 4 indicate that pseudo-deterministic policy performs near-optimally. The differ-
ence between the optimal policy and the pseudo-deterministic policy appears when we ¢ =0.999. Even
in those cases the cost difference does not exceed 0.02 %. Recall that the optimal solution of the GLTB
problem is presented in Lemma 2 for ¢ = 1. Therefore, the parameters of the pseudo-deterministic solution
can easily be modified for those cases using our analytical results (Lemma 2).
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Table 4: Worst case performance of pseudo-deterministic policy.

q cq(0) | x*(P) x*(Q) 71*(Q) | RPD(Q:P)

35 0 0 0 0.00

70 0 1 22 0.01

0.999 105 0 1 44 0.01
140 0 1 66 0.02

70 16 16 22 0.00

120 27 27 44 0.00

0.95 140 29 29 66 0.00
210 34 34 66 0.00

280 36 36 66 0.00

120 44 44 66 0.00

0.9 240 62 62 66 0.00
360 67 67 66 0.00

480 70 70 66 0.00

6 Conclusion

This paper is a continuation of Teunter and Fortuin (1999), Pourakbar et al. (2012), Frenk et al. (2019b)
and Frenk et al. (2019a). In Teunter and Fortuin (1999) it is assumed that during the so-called end-of-
life phase of a product one always uses the so-called repair-replacement policy and never switches to an
alternative policy. In many practical problems, other end-of-life management strategies are utilized to
avoid (possibly) high holding costs of Last Time Buy orders. Finding a substitute part is recognized to
be a good alternative policy that can be executed. As the cost of such a policy becomes cheaper over
time Pourakbar et al. (2012) proposed the idea of switching to a alternative policy instead of holding
inventory for the rest of the planning horizon. Accordingly, they extended the class of policies and
proposed a heuristic procedure to determine a optimal policy among this larger class. Subsequently
for the important subclass of deterministic policies Frenk et al. (2019b) gives an exact procedure to
determine the optimal deterministic policy. Also, in Frenk et al. (2019a) an algorithm was proposed to
identify the optimal so-called dynamic policy by studying in more detail the problem originally considered
in Pourakbar et al. (2012). In the current paper we consider the same problem and introduce among the
set of all dynamic policies the subclass of pseudo-deterministic policies. Under the assumption that the
substitution policy cost function and the arrival intensity function are piece-wise constant functions we
show it is easy to identify the optimal pseudo-deterministic policy. In our computational section we then
compare the objective value of the optimal pseudo-deterministic policy with the optimal objective value
of the more general optimal stopping problem and show numerically for different scenarios that these
objective values are close. This can be explained since the class of deterministic polices avoid possibly
high penalty costs and in this case an optimal policy avoids these penalty costs. This empirical evidence
and its intuitive explanation suggests that the simpler set of pseudo-deterministic policies can serve as
an approximation of the optimal policy within the more general optimal stopping problem.This justifies
a detailed study of these class of policies.
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A Appendix: Proof of the results

In this Appendix we list the proofs of the results shown in this paper.

Proof of Lemma 2. Since g =1 the arrival process Ny = {Np(¢) : t > 0} of non repairable items is the
zero process and so by relation (13) we obtain introducing

K(T) = /0 " 0 (w)ea (u)du (81)

that
C(x,7) = cyopx + E ( /O T ey e — ca(u)m(u)du> 4 x(h— Seser)E ( /0 F b du) KT (82)

This shows for every 7 € F that infyez, {c(x) +C(x,7)} = ¥(7) +E (fi € *[cse + cre — ca(u)] A (u)du) +k(T)
with the value y(7) given by

T
7(7) :=infyez, {c(x) + cserx +x(h— 8cger)E (/ e‘sudu) } ]
0

Since h — 8cyer > 0 we obtain by our remark after relation (4) that y(t) =0 and so

W(P) = infyep {]E < /O "o ulen 4o — ca(u)]l(u)du> } +(T).

Since the integrand function in the above optimization problem does not depend on the stopping time T
it is easy to see that an optimal switching time is given by some deterministic stopping time 7 € Fy and
SO

infres {E ( /0 T ey e — ca(u)wu)du> } — infoex, { /O T ey e — ca(u)]x(u)du} .

We know that the function ¢, is non-increasing and by standard first order condition arguments the
optimal solution of the above optimization problem is given by ¢; and no ordering. This has the objective
value [y e~ %A (u) min{cye + e, ca () }du and we have shown the result of Lemma 2.

O

Proof of Lemma 3. Since c.g > 0 we obtain that all operational costs components mentioned in the
beginning of subsection 2.3 are non-negative and so we obtain C(x,t) > 0 for every x >0 and 7 € F. Since
cser > 0 and hence ¢ is increasing and the vector (0,0) is a feasible solution this implies that for every
x>xy+1

T
c(x)+C(x,7) > c(x) > / eiﬁl‘l(u)ca(u)du =C(0,0) > v(P) (83)
0
showing the desired result. O

Proof of Lemma 5. Since by Lemma 4 we know that the objective function is bounded below by the
function L(x,7) and x — L(x, 7) is increasing for every 7 € F, we obtain

D(P) = infx€Z+,T€F.0§T§T{C(x) + C()C, T)} > inffE]F,OS‘L’ST{L(O: T)} (84)

Similar as in the proof of Lemma 2 it follows using relation (22) that
T
infTE]F,OSTST{L(O: T)} = infTE]FO {/0 67514&(”) [Cse +qcre — Ca(u)]du}

CII -
= / e “ﬂ,(u)[csg—l-qc‘re—ca(”)]d“
0

with {, given in relation (18) and we have verified the result. O
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Proof of Lemma 6. It follows by relations (20) for ¢ > 0 and (22) for ¢ <0 that

o) 2 ) B ([ e R et acrn o) + [ Rweaa

with g(x) := c(x) + min{cse,,0}x. Since cap(u) > cye for every 0 <u < T we may apply Lemma 4 and so for
every x € Z we obtain by the previous inequality

infy e 0zesr {e(x) + C5,©)} > g(x) + infrcrozecr {E ( e awles+ ger - ca<u)1du) } K(T)

with k(T) listed in relation (81). This implies using the same arguments as in Lemma 5 that

infrep o<c<r{c(x) +C(x,7)} > q(x) + (/OT e %) () min{cg, + gCre,cq(u) }du. (85)

Hence it follows for every x > Xy that

T
infremoccer{c(x) + Cn,T)} > /O 3, (w)ca ()du = €(0,0) > v(P)
and the result is verified. O

Proof of Lemma 7. 1t is sufficient to give the proof of the first result only. The second claim follows
replacing f by —f. Since f is non-positive it is obvious that the function G is non-increasing. To show
that the function G is discrete convex, we note by Doob’s stopping theorem for any 0 <7< T

B ([ stoutoan) =z [77 rwane ) =5 (L flontigz).

with oy the hitting time at level k of the nonhomogeneous Poisson process N. Since o; has a continuous
cdf this yields

B ([ rwnwan) =B (L, 7601 0)

and hence for every x € Z. it follows

AG() = Glx+1) = G(x) =E(f(0es1) o <)) - (36)

Using 0y11 < Oy42 and hence 1y, <7} > lyg,.,<7} and f non-decreasing and non-positive on [0,7) we
obtain

F(Oe) o, <0y < f(Ox42) (6,5 <0}
This shows applying relation (86) that for every x € Z.

AG(x) = E(f(6x+l)1{crx+1<r}) < E(f(6x+2)1{crx+2<r}) = AG(XJF 1),
and we have verified the discrete convexity property. O

Proof of Lemma 8. We will only verify the first part of this result. The proof of the second part is
similar. Since cqp (1) > c5e — cger for every u < 7 and ¢4y is non-increasing we obtain that the function
s e~ (cge — Cyer — Cap(ut)) is non-positive and non-decreasing on [0, 7). Hence, by Lemma 7 the function

x—E </OTMX e Qo (u) (cse — Cyer — cap(u))du>

is discrete convex. Since the random function x — ((x —Np(u))™) is also discrete convex and h— 8cyer > 0
it follows from relation (13) that the function x — C(x,7) is discrete convex again. Finally, the discrete
convexity of ¢ completes the proof. O
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Proof of Lemma 9. For any x € Z using ¢, decreasing it follows immediately due to ¢,(0) < ¢4+
gcre — (1 — q)cser and relation (27) that optimization problem (33) has optimal solution T =0. This shows
using x — ¢(x) 4 cgerx is increasing that it is optimal in optimization problem (32) not to order and
immediately start with the alternative policy with objective value [y e=%A (u)c,(u)du. O

Proof of Lemma 10. For the selected arrival rate and alternative policy cost function in (35) and (34)
it is clear for every x € Z, that the function 7 — ¢(x) +C(x A 0;) with C(x A o) listed in relation (27) is
continuous on (0,7 satisfying both ¢(x) +C(x,0A 6) = limgjgc(x) + C(x,TA 0y) and c(x) +C(x,T ACy) =
limgyr c(x) + C(x,T A 0x). This shows y(x) = mini—;__, yj(x). By relation (27) it follows for every x € Z+
that the derivative of the function c(x)+C(x, T A ;) with respect to T for any a; < T < aip1,i=1,...,n is
given by

%(x, TACy) = e %7 (li[csg +gcre — (1= q)cser — ci]P(No(T) < x) + (h— Scser ) E((x —No(‘l:))+)) .

Clearly for ¢; < ¢ge +gcre — (1 — g)cser it follows that g—g (x,TA0y) >0 and so we may immediately conclude
using ¢; > ¢z > ... > ¢, that the continuous function 7+ c¢(x) 4+ C(x,T A 0y) is increasing on [a,+1,T] for
every x. This shows w(x) = min;—; _,+ ¥;(x) and we have shown the result. O

.....

Proof of Lemma 11. For every x € N we obtain by writing out the expectation

E((x—N(1)*) = xB(N(1) < x) = Y} nP(N (1) = n)

that
E((—N(0)*) _ L nPN(@) =n) )
P(N(r) <x) P(N() <x)

Since the random variable N(7) has a Poisson cdf with parameter 0(f) (cf.Ross (1997)) it follows

L BN =n) _ Iaci G
P(N(r) < x) Yol @

On'

=0()(1 -B(x—1,0(t)))

and substituting this into relation (87) the result follows. O

Proof of Lemma 12. By the interpretation of B(x,7) and expected service time equals 1 it follows by
the formula of Little (cf.?) that #(1 — B(x,t)) denotes the long run average number of busy serves in the
system in a pure Markovian loss system with arrival rate A =7 > 0 and departure rate g = 1. Since each
server serves exactly one customer and we consider a pure loss system the long run average number of
busy servers equals the long run average number of customers in the system and so

1(1=B(x,1)) = E(Z") () (88)
with L
2 (0) := limy .. ~ / 20 (v)dv
5 J0
denoting the longrun average number of customers in the Markovian loss system in the equilibrium
situation having arrival rate t+ and departure rate 1. Since the Markovian loss system is a birth-death
process we obtain by Proposition 4.2.10 of Stoyan and Daley (1983) that
21 (00) 24 2 (=)

for t > s with >, denoting first order dominance and this shows that E(Z®) (c0)) > E(Z®) (e0)). Hence by
(88) it follows that the function #(1 — B(x,t) is increasing in ¢. Since #(1 — B(x,t)) represents the number
of busy servers and so for the arrival rate going to infinity on average all x servers will be busy it follows
that limye?(1 — B(t,x)) = x. O
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Proof of Lemvma 13. Applying relation (47) it is sufficient to verify for any i < njj that
W;(x) = min{c(x) + C(x,a; A 0x),c(x) + C(x,ai11 A Oy) }.

By Lemma 12 and using & — 8cgr > 0 and Ay increasing it follows that the function k; listed in (40) is
decreasing. This shows for x;(x,a;) <0 that by (41) the partial derivative g—g(x, T A Oy) is non-positive on
(ai,ai+1) and hence the minimum is attained at a;;;. Similar for k;(x,a;) >0 we distinguish the mutually
exclusive cases k;(x,a;41) >0 and K;(x,a;+1) < 0. For the first subcase the partial derivative g—fi(x, T A Oy)
is non-negative on (gj,a;+1) and so the minimum is attained at a;. For the second subcase we conclude
using again a standard calculus argument as before that the minimum is either attained at a; or a;i1
showing the desired result. O

Proof of Lemma 14. Forx=0andi=1,...,n+1 it follows by relation (27) that C(0,a;A60) = [, %A (u)c,(u)du
and we obtain the result in relation (51) using (34) and (35). To verify relation (52) we first observe for
every x € Z4 that

E((x+1—No(u))") —E(x—No(u))") = P(No(u) < x)

Applying again relation (27) this implies for i =2,...,n+1 and x € Z,.

Cser + foal e %2 (u) [Cse +qcre — (1 - q)cscr - Ca(“)]P(NU(u) = x)du
AC(x,a; Noy) = (89)
+(h— 8cser) i e O P(No(u) < x)du.

Substituting now into relation (89) the particular choice of the arrival rate and the alternative policy cost
function given in (34) and (35) yields

Coer+ L (oo g0re = (1= q)cser — )4 fa! ™ e P(Ny (u) = x)du
AC(x,a; A\ Gy) = (90)
+(h=Beyer) LY Ja? ™ e S P(No (1) < x)du.

To simplify the above expression we observe, since the non-homogenous Poisson process Ny has the
constant arrival rate (1—g)A; on the interval (a;,a;41), that by Lemma 21 using p(u) = ¢~%" and applying
relation (90) that for i=2,...,n+1

i Csetqcre—(1 Cscr—Cj —da; —da;
Cscr"'zj 11( 4 1( qQ) e 5“/P(N0(a.,') <x)—e 6 H1P(No(ajt1) < x)]
AC(x,a; \oy) = (91)

Cj—Cse—qCre Aj+1 _8
+Z [h+5(’7)} fa]” “P(No(u) < x)du.
and this shows the desired result. ]

Proof of Lemma 15. To give a proof of Lemma 15 we first show by induction that the sequence
04,k € Z, given by

_ / e S B(Ny(u) = k)du (92)
satisfies
_ 1 L (=g ",
"‘kf'_5+(1—q)x,-m_0<5+(1—q)/1j> 0j(k—m) (93)
with

6, (k) := e %UP(No(a;) = k) — e O+ P(No(a;s1) = k), k € Zy
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Introducing the functions f: (0,7] — R and g : (0,T] — R, k € Z, given by f(u) := ¢~ Out(1=a)AW) and
ge(u) = W it follows for every k € Z, and a; <u < aj; that
(fgr) () = e 2 P(No(u) = k), (f&hs1) () = (1 = q)Aje > “P(No(u) = k) (94)
Since
f'(u)=—(8+(1—q)A;) f(u) (95)

for every a; <u < aj,| we obtain

aj1 _ fla))—flajr1)  6;(0)
/a flw)du= 5i(1—q)1/1,- *5+(f—q)x,

and this verifies relation (93) for k = 0. To show relation (93) for k+ 1 we assume that relation (93) holds
for k. By partial integration and relations (94) and (95) we conclude

J

—(3+ (1 —A)oj=—(8+(1 —q)aj)/:’“ Fl)gicer (w)du = —0;(k+1) — (1 — g)A; 04

This shows that

_ (1-q)4; 0;(k+1)
Gt1j T FH(I—gA; 0 + 531 %

i k (1—g)a; \"+1 0;(k+1)
0-+(1—-gq)A; Zvm:O (5+(17q)jlj) 61 (k ) + m

k+1 DA
1 q}L Zm+0(5+] q)l) 6](k+17m)
and we have verified relation (93). Using this result we obtain

faj+1 *SMIF’(N()(M) <x)du = Yji_o0;
(1-q)4;
— 1 Sk Lk= 0 L= (ﬁ) itk =m)

— 1 (-g)4; \"
= mm:oﬁzm(m) 6;(k—m)

(1-q)A;

= g% L= (W) Lizo 0i(k)

and this completes the proof. O

Proof of Lemma 16. Introduce for every 7 € F the stopping time 7@ = dg(7) with

N-2
de(r) = Zk:o T+1 1[;k,tk+1)(r) + Tl[TN,l,T](r)-

By its definition we obtain 7g > 7, Te € Fg and E(7¢ — 7) < A(®). Applying relation (13) it follows by some
standard upper bound arguments applied to each separate term in this relation that for every x € Z

| C(x,70) — C(x,7) |< fo(x)A(O)

This shows
V(Po) — (P) < sup,<, fo(x)A(®) = fo(xv)A(O)

and we have verified the result. O
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Proof of Lemma 18. By the definition of Wy and Wy_; in relation (65) and (66) it is obvious that
Wr—1(x) < ¢serx = Wy(x) and so the result is verified for k =N — 1. Assume now that Wiy (x) < Wi (x)
for every x < xy and k < N —2. Since the arrival process Ny is a homogeneous Poisson process it follows

that N(gk) cl NékH) and this shows using Wiy (x) < Wiy 2(x) that

E(Wiy1 (x— N (A)7) < EWiea (x = NV (a) ).

If it can be shown that By (x) < By, 1(x) we obtain by relation (66) that
We(x) = min{cyx, Be(x) +e B (Wepr ((x— N (4)))
< min{corx, Beg 1 (x) + e BEWep s (k— N (A) )}

= Wipi(x)

and this shows the result. Hence it is sufficient to verify that By (x) < By (x) and using relation (72) and
¢, a decreasing function this is easy to verify for penalty costs being constant on [0, T]. O

Proof of Lemma 19. It follows for x € S that Wi(x) = cyerx. Applying Lemma 18 we obtain
— —mi R —8A _ (k+1) +
CserX = Wi(x) < Wig1 (x) = min § ¢oeX, By (X) + e “CE(Wepa (x =Ny (A)7) ¢ < Coerx.

This shows Wi, (x) = ¢ser and we have verified the desired result. O

Lemma 21. Let N be a non-homogeneous Poisson process with a continuous arrival intensity function
u and p some differentiable function. Then it follows for every x € Z+ and 1 < j <n that
"dj+1

-/u'aj+1 P (1) i ()P(N (1) = x)du = /

J aj

P/ () B(N() < x)du+ p(aj)P(N(aj) < x) — pla1)P(N(aj1) < ).

Proof of Lemma 21. 1t is well known for every x € Z (Ross (1997)) that the function x(u) :=P(N(u) <
x) is differentiable and satisfies ' (u) = @ (u)P(N(u) = x). This shows that

plaj)P(N(aj1) <) — pla) BN ajer) <3) = [ (p2) (w)du
_ ‘-‘.f+l / du+/ u)du

”j+1

— W) g () du+/ X (w)du
_ /u,+1 / N(u) < x)du
+ [ P () (W) B(N () = x)du

and we obtain the desired result. |
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Abstract. In this paper, a new discrete-time shock model is investigated. Under the proposed model,
system failure occurs when the inter-arrival time between successive shocks falls below a random critical
threshold, denoted by A. This model can be viewed as a randomized-threshold extension of the classical
delta shock model. Assuming that A follows a uniform distribution, we derive the probability mass
function of the system’s lifetime and analyze the mean time to failure. Furthermore, the lifetime behavior
of the system is examined in a Markovian environment. Illustrative numerical results are presented for
both the probability mass function of the system’s lifetime and the mean time to failure.

Keywords: Discrete time shock model, §-shock model, Inter-arrival time, Random threshold.

1 Introduction

Shock models are valuable tools for analyzing systems subjected to random external shocks. Under-
standing how a system behaves under such shocks is essential; consequently, shock models have attracted
considerable attention in applied probability, reliability theory, and engineering. Common types of shock
models include cumulative shock models, extreme shock models, and run shock models. In a cumulative
shock model, system failure results from the accumulated effect of shocks; in an extreme shock model,
failure is caused by a single large shock; and in a run shock model, failure is determined by the occurrence
of a specified number of consecutive shocks within a given range. For more on these, see, e.g., Gut (1990),
Anderson (1998), Mallor and Omey (2001), and Sumita and Shanthikumar (1985).

There are other shock models that have been developed in recent years. The so-called &-shock model
is one of them that has attracted more attention. According to the classical §-shock model, if the inter-
arrival time between two consecutive shocks falls below a critical threshold 8, the system fails. Thus, the
system’s lifetime is defined as T = valei, where X1,X5,... are inter-arrival times, and N is the number
of shocks until the failure of the system. Thus, {N =n} iff {X; >6,...,X,—1 > 6,X, < 8}. The J-shock
model was first introduced by Li et al. (1999), after which it was widely studied by many researchers;
see, e.g., Li et al. (1999), Xu and Li (2004), Li and Kong (2007), Li and Zhao (2007), Wang and Zhang
(2007), and Ma and Li (2010). Many extensions and generalizations have been proposed for the §-shock
model. We briefly review some of them below. Eryilmaz (2012) proposed a generalized d-shock model,
in which the system fails when k consecutive inter-arrival times are less than a threshold 6. Eryilmaz
(2013) studied a discrete time version of the d-shock model, where the shocks occur according to a
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binomial process, i.e. the inter-arrival times between successive shocks follow a geometric distribution.
Eryilmaz and Bayramoglu (2014) studied the lifetime behavior of the d-shock model and the censored
0-shock model under the assumption that shocks arrive according to a renewal process with uniformly
distributed inter-arrival times. Tuncel and Eryilmaz (2018) investigated the survival function and the
mean lifetime of the system failure under the -shock model, considering the proportional hazard rate
model. Poursaeed (2019) studied the reliability analysis of an extension of the discrete time version of
the d-shock model by considering two different critical thresholds and a probable failure region. Lorvand
et al. (2020) discussed a mixed 0-shock model for multi-state systems by assuming a renewal process of
shocks where the system fails in three specific states. Goyal et al. (2022) introduced a general §-shock
model in which the recovery time depends on both the inter-arrival time and the magnitude of the shocks.
Finkelstein and Cha (2024) revisited the classical 6-shock model and generalized it to the case of renewal
processes of external shocks with arbitrary inter-arrival times and arbitrary distribution of the recovery
parameter J.

In this paper, we study a new discrete time shock model in which the system fails if the inter-arrival
time between two successive shocks is less than or equal to a random critical threshold, denoted by A.
This model can be regarded as a randomized-threshold extension of the classical §-shock model. The
motivation for introducing a random threshold stems from the fact that, in many real-world systems,
assuming a fixed threshold is unrealistic. Such situations may arise due to heterogeneity and uncertainty
in the strength, tolerance, or operating conditions of systems subjected to shock environments.
Throughout this paper, we study the lifetime of the system under the proposed model. In particular, we
derive the probability mass function of the system’s lifetime and the mean time to failure of the system.
Furthermore, the lifetime behavior of the system in a Markovian environment is investigated.

The remainder of this paper is organized as follows. Section 2 introduces the model and the underlying
assumptions. The probabilistic behavior of the system’s lifetime under the proposed model is derived
in Section 3. A Markovian process approach is presented in Section 4. Finally, Section 5 concludes the
paper.

2 Description of the model

Assume that a system is subject to a sequence of external random shocks. Let X; be the inter-arrival time
between the ith and (i4 1)th shocks for i = 1,2,..., and let also inter-arrival times X;,X>, ... take nonneg-
ative integer values and are independent and identically distributed by an arbitrary discrete probability
distribution with the probability mass function (pmf) Pr(X = x), where X is a generic random variable of
X;’s. The performance of the system is such that for a random critical threshold A, which is independent
of Xj’s, if X, <A, the system fails. Thus, the lifetime of the system is defined as follows:

N
TA = ZXiv
i=1
where
{(N=n}e{Xi>AXs>A,.... X1 >AX, <A} (1)

By considering an appropriate probability distribution for A, the relationship of the new model to the
classical 6-shock model can be expressed as in the following remark:

Remark 1. If A has a degenerate distribution at point 8, i.e., Pr(A=8) =1, the model reduces to the
classical &-shock model
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The proposed model can be applied to a variety of real-world systems, an example of which is described
below. Many electrical components used in electronic devices may overheat and fail when exposed to
electric shocks. Examples of such components include capacitors, transistors, and CPUs, which can
overheat due to electrical disturbances such as high voltage and low current.

Consider a specific component operating in an environment with instantaneous temperature changes
that heats up with each shock arriving over discrete time periods. If the next shock reaches the component
shortly after the previous one, it may not have sufficient time to cool down and may therefore fail
due to overheating. If the heat generated by each shock is the same and the ambient temperature
remains constant, a fixed critical threshold for the inter-arrival time between two consecutive shocks
could be determined. However, because the ambient temperature varies over time, the cooling time of
the component is also affected. As a result, assuming a fixed critical threshold becomes unrealistic, and
the critical threshold is more appropriately modeled as a random variable. Therefore, in such scenarios,
using the proposed model can provide a more realistic assessment of system survival.

3 Probability behavior of the system’s lifetime

3.1 Properties of the stopping time N

In the following theorem, we derive the pmf of random variable N under the model described in Section
2. We obtain the pmf of N in the following theorem, assuming that the random critical threshold A is
uniformly distributed.
Theorem 1. Consider the model described in Section 2. If A has support in {0,1,2,...,a} with the pmf
Pr(A=8)= ﬁ for 8 €{0,1,2,...,a}, then the pmf of N is
Pr(N=n) = b za: (1-Pr(X < 5))"_1Pr(X <9)
a+1 /= - -

Proof. Since X;’s are independent of A, by using the definition of N (see (1)) we have
Pr(N=n)=Pr(X; >A,Xo > A,.... X1 > A X, <A).

Besides, since Pr(A=§) = ﬁ for 6§ =0,1,2,...,a, then

a
Pr(N=n)= Y Pr(X; >AX; >A,.... X, | >AX, <AA=5)
6=0

=Y Pr(X; >68,X>6,.... X1 >8X,<5A=39)

I
SY)
I" EI|
o

Pr(X; > 0,X, > 6,...,X,—1 > 6,X, <5)Pr(A=9)

5=0
_ . n—1 1
_(S;O(Pr(X> 8))" 'Pr(x < ) <a+1>
— 1 - —Pr n—1 v
_aJrlsgo(l Pr(X < §8))" ' Pr(X <9).

This completes the proof. O
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Corollary 1. Let the inter-arrival time X have a geometric distribution with mean % for0O<p<1.

Then, the pmf of N is

Pr(N = n)

i ( 6+1) q6+1)7

where g=1—p

Proof. We have Pr(X =x) = p(1 —p)x_1 for x=1,2,... and 0 < p < 1. Using this in Theorem 1, we have

Pr(N =n) = - i‘, ( 5“) 1-¢°"),  gq=1-p.

Now, we shall show that Y. Pr(N =n) = 1. We have

This completes the proof.

In the next theorem, we obtain the mean of the random variable N.

Theorem 2. Consider the model described in Section 2. If A has support in {0,1,2,

Pr(A=0) = ﬁ for 6 €{0,1,2,...,a}, then the mean of N is

1 ¢ 1
EN = gopr(xgs)'

Proof. We have

8

E(N) = Yeap (1—Pr(x < &))"
= Z ZnPr(X<6)(l—Pr(X<5))
a+l —on—
= L Y hx<8) Y n(1-Pr(x < 8)
atls= n=1
1 1
“ar1 &S < s)

The proof is complete.

.,a} with the pmf
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3.2 The pmf of the system’s lifetime
Under the model described in Section 2, the pmf of the system’s lifetime is given below.

Theorem 3. Consider the model described in Section 2, and let the random critical threshold A take
values from {0,1,2,...,a} with the pmf Pr(A=8) = ﬁ If the inter-arrival times follow the geometric

distribution with mean %, the pmf of Tp is

Pr(Ty =1) = Z Pr(Ty = t|A = 8)Pr(A = §)

§=0
:Siovfﬁii‘iprm: ) |:<t—(n—i)_51—(n— 1)> B (t—(n+,11)fl—(n—2)>]pn(l e

Proof. The following pattern shows the lifetime of the system. In that way, 1 means that a shock has
occurred, and 0 means that no shock has occurred.

0...010...010...01...10...010...01.
o N N~ ~—— N~

y1=0 y2>A y3>A Yn—1>A  ya<A

t

Indeed, the number of Os until a 1 occurs is considered inter-arrival time. The total possible states of the
above pattern are equal to the number of integer solutions of the following equation:

yity+- -1ty =t—n,
Y120y2>A, . yp—1 >Ayn <A

where n is the number of 1’s. Then we have

yityt-Fyp-1=t—n
Y1202 >A+1,y, -1 >A+ Ly, <A

This is equivalent to the equation

vitym—A+D+ 4y — A+ D) +y,=t—n—(n—2)(A+1),
Y1202 >A+ 1,y 1 2A+1Lyn <A

that is,

ViAot Yty =t—n—(n—2)A—(n—2).
¥120.55>0,....5, 1 >0,y, <A

The number of integer solutions of the above equation is equal to the difference between the number of
integer solutions of the equations

VAVt Yt =t —n—(n—=2)A—(n—2), (2)
¥120,55>0,....y) 1 >0,y,>0

and

ViAo AV =t —n—(n—2)A—(n—2). (3)
¥120,5>0,....y) 1 >0,y,>A+1

The number of integer solutions of (2) is

(t—(n—Z)A—(n—l))

n—1
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and the number of integer solutions of (3) is
t—(n+1H)A—(n—2)
n—1 '
This completes the proof. O

In the next theorem, we obtain an explicit formula for the mean lifetime of the system, which defines
the system’s mean time to failure (MTTF).

Theorem 4. Consider the model described in Section 2, and let the random critical threshold A take
values from {0,1,2,...,a} with the pmf Pr(A=0) = # The MTTF of the system is
EX) & 1

BT =7 Ly <o)

Proof. The random variable N is a stopping time for X;,Xa,..., i.e., the event {N =n} is independent of
inter-arrival times X,,41,Xy,42,... for all integers n > 1. Hence, by using the well-known Wald’s identity,
the MTTF of the system can be computed as follows:

N
E(T))=E (Zx,) =E(N)E(X)).
i=1
By using Theorem 2 for E(N), the desired result is immediately obtained. O

3.3 Numerical results

In this section, we give some numerical results on the pmf and MTTF of the system’s lifetime. To this
end, suppose a system is subject to random shocks under the model described in Section 2, and let the
inter-arrival times between successive shocks have the geometric distribution with mean 1 for p > 0.
Tables 1 and 2 show the pmf and MTTF of the system’s lifetime Tp for the cases that the random critical
threshold A follows the uniform distribution on the set {0,1,2,3} and {0, 1,2,3,4,5}, respectively. In both
tables, incremental values of 0.2, 0.5, and 0.6 are considered for the parameter p, which is equivalent to
a decreasing trend for the mean of inter-arrival times between successive shocks.

Table 1: The pmf and MTTF of T for when A ~ Unif{0,1,2,3}.
p E(TA) t PI'(TA = t)
0.2 27801 3 0.0798
4 0.0591
5 0.0434
7 0.0269
3 0.0201
4 0.0101
5
7
3
4
5
7

0.5 0.3678

0.0065
0.0021
0.0021
0.0010
0.0002
0.0001

0.6 0.3589
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Table 2: The pmf and MTTF of Ty for when A ~ Unif{0,1,2,3,4,5}.
p_ E(Th) Pr(Th =1)
0.2 2.1571 0.0591
0.0487
0.0391
0.0222
0.0551
0.0301
0.0011
0.0005
0.0014
0.0009
0.0001
0.0000

0.5 0.7650

0.6 0.3671

N O W N O W O o~

From Tables 1 and 2, it can be seen that the values of MTTF and pmf decrease with increasing
parameter p. This seems reasonable because increasing p leads to a decrease in the mean of inter-arrival
times between shocks and, consequently, the probability of occurrence of inter-arrival times in the sets
{0,1,2,3} and {0,1,2,3,4,5} increases, which is equivalent to a decrease in the probability of the system’s
lifetime Tj.

3.4 Estimation problem

This section deals with the estimation of the parameter of the critical threshold distribution. In the model
under discussion, we have A ~ Unif{0,1,2,...,a} and the inter-arrival times between successive shocks
are distributed geometrically with mean L for p > 0. Assuming that p (and then g=1— p) is known, we
seek to obtain an estimator d for the parameter a. Note that the parameter p is related to the probability
behavior of the random shocks, but the threshold A depends on the system’s resistance conditions. Thus,
when the parameter p is assumed to be known, it means that we have already discovered the probability
behavior of random shocks and intend to use inference to understand the resilient behavior of the system
through estimating the parameter a of the probability distribution of A.

Let #1,t3,...,t, be the observed values of a random sample of the lifetime data based on n independent
systems, and let also 7 = '17):['-‘:1 t; be the sample mean. Using the method of moments and using Theorem
4, we can obtain the moment estimate of the parameter a by solving the following equation:

1

< 1
E(T) = 2 7. (4)
a+1 SE’O (1—¢%+1)
Since a and ¢ are positive, we have
i 1 _ —yy(a+2)+y,(1)+ (a+1)log(q)
=0 (1-¢°+") log(q) ’
where y,(z) is the g-analogue of the digamma function, which is called the g-digamma function and
1 9Ty(2)

is defined as y,(z) = rE o where T'y(z) is the g-gamma function. For more details about these

functions, see, e.g., Singh et al. (2016).
Therefore, Eq. (4) can be written as follows:
—yyla+2)+ () 1

EI) =t pioglg) Tp " (5)
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By solving Eq. (5), the estimate @ of parameter a is obtained. However, it is clear that solving Eq.
(5) is not possible through conventional methods and requires complex numerical calculations.

4 Markovian shock occurrences
In the previous section, the results were obtained based on the assumption that the occurrences of shocks

are independent. In this section, we study the behavior of the system’s lifetime by considering the shock
occurrences as a Markov chain. We consider the two following patterns:

10...010...010...01...10...010...01, (6)
N —— —— ——~
YISA  y»>A y3>A Yn—1>A  yp<A
t
and
0...010...010...01...10...010...01. (7
e N N~ ~—— N~
120 »>A y3>A Yn—1>A  yn<A

t
In the next two theorems, we obtain the pmf of the system’s lifetime under the above two situations.

Theorem 5. Consider the model described in Section 2, and let the random critical threshold A take
values from {0,1,2,...,a} with the pmf Pr(A = 8) = -1 Under the pattern in Eq. (6), the pmf of Tx is

a+1"
. CE @)1y (-8 —0-2\] e
Pr(Ty=1)=Y Pr(A=6) ) | - PPy Poo~ “Por >
o) =, n— n—1

where pij =Pr(l, = jll,—1 =1i) fori,j=0,1, and

_ {1 if a shock occurs at time n,
=

0 otherwise,

and py =Pr(l; =1).
Proof. In the pattern (6), we let the number of shocks be n and we have

Yi+y2+ot Y1 +yn=t—n.
VI>AY2>A, . yp—1 >Ayn <A

This equation is equivalent to the equation

Vi+y2t+ Ay =t—n. (8)
V1I2A+1Ly2 >A+1,. Ly, 1 >A+ 1Ly, <A

We can rewrite Eq. (8) as follows:

yi—(A+D)+y—A+D)++y 1 — A+ 1) +y, =t—n—(n—1)(A+1),
¥120,2>0,...,y,—1>0,y, <A

that is equivalent to the equation

Vi+yo+-+Y g tm=t—n—(n—1)(A+1). 9)
Y1 20.55>0,....5, 1 >0,y, <A
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The number of integer solutions of Eq. (9) is equal to the difference between the number of integer
solutions of the following two equations:

ViHYat AV +yn=t—n—(n—1)(A+1), (10)
Y1 20,520,051 >0,y,>0

and

Vi+Ys+ 4y ty=t—n—(n—1)(A+1). (11)
¥120.5520,....y), 1 >0,yn>A

The number of integer solutions of Eq. (10) is

(t—(n—l)(A—Fl)—l),

n—1

and the number of integer solutions of Eq. (11) is

(t_nAn__(ln_Z))'

Thus, the number of integer solutions of Eq. (9) is

<t(n,11)(A1+1)1> B (tnAn(an))

This completes the proof. O
Theorem 6. Consider the model described in Section 2, and let the random critical threshold A take
values from {0,1,2,...,a} with the pmfPr(A=0) = # Under the pattern in Eq. (7), the pmf of T is

L%ZJ[(I—(n—Z)(S—l-l)—I—l)_<t—(n—1)(5+1)+1>} nl —2nt1 g

a
Pr(Tp =t) = Z Pr(A=9) _1 1 poPlo P~ Pors
fourt n n

n=2

where pij =Pr(l, = jll,—1 =1i) fori,j=0,1, and

1 if a shock occurs at time n,
n = .
0 otherwise,

and po =Pr(l; =0).
Proof. In the pattern (7), we let the number of shocks is n and we have

Y1 +y2+"'+yn71+yn =r—n.
Y1Z0.32>A, . yp—1>Ayn <A

This equation is equivalent to the equation

yi+yn—A+D)+ - +y 1 — A+ ) +y,=t—n—(n—-2)(A+1),
Y1202 >A41,.. .y 1 2A+ 1y, <A

that is,
VYot Ay =t —n—(n=2)(A+1).
Y1 ZO,y'ZZO,---,y;,l >0y, <A

The number of integer solutions of the above equation is

(r(nz)(A+1)+1> 3 (t(nl)(A+1)+1>.

n—1 n—1

The proof is complete. O
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5 Conclusions and future directions

We have introduced a new discrete-time shock model in which the system fails whenever the inter-arrival
time between successive shocks is less than or equal to a random critical threshold A. In fact, this model
is a randomized-threshold version of the classical §-shock model. Moreover, we have shown that when
A is supported on the set {8} with 8 > 0, that is, when A has a degenerate distribution, the proposed
model reduces to the classical §-shock model. We have derived the pmf of both the system’s stopping
time and the system’s lifetime under the proposed model by assuming that the inter-arrival times follow
a geometric distribution and that A is uniformly distributed. We have also considered the case in which
shock occurrences are dependent within a Markovian framework.

From a theoretical perspective, introducing a random threshold into 8-shock modeling provides a
more advanced framework for studying this class of problems and enables the modeling of systems with
complex failure mechanisms. Therefore, based on this study, future research can be directed toward more
complex shock environments in which system operating conditions are more intricate than before. One
important source of this complexity may be the randomness of critical thresholds against shocks. This
idea can also be extended to settings in which both time and threshold are modeled as continuous random
variables.
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Abstract. This paper introduces the neutrosophic ZLindley distribution, extending the classical
Lindley distribution within a neutrosophic framework to more effectively handle datasets characterized
by uncertainty, imprecision, and incompleteness. We derive several properties of the proposed model and
estimate its neutrosophic parameter using the method of maximum likelihood. A simulation study is
performed to evaluate the estimator’s performance. Finally, the advantages of the proposed model are
demonstrated through applications to real datasets.

Keywords: Data analysis, Imprecise data, Maximum likelihood method, Neutrosophic random variable, ZLindley
distribution.

1 Introduction

When data or portions of it are uncertain to varying degrees, the neutrosophic theory presents a powerful
framework to handle uncertainty. Although certainty is highlighted as a basic requirement in classical
mathematics, real-world data usually has high levels of fuzziness, uncertainty, and incompleteness, often
surpassing the existence of fully determinate information. To fill this gap, Smarandache (2014) suggested
the notion of neutrosophic statistics as a logical extension of classical statistics. The purpose of this
expansion is to manage imprecise or uncertain data and their accompanying statistical probability dis-
tributions by describing them via sets of values that approximate the original idealized precise values.
In these situations, the usefulness of neutrosophic statistical techniques is especially clear, since they
allow us to analyze and arrange neutrosophic data in ways that more accurately and nuancedly reveal
underlying patterns than are possible with traditional statistical techniques.

In recent years, researchers have developed neutrosophic analogues of numerous classical probabil-
ity distributions. For example, Alhabib et al. (2018) introduced neutrosophic versions of the Poisson,
exponential, and uniform distributions. Alhasan and Smarandache (2019) formulated the neutrosophic
Weibull distribution. Khan Sherwani el al. (2021) introduced the neutrosophic beta distribution. Aldu-
ais and Khan (2025) developed the neutrosophic extensions of the log-normal distribution. Bashir el al.
(2024) presented a modified neutrosophic log-logistic distribution. Bashir el al. (2025) proposed the neu-
trosophic Lindley distribution. Alduais and Khan (2025) explored the neutrosophic gamma distribution.
Razmkhah el al. (2026) investigated the neutrosophic Birnbaum-Saunders distribution.
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Some existing methods for interval data involve calculating classical statistical measures on the lower
and upper bounds of the data intervals. This separate calculation and combination of bounds can neglect
the internal details and variability within the interval, resulting in a loss of important information. For this
reason, Razmkhah el al. (2026) propose a new statistical method for handling interval data that directly
uses the entire data interval. This approach allows for the preservation of the complete information
contained within the data interval, leading to richer datasets for analysis and offering more accurate and
reliable statistical results.

In this paper, we propose the neutrosophic ZLindley distribution (NZLD). The rest of the paper
is organized as follows: Section 2 introduces the NZLD. Some statistical properties are presented in
Section 3. Section 4 describes the estimation procedure for the neutrosophic parameter. A simulation
study is carried out in Section 5. In Section 6, real datasets are analyzed to demonstrate the applicability
of the proposed distribution. Finally, a brief conclusions are provided in Section 7.

2 Neutrosophic ZLindley distribution

The increasing complexity of real-life data demands more flexible and robust probability models. Tra-
ditional parametric models, like exponential, Weibull, and normal distributions, often fail to capture
the nuanced behavior of modern survival or reliability data. To address these challenges, researchers
and practitioners have recently proposed several models. Saaidia et al. (2024) introduced the ZLindley
and studied some of its properties. A random variable X follows the ZLindley distribution (ZLD) if its
cumulative distribution function (cdf) is

Ox _e
Fx,0)=1—(14+—— i 0
(x,0) ( +2(9+1)>e , x>0,
where 6 > 0 is the scale parameter. The corresponding probability density function (pdf) of X is given
by
0(1+20+6x) _,
0)=——-* o
J&0) =555y ¢

A neutrosophic random variable Xy = [Xz, Xy] follows a neutrosophic ZLD (NZLD) with neutrosophic
scale parameter Oy € [0, Oy], if its neutrosophic pdf (npdf) is

x> 0.

On(1+26y + Oyxy)

79NXN 1
26v+1) W)

fn(xn, 6y) =

where X; and Xy (or 6 and 6y) represent the lower bound and upper bound of Xy (or 6y ). fn(xn,6n)
given in (1) defines a valid neutrosophic pdf on (0,+e0), since

teo tee 61\/(1 +29N+6NXN)

206y +1)
0 o o
Oy (291\[ +1 1 )
= + —
2(6y+1) Oy Oy
=1.

e O gy

Sn(xns On)dxn :/0

The corresponding neutrosophic survival function of fy(xn, 6y) is given by

Onxn

S Oy)=1—F o) =1+ —7——
N (xn, Ov) ~(xw, O) ( +2(9N+])

) eI x> 0. (2)
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while the neutrosophic hazard function (NHF) of the NZLD is

(1426x+ Oyxy)ON

0. 3
2420y + Oyxn » N> ( )

hn (xn; On) =

The plot of the npdf of the NZLD is shown in Figure 1, while the plots of the ncdf and NHF of the
NZLD are presented in Figures 2 and 3, respectively. In Figure 1, 6y € [0.5,1.0],[0.25,0.40], [0.55,2.0] and
[2,3.5] from left panel to right. Figure 2, 6y € [0.5,1.0],[0.5,2.0],[1.5,3.0] and [0.1,0.35] from left panel to
right. Figure 3, 6y € [0.05,0.1],[1.5,2.0],[0.35,0.45] and [2.25,3.5] from left panel to right. In all figures,
the black curves represent the function values at the lower and upper bounds of the neutrosophic scale
parameter Oy. The colored regions illustrate how the function values vary as the parameter shifts across
its indeterminacy interval.
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Figure 3: the plot of NHF of the NZLD in (3).
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3 Statistical properties of the NZLD

Suppose X has npdf fy(xy,0y) as given in (1). Then, it is easy to show that the r-th raw moment of Xy
is

+2+265)(r+1)
L B 0y) = :
where I'(.) is the complete gamma function. Hence, we the first four raw moments are
3426y 2246y 3(5+26n 243+ 6y
= L - 2( ),Lté:ig ),and,u4=74( ),
26n(14 6y) 02(1+6y) 05 (1+6y) 0% (1+6y)

Using the r-th raw moment, we can determine the p-th central moments of Xy as follows
/ o ofpP Ip—L,,1
o= £ ) = 2 -0 (§ ) - m

We used g/, r=1,...,4, to obtain the variance, coefficient of variation (CV), skewness (71), and kurtosis
(72). They are given as follows:

Var(Xy) = —(491%;_ 126y +7) ;
4605 (6y +1)2
o SVar(Xy) /40y +120y+7
1] 3+20y
Wy =3t +2(up)®  2(863 +3603% +426y +15)
L T e A VT N T WA S

and

e ph —Apiul +6ub(u))? —3(up)* 14465 486463 + 160867 + 12246y +333
(13 = (u)?)? (465 + 126y +7)? '
For Oy > 0, the expressions for Var(Xy), CV, 71, and 9, are differentiable with respect to 6y. We have

duj 265 +66y+3

doy — 203(1+6y)2’

dVar(Xy) 463+ 1863 +206y +7

oy 203(6v+1)73
dcv 106y +9

A0y (30 +2)2,/46% + 120y +7

dyi 9663 + 1446y +48)
dOy (463 + 120y +7)5/2’

and
dy, _ 192(865 + 1865 + 136y +3)

doy (402 4+ 126y +7)3
Since Oy is positive, %’ZCTX and %ﬁfm
These imply that Var(Xy) and CV are decreasing in 8y while 7, and 7, are increasing. Table 1 contains

are strictly negative while jTy;V and ZTYIQV are strictly positive.
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Table 1: Mean, variance, coefficient of variation, skewness and kurtosis of the NZLD.

Oy iy Var(Xy) Cv N %
0.10,0.25 [5.6,14.545} [26.24,170.248] 0.897,0.915 1.655,1.699 6.957,7.173
0.25,0.50 [2.667,5.600] [6.222,26.24] 0.915,0.935 1.699,1.756 7.173,7.469
0.80,1.00] | [1.250,1.507]  [1.438,2.310]  [0.952,0.959] [1.806,1.831] [7.743,7.888]
[1.25,1.75] | [0.675,0.978]  [0.434,0.893]  [0.966,0.976] [1.856,1.892] [8.038,8.259]
2.00,2.50] | [0.457,0.583]  [0.202,0.326]  [0.979,0.984] [1.906,1.925] [8.343,8.472]
2.50,3.50] | [0.375,0.457]  [0.137,0.202]  [0.984,0.988]  [1.925,1.94] [8.472,8.567]

the values of variance, CV, skewness (71), and kurtosis (72) for some values selected of Oy under the
neutrosophic framework. Table 1 shows that the mean, variance, and coefficient of variation decrease
as Oy increases, whereas the skewness and kurtosis increase. This behavior is also evident from their
formulas as Oy increases.

4 MLE of neutrosophic parameter

Let x1,x2,...,x, be observed values of X1,X>,...,X,, where Xi,...,X, are independent random variables
following the ZLindley distribution with unknown parameter 8. Then, the log-likelihood function is
n n
InL(0;x1,...,x,) =nln6 —nln(2) —nln(6 + 1) + Zln(l +20+6x;)—06 in.
i=1 i=1

The MLE of 6 is obtained by solving the non-linear equation aa—elnL(O;xl, .ooyxn) =0, where

0 n " 24 x; u

— InL(6;xq,...,x,) = — ;. 4

5o MEO ) = Tt M T g oy BT “)
We extend the maximum likelihood framework to account for the uncertainty of the data by defining
each observation as an interval xy; = [x1;, xy;] for i =1,...,n. Consequently, the neutrosophic log-likelihood

function is

n n
lnL(QN;le, ... 7)CN,,,) = nln(GN) — nln(2) —nln(QN + 1) + Zln(l +206y + GNXN,') — Oy ZxNi.
i i=1

i=1

In neutrosophic statistics, the likelihood function is optimized over the interval space of the data to
account for indeterminacy. Consequently, we use a two-step interval maximization to obtain the neutro-
sophic MLE (NMLE):

o The first step is to define the indeterminate space Sy = [T/—; xy; which is the space of all possible
observations, where each observation interval xy; adds to the total uncertainty of the parameter.

e The second step is to determine the MLE of parameters for each x = (xyi,...,xvn) € Sy using
equation (4). The minimum and maximum estimates for each of the possible values of x are then
calculated to get the NMLE.

For a given interval observation x € Sy. Let ©(x) = argmaxg, InL(6,xn1,...,%Nn) represents the set of
parameter values that maximize the likelihood function. Therefore, the following formula can be used to
calculate the NMLE:

Oy = <§2§2{9 10 €0(x)}, géaSuN({e :0¢ G)(x)}> . (5)
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A large number of data vectors are generated within the admissible region Sy to carry out the nonlinear
optimization in (4). Each vector is created by independently sampling values from the observed intervals.
For each generated vector, the corresponding MLE is recorded after maximizing the likelihood function
with respect to the parameter. Finally, the extreme values of these estimates across all evaluated instances
are extracted to obtain Oy.

5 Simulation study

The performance of NMLE in the NZLD is assessed through a simulation study. The NZLD provides
interval-valued estimates that account for both inherent uncertainty and randomness, in contrast to the
point estimates provided by classical statistics. A neutrosophic variable is defined as Xy =X +1, where X is
the determined part, and I is the uncertain part. Within this framework, I can be represented as a uniform
distribution 7 ~ U(—¢€,€) to represent variable uncertainty, or it can be a constant value that captures
fixed uncertainty. This method improves the accuracy of real-world estimations by allowing the model
to incorporate both static and dynamic uncertainties. In our simulation study, we generate N = 1000
random samples of sizes n = 10,20, 50,200, and 300 from NZLD with 6 = 1.25 and 6 = 2. Additive uniform
noise I ~ U(—¢,€) was used to introduce uncertainty for each observation xy, with € =0.01,0.05,0.1 and
0.2. This approach reflects the model’s adaptability to uncertain data and captures variability. Using
(5), we compute NMLE to evaluate the performance. To this end, we calculate the neutrosophic mean
squared error (NMSE), neutrosophic average estimates (NAE) and neutrosophic average biases (NAB):

1 1000 1000 1 1000

1 2
NAE= —— Y 6y, NAB= - MSE = Y (6y — )’
1000 & 1000 & (O = O], and MSE= 1555 2, (6, —6v)

l

Tables 2 and 3 confirm that the estimator of the parameter of the NZLD works consistently with more

Table 2: NAE, NAB and NMSE for 6 =1.25.

e n NAE NAB NMSE
0.0 10 | [1.3424,1.3498] [0.0924,0.0998] [0.4376,0.4454]
50 | [1.2575,1.2634] [0.0075,0.0134] [0.1537,0.1557]
100 | [1.2536,1.2594]  [0.0036,0.0094]  [0.1053,0.1066]
300 | [1.2522,1.258]  [0.0022,0.0080]  [0.0608,0.0618]
0.05 10 | [1.328,1.3653]  [0.0780,0.1153] [0.4225,0.4620]
50 | [1.2459,1.2754] [-0.0041,0.0254] [0.1505,0.1604]
100 | [1.2422,1.2712]  [-0.0078,0.0212] [0.1035,0.1104]
300 | [1.2409,1.2697] [-0.0091,0.0197]  [0.0603,0.0656]
0.1 10 | [1.3107,1.3853] [0.0607,0.1353] [0.4055,0.4850]
50 | [1.2317,1.2908] [-0.0183,0.0408]  [0.1480,0.1678]
100 | [1.2282,1.2863] [-0.0218,0.0363]  [0.1032,0.1170]
300 | [1.227,1.2847]  [-0.023,0.0347]  [0.0626,0.0730]
02 10 | [1.2779,1.4283] [0.0279,0.1783] [0.3771,0.5411]
50 | [1.2044,1.3229]  [-0.0456,0.0729]  [0.1474,0.1869)
100 | [1.2011,1.3175]  [-0.0489,0.0675] [0.1082,0.1354]
300 | [1.2001,1.3158]  [-0.0499,0.0658]  [0.0748,0.0945]

data and effectively reduces estimation error by demonstrating that NMSE decreases with larger sample
sizes. Moreover, the parameter intervals widen as € increases, indicating the flexibility of the model in
the face of increased uncertainty. This procedure provides more accurate estimates in the face of data
indeterminacy and is consistent with the behavior predicted by the interval neutrosophic framework.
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Table 3: NAE, NAB and NMSE for 6 =2.

e n NAE NAB NMSE
0.0l 10 | [2.1509,2.1714] [0.1509,0.1714]  [0.7165,0.7389)]
50 | [2.0096,2.0257]  [0.0096,0.0257]  [0.2499,0.2554]
100 | [2.0031,2.0189]  [0.0031,0.0189]  [0.1711,0.1749]
300 | [2.0006,2.0163]  [0.0006,0.0163]  [0.0987,0.1017]
0.05 10 | [2.1121,2.2147] [0.1121,0.2147]  [0.6758,0.7881]
50 | [1.9783,2.0589] [-0.0217,0.0589] [0.2423,0.2700]
100 | [1.9722,2.0513]  [-0.0278,0.0513]  [0.1680,0.1872]
300 | [1.9700,2.0486] [-0.0300,0.0486] [0.1002,0.1148]
0.1 10 | [2.0663,2.2727] [0.0663,0.2727] [0.6332,0.8629)]
50 | [1.9407,2.1021] [-0.0593,0.1021]  [0.2393,0.2945]
100 | [1.9351,2.0935] [-0.0649,0.0935] [0.1722,0.2103]
300 | [1.9331,2.0905] [-0.0669,0.0905] [0.1137,0.1416]
02 10 | [1.9825,2.4051] [-0.0175,0.4051] [0.5709,1.0877]
50 | [1.8700,2.1949] [-0.1300,0.1949]  [0.2512,0.3626]
100 | [1.8651,2.1837]  [-0.1349,0.1837]  [0.2006,0.2771]
300 | [1.8635,2.1801] [-0.1365,0.1801] [0.1611,0.2164]

6 Applications

In this section, two data sets are used to illustrate the applicability of the proposed distribution.

6.1 Pseudo neutrosophic data

In order to prove the potentiality of the NZLD, we give an application using a well-known real data set.
The dataset is given by Ghitany el al. (2008), and represents the waiting times (in minutes) before service
of 100 bank customers. The dataset is:

0.8,0.8, 1.3, 1.5, 1.8, 1.9, 1.9, 2.1, 2.6, 2.7, 2.9, 3.1, 3.2, 3.3, 3.5, 3.6, 4.0, 4.1, 4.2, 4.2, 4.3, 4.3, 4.4, 4.4,
4.6,4.7,4.7, 4.8, 4.9, 4.9, 5.0, 5.3, 5.5, 5.7, 5.7 ,6.1, 6.2, 6.2, 6.2, 6.3, 6.7, 6.9, 7.1, 7.1, 7.1, 7.1, 7.4, 7.6,
7.7, 8.0, 8.2, 8.6, 8.6, 8.6, 8.8, 8.8, 8.9, 8.9, 9.5, 9.6, 9.7, 9.8, 10.7, 10.9, 11.0, 11.0, 11.1, 11.2, 11.2, 11.5,
11.9, 12.4, 12.5, 12.9, 13.0, 13.1, 13.3, 13.6, 13.7, 13.9, 14.1, 154, 15.4, 17.3, 17.3, 18.1, 18.2, 18.4, 18.9,
19.0, 19.9, 20.6, 21.3, 21.4, 21.9, 23.0, 27.0, 31.6, 33.1 and 38.5.

We use the parameter € to introduce different levels of indeterminacy in order to extend the analysis
into the neutrosophic framework. The exact dataset is used to build neutrosophic datasets, in which a
certain amount of uncertainty is introduced by each € value. To represent varying degrees of indeter-
minacy, we use € =0,0.001,0.01,0.1 and 1 and take into consideration Xy = X + €. The data is accurate
and represents a classical situation when € = 0. The dataset shows increasing degrees of uncertainty as €
increases, which is consistent with the neutrosophic notion. We estimate the parameter Oy of the NZLD
model across the various e-values using the transformed datasets. Table 3 displays these estimates as well
as the corresponding Bayesian Information Criterion (BIC) and Akaike’s Information Criterion (AIC).

To extend the analysis into the neutrosophic framework, we introduce varying levels of indeterminacy
using the parameter €. The precise dataset serves as the basis for creating neutrosophic datasets, where
each € value introduces a specific degree of uncertainty. We take Xy = X + € and set € =0,0.001,0.01,0.1,
and 0.75 to show different levels of indeterminacy. When € = 0, the dataset remains precise, reflecting a
classical scenario. As € increases, the dataset captures increasing levels of uncertainty, aligning with the
neutrosophic concept.

Using the transformed datasets, we estimate the parameter 6 of the NZLD model for different e-values.
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This estimate, the Akaike’s Information Criterion (AIC), and the Bayesian Information Criterion (BIC)
are presented in table 4. The AIC and BIC interval values reveal how well the neutrosophic model fits
the data at various levels of uncertainty. The neutrosophic model approaches the behavior of classical
statistical models, which rely on exact data, as the degree of uncertainty decreases (i.e., smaller e-values).
This specifically corresponds to the ZLD when € = 0. However, the model captures more uncertainty
with larger e-values, indicating the adaptability and resilience of the neutrosophic approach. Since Oy is
unknown, we evaluate the model’s fit using the modified Kolmogorov-Smirnov (KS*) test.

Table 4: NAE, NAB and NMSE for 6 =1.25.

€ On Log-likelihood AIC BIC KS*
0 0.1481 -325.2583 652.5167 655.1219 0.5076
0.001 [0.14805,0.14808] | [-325.267,-325.250]  [652.499,652.534] [655.104,655.140] [0.5075,0.5078]
0.01 [0.1479,0.1482) [-325.346,-325.171]  [652.342,652.692] [654.947,655.297]  [0.506,0.509]
0.1 [0.1468,0.1494] [-326.131,-324.379]  [650.759,654.263]  [653.364,656.866]  [0.491,0.523]
0.75 [0.1387,0.1587] [-331.641,-318.495] [638.989,665.282] [641.595,667.887]  [0.599,0.610]

6.2 Neutrosophic failure time dataset

This dataset, provided by Linhart and Zucchini (1986, p. 69), represents the failure times of the air
conditioning system of an airplane. The corresponding neutrosophic data are:
23, 261, 87, 7, [121,125], 14, 62, 47, 225, [71,74], 246, 21, 42, 20, 5, 12, 120, [11,13], 3, 14, 71, 11, 14, 11,
16, 90, 1, 16, [52,55] and 95.

We compare the performance of the NZLD with the neutrosophic Lindley distribution (NLD), pro-
posed by Bashir el al. (2025). From Table 5, the NZLD model provides the lowest AIC, BIC, CAIC,
HQIC, and KS* values, indicating superior performance compared to the NLD.

Table 5: Comparison between the NZLD and NLD.

Models NZLindley NLindley
NMLE of 6y [0.0238,0.0240] [0.0328,0.0330]
Log-L [-154.508,-154.338]  [-161.8429,-161.5933]
AlC [310.676,311.017] [325.1866,325.6859]
BIC 312.077,312.418 326.5878,327.0871]

[ I
CAIC [313.077,313.418]  [327.5878,328.0871]
[ I

HQIC 311.124,311.465]  [325.6348,326.1341]
KS* [0.0199,0.0234] [0.0240,0.0269]
p-value [0.9670,0.9820] [0.9527,0.9679]

7 Conclusion

Within a neutrosophic framework, we introduced an extension of the ZLindley distribution, termed the
neutrosophic ZLindley distribution (NZLD). Several properties of the proposed model were derived, and
the model parameter was estimated using NMLE. A simulation study demonstrated that this estimator
performs best under both bias and MSE criteria. Additionally, a well-known real dataset was analyzed,
and the results indicate that the proposed model provides a superior fit compared to the NLD.
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Abstract. In this paper, we introduce a probabilistic metric space structure for a population genetics
model that incorporates mutation effects. Several properties of this structure are investigated in relation
to the mutation process.
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1 Introduction

A metric space is a nonempty set in which a non-negative value is assigned as the distance between each
pair of points. In a probabilistic metric space, instead of assigning a deterministic non-negative number,
a distance distribution function is associated with each pair of points. This function can sometimes be
interpreted as the probability that the distance between the points does not exceed a given value.
Birth-death processes are stationary Markov processes in which only two types of transitions are possible,
namely birth and death. It is typically assumed that, within a sufficiently small time interval, at most one
birth or one death can occur. Using the probabilities of a single birth or death, transition probabilities are
defined and a transition probability matrix is constructed. When the state space of a birth-death process
is a metric space, a probabilistic metric space structure can be induced by combining the underlying
metric with the transition probabilities.

Examining changes in the genetic composition of a population as a result of various evolutionary pro-
cesses, including selection, mutation, migration, and random genetic drift, is one of the central objectives
of theoretical population genetics. Consider a population of haploid individuals with a constant fixed
size N. We focus on a single locus that can carry two types of alleles, A and B. Different alleles may
lead to differences in fitness, meaning that some individuals are more strongly selected than others. If
mutations can occur in both directions, the population will always remain polymorphic, and in this case
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the stationary distribution becomes the primary object of interest. To study these phenomena statisti-
cally, a suitable mathematical model is required. When attention is restricted to individuals of type A,
mutation from A to B may be interpreted as a death event, while mutation from B to A corresponds to
a birth event. Birth and death rates can be defined mathematically, and the mutation process can thus
be modeled as a birth-death process. Using the transition probabilities associated with this process, the
population consisting of two types of individuals can be endowed with a probabilistic metric space struc-
ture, allowing further properties of the mutation dynamics to be explored from this perspective. This
construction is carried out in three different ways with slight modifications. In the first case, only the
possible population sizes at different time points are considered as distinct states of the process. In the
second and third cases, individual elements are treated as distinct, and the power set of the population is
taken as the state space. In each case, a probabilistic metric space is constructed by taking into account
the corresponding variations.

In Schweizer and Sklar (2005), probabilistic metric spaces are introduced and studied in detail. Markov
chains and their fundamental properties are discussed in Bhat and Miller (1984), while applications of
Markov chains in genetics are presented in Karlin (1975). The probabilistic metric space structure
induced by stationary Markov processes is investigated in Marcus (1977). A similar idea is developed in
Moynihan (1976), where stationary Markov processes with metric state spaces are considered. In Murali
et al. (2022), three different cases of probabilistic metric spaces induced by birth-death processes are
examined, along with related results.

In the present paper, we discuss simple examples of probabilistic metric spaces arising from genetic
models and explore the applicability of the results in Murali et al. (2022) to the modeling of mutation
processes in population genetics.

2 Preliminaries

2.1 Markov chains

In this paper, we employ Markov chains and their transition probabilities as follows. The number of
members in the population at each stage is taken as the state space. Thus, the state space is S ={1,2,...}.
Let {X,}nenufoy denote a Markov chain defined on this state space. The probability distribution of X,
depends only on the value of X;, at time n and not on the previous states. Formally,

P(Xui1 = ant1 | Xo=a0, X1 =a1,....Xp = an) = P(Xps1 = ani1 | X = an).
We consider only time-homogeneous Markov chains. This property is expressed mathematically as

PXpr1=a;j| Xy =a;) = P(Xnr1 =aj | X =a;) for all n,m.

Let Pl-(j") = P(Xn+n = a; | Xm = a;) denote the n-step transition probabilities. By the Chapman-Kolmogorov
equations, we have Pl-(jrﬂ> = ZkESPi(/:>P]<(;)'
2.2 Metric spaces to probabilistic metric spaces

Definition 1. A metric space is an ordered pair (S,d), where S is a nonempty set andd: S x S —RTU{0}
is a function satisfying the following properties for all a,b,c € S:

(i) d(a,b) >0;
(ii) d(a,b) =0 if and only if a=b;
(iii) d(a,b) =d(b,a);
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(iv) d(a,c) <d(a,b)+d(b,c).

The value d(a,b) is interpreted as the distance between the points a and b. Thus, in a metric space,
a deterministic nonnegative distance is assigned to each pair of points. In contrast, in a probabilistic
metric space, a distance distribution function is assigned to each pair of points. This function may be
interpreted as describing the probability that the distance between the two points does not exceed a given
value.

Definition 2. A non decreasing function F defined on RT which satisfies F(0) =0, F() =1 and left
continuous on (0,00) is a distance distribution function.

The collection of all distance distribution functions is denoted by A*. For a > 0, the function &, (x) is

defined by
1, x>a,
€ = 1
atx) {0, x<a. (1)

Definition 3. A binary operation on A" is called a triangle function if it is commutative, associative,
non-decreasing in each argument, and has & as the identity element.
Equivalently, a map T: AT x AT — AT is called a triangle function if it satisfies the following conditions:

1. T is commutative, that is, ©(F,G) = 1(G,F), VF,G€At;
2. T is associative, that is, T(t(F,G),H) = t(F,t(G,H)), VF,G,H€A";

3. T is non-decreasing in each argument, i.e., F; <F = 1(F,G) < 1(F,G), VG A", and G| <
G, = ©(F,G)) < 1(F.G,), VF €A™,

4. & is the identity element, that is, T(F,&) =F, YF €A™T.

The product operation is a triangle function, defined by (7(F,G))(x) = F(x) G(x). Also, the triangle
function generated by the Lukasiewicz r-norm T,,(a,b) = max{a+b—1, 0} is denoted by 77, and is defined
as

(77,,(F,G))(x) = sup T,,(F(u),G(x—u)).

0<u<x

Definition 4. Let (S,.7,7) be a triple, where S is a nonempty set, F: S xS — A" is a function, and T
is a triangle function. The triple (S,.%,7) is called a probabilistic metric space if, for all p,q,r €S, the
following conditions hold:

(i) Z(p,p) =&
(i) F(p,q) # € whenever p # g;
(iit) F(p,q) = F(q,p);
() F(p,r) 2 ©(Z(p.q), 7 (q,7)).
If only conditions (i) and (iv) are satisfied, then (S,.Z,7T) is called a pseudo probabilistic metric space.

The above definition is well defined. Indeed, since 7: AT x AT — AT, for any p,q,r € S we have
©(Z(p,q),F(q,r)) € AT. Moreover, AT is a partially ordered set, where for A,B € AT, A <B if and only
if A(x) <B(x) for all x> 0. Consequently, the inequality .% (p,r) > ©(Z(p,q),-#(q,r)) is meaningful and
mathematically consistent.
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Example 1. (Metric spaces as probabilistic metric spaces) Let (S,d) be a metric space. Take F(p,q) =
€4(p,q) Where g4 is given in (1). Also put (&, &) = €4 then for any p,q,r €S,

T(F(p,q),F(qﬂ’)) = &4(p,q)+d(q,r)-
Hence, every metric space yields a Probabilistic metric space.

Example 2. (Genetic model) Consider the state space, S = {A,a}(two alleles at a single locus). We
model mutation as a continuous- time Markov chain (CTMC) with constant rates:

v
Ai>a, a—A,

where @, v > 0 are mutation rates (per unit time). Let (X;);>0 be this CTMC and P, denote probability
with Xo = x. Then, for x,y € S, define

FXY(t) :Px(EI s<t with XS:y)’

as hitting distribution function. We will compute Fy,(¢) and F,4(¢) explicitly. Starting at A, the chain
jumps away from A after an exponential time with parameter u (the only outgoing rate). Thus, the time
Tr—q to first hit a (which is the first jump time) is Exp(ut). Therefore,

FAa(t> = P(TAH“ < t) =1—e M,

Similarly, starting at a, we have
FaA(l) =1—e".

By Definition 2, it readily follows that F4, and F 4 belong to A™.

Remark 1. F, # & for x#y (since F(t) >0 for t >0), and Fo =1 for all t > 0 if we define “hit
itself by time t” trivially. To match the condition F(p,p) = &, we instead define Fy(t) as the degenerate
distribution: the time to hit itself is 0 with probability 1. Formally, take Fy, = &/(t) = 1,>0.

e Triangle inequality (probabilistic version). Pick three states p,q,r € S. There are only two
nontrivial distinct-state choices; we will show the triangle-type inequality

For) 2 [ dFu($)Fy1-5). 2)

This inequality is the probabilistic analogue of the triangle inequality and is obtained from the Markov
property by conditioning on the first hitting time of ¢.

To Prove, (2), Let T,_,, :=inf{s > 0: X; = g} be the first hitting time of ¢ starting from p. Then
{hit r by time 1} D {T,; <t and then hit r within r — 7,4}
Therefore, we have

Fy(t) = P,3s<t:X;=r)
> Py(Tpsq<t,3ust—Tyq: X1, 4u=T).

By the strong Markov property, conditional on T, =s and X, = ¢, the future evolution {X4, : u >0}
has the same law as the chain started at g. Hence

13
Py(Tpsg <t,3u<t—T, X1, tu = r)= /0 Py(Tysqg€ds) PJ(Qu<r—s:X,=r)

= [ o (5)Furt=9)
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Interpreting (2) as a triangle function inequality

Define a triangle function 7 on AT by
ot
(2(F,G))(1) ::/ dF(s)G(i —s),  F,GeA™.
0

Here, the integral is the Lebesgue—Stieltjes convolution of F and G. The map 7 satisfies the following
properties:

¢ Commutativity: convolution is commutative.

e Associativity: convolution is associative.

e Monotonicity: 7 is nondecreasing in each argument.

o Identity: & acts as a neutral element for convolution, since it is a point mass at 0.

Hence, 7 is indeed a triangle function. The inequality (2) can then be written as F, (1) > (t(Fpq, Fyr)) (),
so the probabilistic triangle axiom holds for this model.

Example 3. Multi-locus genotype (hypercube). We consider a classical mutation model from
population genetics.

State space. The state space consists of binary sequences of length L, S = {0, 1}F, where each sequence
represents a genotype. The Hamming distance dy (x,y) counts the number of sites at which two genotypes
differ.

Mutation model. Each site mutates independently according to a symmetric two-state continuous-
time Markov chain: a flip 0 <> 1 occurs at rate u. Consequently, the global process is the product of L
independent two-state CTMCs.

Exact-time transition probabilities. If the process starts at genotype x, the probability of being
exactly at genotype y at time ¢ is, by independence across sites,

P(X; =) = prip (t)dH()C7y) psame(l,)L*dH(x%y)’
where for a single site with symmetric mutation rate y,

14e 20 1 — e 211
Psame(t) = T, and pﬂip(t) = T

This exact-time transition probability does not define a distance distribution in the sense of A, since it
is not monotone in ¢ (it typically increases initially and then decreases as the chain approaches station-
arity). Nevertheless, it serves as the transition kernel from which hitting-by-time distributions can be
constructed.

Lower bound via a chosen intermediate genotype z. For L > 2, a closed-form expression for Fy, () is
generally unavailable. Nevertheless, we can derive a useful lower bound and verify the triangle inequality
as before. For any intermediate genotype z,

Fyl) 2 [ dFe(s)P.0X - =)

The proof is identical to the single-locus case: condition on the first hitting time of z at time s, and
then require the process to be at y during the remaining time interval of length r —s. This yields a lower
bound, since the probability of being at y at some time after s is at least the probability of being at y
exactly at time .

Taking a supremum over z, or iterating the above bound by further integration, produces bounds that
satisfy the convolution inequality. Consequently, choosing T to be the (Lebesgue—Stieltjes) convolution
again yields a valid triangle inequality.
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Example 4. Take the single-locus case with g = 0.1(per unit time). Then Fy,(t) = 1 —e %!, After t = 10
units, Fyq(10) = 1 —e! ~0.6321. So 63.2% chance to have mutated by time 10.

With three states in 2-state model we only have pairs, but we can combine chains in series and use
convolution to compute bounds.

For a 4-locus genome (L =4) with identical per-site rate p = 0.1, the probability to be exactly at a
particular genotype y at time ¢ if Hamming distance k from start is

| — 02 k 1 4+e 02 4-k
= (5 (252)

Here the single-site exponent is 2u = 0.2 because two-state diagonalization gives e~

2ut

Remark 2. For CTMC mutation models, the hitting-by-time distribution Fj;(t) = F;(3 s : Xy = j) belongs
to AT (it is nondecreasing, left continuous, limits 0 and 1). (Shown explicitly for the 2-state case and
arqued generally using CTMC properties.)

Using the strong Markov property and conditioning on first hitting times, the convolution inequality

Fut) > [ aFi(s) Fikle—)

holds for all states i, j,k. Therefore, choosing the triangle function T to be the Stieltjes convolution, the
probabilistic triangle axiom F(i,k) > T(F(i,),F(j,k)) is satisfied.

2.3 Transition probability matrix of mutation processes

Let X,, denote the number of individuals of type A at time n. The state space may be finite or infinite.
For each i, let b; > 0 denote the probability that a single individual of type B mutates to type A, and let
d; > 0 denote the probability that a type A individual mutates to type B. Initially, we assume that at
each time step exactly one birth and one death occur.

b; j=i+1
. . d; j=i—-1 .
Pij:p[XnJrlz]/Xn:l]: | —bi—d; j=i for i=0,1,2,...
jFIi—Lii+1

For finite case Py y+1 = by =0 where N is the total size of the population.

b 1—bg 0 0 0 0

d 1-b—d b 0 0 0
The transition matrix is 0 da l—dy—by by O 0

: : : SRR

0 0 0 0 0 --- 1—dy

Lemma 1. The above matriz is a valid transition probability matriz. i.e, Y,P; =1 for all i.
J

Proof. For i=0,YPj=1—bo+by=1. Fori=1,YPj=bi+1—(b1+di)+d; =1 and so on. For a fixed
J j
I ZPij:bi+1—(bi+di)+di=1 for all 7. 0
J
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3 Probabilistic metric space in population genetics

3.1 Mutation metrics on type A individuals

Consider a population consisting of N individuals. Each individual is of gene type A or gene type B. The
state space is given by the number of type A individuals at a given time. A mutation of an individual
from type A to type B is interpreted as a death, and the probability of a death in state i is denoted by d;.
Similarly, a mutation of an individual from type B to type A is interpreted as a birth, and the probability
of a birth in state i is denoted by b;.

Definition 5. Let S be the state space {0,1,2,...}. P is the transition matriz for S that defines a mutation
process X,,n € NU{0}. When this process is time homogeneous, for given two states i and j in S, define

Fij(t) = P[ exist a time s <t such that X, = j|Xo =1]. (3)

Remark 3. Let fi(js) denote the probability that Xo = i, the first time we visit state j is exactly at time s.
u
Then Fj(t)= ¥ fi(;>7u <t.
s=1

Theorem 1. Let S, P, (Xu)nen, and Fij(t) be defined as in the previous definition. Define the mapping
F :Sx 8§ — A, where A denotes the space of cumulative distribution functions, by F (i, j) = Fjj. Then the
following properties hold:

(1) F;j(0)=0;

(it) Fij is left-continuous;
(ii) F(i,i) =gy for all i € S;
(i) F(i,j) # & fori# j;

(v) F(p,r) = F(p,q)F(q,r) for all p,q,r €S,
where & is given in (1).

Proof. By (3), part (i) is obvious. For (ii), we have
F;j(t —h) = P| exist a time s < — h such that X, = j|Xo = i].

Then, }liI%Ej(t —h) = Plexist a time s <?:X, = j|Xo =1i] = F;;(t), i.e, F;j is left continuous. For (iii), as
—
F;(t) = Plexist a time s <17:X;=iXo=1] for s =0, Xy =i when Xy =i. Therefore

1 >0
Falt) = g
0 t <0.

(iv) Let i # j, it needs a positive time s to reach state j from the state i. For 0 <r<so Fj;(r) =0 and
obviously F;;(t) # €.
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(v) For the different states p,q and r and time points #; and #,, we have

F,r(t1 +12) = P[there exist a time s <t +1 : X; =r|Xo = p]
> P[there exist a time i <1 : X; = g for the first time and X; = r for some i < s < +#|Xo = p]

gl

=) P[X;=¢q for the first time and X;=r for some s € [i,f; +1)|Xo = p]

=1
-

|
= 3} P[X; = q for the first time|Xy = p]P[X; = r for some s € [i,fj +17)|Xo=p and X; = ¢

Il
-

for the first time]

]
= Zf;qP[Xs =r forsome s€/li,fj+1)X;=¢q for the first time]
i=1

L]
= Zf;)qP[XS =r for se€[0,/1+5n—1i)|Xo=q]
=

]
> Zfl’,qP[Xs =r for some s€[0,1)Xo=d]
i=1

= Fpq(t1)Fyr(12).
It means Z (p,r) > % (p,q)F (q,r). =

Theorem 2. Let S,P,(X,).en and Fij(t) be defined as above. Then (S,.%,7) is a probabilistic metric
space with a non-symmetric distance function where (t(F,G))(x) = F(x)G(x), when P(T;j < o) =1 where
Tij={min(n>0:X, = j|Xo=1i)}.

Proof. Tt follows from Definition 4 and Theorem 1 O

3.2 Mutation metrics on type A subsets in finite populations

In the above model, each state represents the number of type A individuals in the population. However,
different groups of type A individuals with the same cardinality are represented by the same number in
this case. In the current construction, each distinct group of type A individuals is considered as a separate
state. Initially, we assume that at most one birth and one death occur at a time. When the composition
of the entire population is known, it is possible to determine the probability of a single birth, P,, and a
single death, Py, at any given time point.

Definition 6. Let P, and P; denote the probabilities of a single birth and a single death, respectively. At
any time, the population of type A individuals can be represented as a subset of the whole population S,
where |S| denotes the total population size. For two subsets of type A individuals, S; and S;, we define the
transition probability from S; to S; as Pij=P(Xpt1 =S, | X = Si).

Lemma 2. Toke a; :S; CS; and |[S\Sj| =1, a2 : 8 CS; and [Sj\Si| =1, a3 : |si| #0 or |P|, as:|So| =
0 or|P| and as: S; =S;. Then,

1
Pd@ for a1 and a3
) or ap and a
bReE for 3
Bj= il for (a1 or ax) and as

1—(Py+P,) for as and a3

0 otherwise



Probabilistic metrics in population models 229

leads to a transition probability matriz.

Proof. For a fixed i and |S;| # 0 or |P|.
Pi=1—(P;+P)
and
1

1
Pij = ISilPar—s + (P = [SiD P ey
Lru=1s U= 18iD)

7 1Si
=FP;+PB
(First term for |S;\S;| =1 and second term for |S;\S;| =1 and 0 for other cases)
ZPij =1—(P+P)+Pi+P=1
J

Similarly we can prove for other cases. O

Definition 7. Let &2 be the population and State space S is the power set of &2 . Let P be the transition
matriz for S which defines a time homogeneous Markov chain (X, )nen. For any two given subsets S; and
S;, we define

F;j(t) = P[ there exist a time s <t such that Xy = S;j|Xo = Si]

Remark 4. If i; denote the probability that with Xo =1, the first time we wvisit j is exactly at time s,
then '

u

Fjl) = L fipu<t
§=
Theorem 3. Theorem 3 Let S,P,(X,)nen and Fij(t) be defined as in Definition 7, then (S,%,7) is a
probability metric space with a non-symmetric distance function where (t(F,G))(x) = F(x)G(x), when
P(T;j < o) =1 where T;; = {min(n > 0: X,, = §;|Xo = S;)}
Proof. It follows from Theorem 2 and Definition 7, replacing i and j by S; and S; respectively. O

Theorem 4. Let S| and S, be two states or subsets of P. Let t, = |S2\S1| is the number of new births
not in Sy and t, = |S1\S2| be the number of deaths or the number of elements in S; but not in Sp. Let
t* =t +1, = |S2\S1|+|S1\S2|. Then, Fi2(t) =0 fort <t*. S can be obtained from S| within a minimum
of t* steps.

Proof. t,=|S2—S1| and f, = |S; — S2|. Minimum number of steps or time to reach S, from §; =¢,+1, =¢*
i.e, for r <t* it is impossible to reach S, from S; i.e, Fia(¢) = P[ there exist a time s < * such that
X; = $1X0=81]=0. O

3.3 Mutation metrics on a metric state space

In this case, we can consider the probabilistic metric space structure induced by the mutation process to
probabilistically estimate the differences between states in the future due to changes in the initial state.
Let & denote the population in a birth-death process, with the power set of & as the state space. A
stationary Markov chain can then be constructed as in the previous section.

Definition 8. Let S;,S; € S and d(S;,S;) = [Si\S;|+1S;\Si|. Then, (S,d) is a metric space. Now for each
t, define U :Sx S — At as follows.
FO(8;,8))(x) = &, Vi

and

ﬂm(Si,Sj)(x) = P{distance between the states is less than x at time t, if the process starts at S; and S;}.
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Using the results of Moynihan (1976), we obtain the following conclusions.
Theorem 5. For each t, (S,ﬁ(’),’c) is a pseudo probabilistic metric space under T = Try,.
Proof. First, consider the case S; = S;. Then, d(S;,5;) =0 implies that
Prob{distance between states < x for x >0 at time 7 when starting at S; and Sj} =1 fort>0.
Hence, Z'(S;,5;) = &.
Next, consider the case S; # Sj. Then d(S;,S;) # 0, but eventually the two states may reach the same
state. Therefore, there exists a time 7y such that the distance between the states can be zero, i.e.,
FN(S;,S;) = &.
For fixed ¢, the left-continuity of #'(S;,S;) follows from

}llin(l)ﬁ’(Si,Sj)(x— h) = Prob{distance between states <x at time r} = .Z'(S;,S;)(x).
—

Symmetry is straightforward: for fixed ¢,
F(8i:85)(x) = F' (8,5 (x)-
Finally, consider the triangle inequality for any S;,5;,S; € S and t > 0:

F'(Si,81) (x1 +x2) = Prob{distance between states at time t < x; +x; starting at S; and Sy}
> Prob{distance < x| starting at S;,S; and distance < x, starting at S;,Sx}
> F(8:,S)(x1) + F'(S),8k) (x2) — 1
> T (F'(S1,87) (x1), ' (S5, Si) (x2))

where T, denotes the Lukasiewicz t-norm. Hence, for T =T,
T (Si,Sk) > (T (8:,87), F'(S,80)) -
This verifies all conditions for (S,.#®, 1) to be a pseudo probabilistic metric space under T = Tz,,. O

Theorem 6. Let ,Bzi(jt) =F'(8i,5;)(x). Then for any real x, any states S;,S;, and any r,t >0, we have

FU0) = XY Pun(r)Pin(r)Fd (),
or in matriz form,
FO(x) = PO () (P(7)'
where P(r)T denotes the transpose of the matriz P(r) = (P(r)).

Proof. By definition,
F'(8i,5))(x) = Fj(x) = Prob{distance between states < x at time ¢ starting at S; and S;}.

This can be expressed as

Fii(x) zki)l’ik(f) Y Pu).

d(lk)<x
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For time r+1t, we have

Fix) =Y Pu(r+1) Y, Pu(r+1). (4)
=0 d(Lh)<x
Using the Chapman-Kolmogorov equation,

Pj(r+1) =Y Pu(r)Pqt),
kes

we substitute into (4):

=

B =Y

ZPim(r)Pmk(t):| Z |:ZPjn(r)Pnl(t):| :

k=0 | meS 1 nes
d(lk)<x
Interchanging the order of summation gives
Fi ()= Y, Y Pu(r)Piu(r) | X Pu(t) ), Pult)
m=0n=0 k=0 !
d(lk)<x
=Y, Y Pun(r)Pin(r)Fyy (),
m=0n=0
as claimed.
O
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