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Letter from the Editor-in-Chief
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advancing both the theoretical foundations and practical applications of stochastic modeling,
probability, and statistics—with a particular focus on reliability and related disciplines.
SMPS publishes two issues annually and is proudly supported by the Department of Statistics,
Faculty of Mathematical Sciences, Ferdowsi University of Mashhad.

The journal’s mission is to promote the development and dissemination of innovative method-
ologies and ideas that bridge stochastic modeling in probability and statistics with real-world
applications. In this spirit, SMPS welcomes high-quality contributions across a broad range of
topics, including reliability theory, lifetime data analysis, stochastic modeling in industrial and
systems engineering, operations research, statistical methods in information theory, and depen-
dence modeling.

On behalf of the editorial board, I would like to express my sincere gratitude to all authors
for their valuable scholarly contributions, to the reviewers for their thoughtful and constructive
evaluations, and to the editorial team for their unwavering dedication and professionalism. The
continued success of SMPS is made possible by the collective efforts of this dynamic community
of researchers and practitioners who share a common goal: advancing the field of stochastic
modeling and statistical reliability analysis.

Finally, I warmly invite readers and contributors around the world to support SMPS by submit-
ting original research, citing published work, and sharing new ideas that help shape and expand
the journal’s vision.

Jafar Ahmadi
Editor-in-Chief
Stochastic Models in Probability and Statistics (SMPS)
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Some ratio type estimators for estimating the
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Abstract. This paper investigates ratio-type estimators for estimating the population mean in the
presence of missing data. To address the problem of missing observations, a class of generalized estimators
is proposed. The bias and mean squared error of the proposed estimators are derived under optimal
conditions using first-order approximations. The performance of the proposed estimators is then evaluated
and compared with that of the classical mean estimator, the ratio estimator, and the compromised
estimator using several empirical data sets. The results show that the proposed estimators outperform
the existing estimators in terms of efficiency.

Keywords: Bias, Imputation, Mean squared error, Percent relative efficiency.

Mathematics Subject Classification (2020): 62D05, 62D10, 62F10.

1 Introduction and preliminaries
In survey sampling, missing data may arise due to non-response, attrition, or errors in data collection.
Such missingness poses a serious challenge, as it can lead to biased estimates, undermine the validity of
statistical inference, and reduce the efficiency of estimators. Common approaches for handling missing
data include imputation, weighting adjustments, and model-based methods. Among these approaches,
ratio-type estimators have been widely studied for estimating the population mean because of their
ability to efficiently incorporate auxiliary information. These estimators exploit the relationship between
the study variable and an auxiliary variable, often yielding more precise estimates than those obtained
under simple random sampling. However, in the presence of missing data, classical ratio estimators
must be modified to account for different missingness mechanisms, namely missing completely at random
(MCAR), missing at random (MAR), and missing not at random (MNAR). In this study, we focus on
ratio-type estimators under missing data and investigate their performance across various missingness
scenarios.

Let a finite population consist of N distinct units with associated values (xi,yi). The population means
∗Corresponding author
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are defined as
Ȳ =

1
N

N

∑
i=1

yi and X̄ =
1
N

N

∑
i=1

xi,

where Y denotes the study variable and X is an auxiliary variable used for estimation. A sample S of size
n is drawn from the finite population P = 1,2, . . . ,N using simple random sampling without replacement
(SRSWOR) to estimate the population mean.

The sample S consists of r responding units (r < n), forming the response set R, and n − r non-
responding units, forming the complementary set Rc. The variable Y is the primary variable of interest,
while X is an auxiliary variable correlated with Y . For each unit i ∈ R, yi denotes the observed value of
the study variable, whereas for each unit i ∈ Rc, the corresponding yi values are missing and therefore
require imputation.

Kalton et al. (1981) addressed issues of non-response and imputation in survey sampling, while Meeden
(2000) proposed a theoretical framework for imputation. Lee et al. (1994) introduced a ratio method
of imputation, and Singh and Horn (2000) proposed an improved technique known as the compromised
method of imputation. Subsequently, Singh and Deo (2003) developed a modified estimator to handle
missing data more efficiently.

A widely recognized mean imputation method, along with its sample mean and variance, can be
expressed as ȳm = ȳr and

V (ȳm) = δ1C2
Y Ȳ 2, (1)

respectively, where δ1 =
1
r −

1
N . It is also well recognized that, under the ratio method of imputation, the

ratio estimator of the population mean is
ȳR = ȳr

x̄n

x̄r
.

The bias and mean squared error (MSE) of ȳR, in the presence of missing data, can be expressed as
follows:

B(ȳR) = δ1Ȳ
(
C2

X −ρY XCYCX
)

and
MSE(ȳR) = Ȳ 2(δ1C2

Y +δ4(C2
X −2ρY XCYCX )), (2)

respectively, δ4 =
1
r −

1
n , ρXY denotes the correlation coefficient between X and Y , and CX and CY represent

the coefficients of variation of X and Y , respectively. Singh and Horn (2000) proposed the compromised
method of imputation, defined as

ȳcomp = α ȳr +(1−α) ȳr
x̄n

x̄r
, (3)

where α is a constant. The value of α that minimizes the MSE is given by α = 1− ρXYCY/CX . The
corresponding bias and MSE are given by

B(ȳcomp) = δ4Ȳ
(

1−ρY X
CY

CX

)
ρY XCYCX

and
MSE(ȳcomp ) = Ȳ 2(δ1C2

Y −δ4ρ2
Y XC2

Y), (4)
respectively. Pandey et al. (2015) and Singh and Nath (2018) proposed the following estimators

ȳRe = ȳr exp
(

x̄1 − x̄r

x̄1 + x̄r

)
,

and

ȳdr = ȳr

(
n1x̄1 −nx̄r

(n1 −n)x̄r

)β
.
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The bias and MSE of ȳRe are given by

B(ȳRe) = δ5Ȳ
(

3
8

C2
X − 1

2
ρY XCYCX

)
,

MSE(ȳRe) = Ȳ 2
(

δ1C2
Y +δ5

(
C2

X
4

−ρY XCYCX

))
, (5)

where δ5 =
1
r −

1
n1

. Similarly, for ȳdr, the bias and MSE are

B(ȳdr) =−δ5
Ȳ
2
(g1CX +ρY XCY )ρY XCY ,

and
MSE(ȳdr) = Ȳ 2 (δ1C2

Y −δ5ρ2
Y XC2

Y
)
, (6)

respectively, where g1 =
n

n1−n .

In the remainder of this paper, new estimators are proposed in Section 2. Their statistical properties
and performance in terms of MSE are investigated. Section 3 presents numerical results and graphical
analysis, while concluding remarks are provided in Section 4.

2 Proposed estimators and their properties
Motivated by Bahl and Tuteja (1991) and Singh et al. (2014, 2015a,b), we propose a new class of ratio-type
estimators for estimating the population mean under SRSWOR.

T1P = ȳr

(
X̄
x̄r

)
exp
[

α
(

X̄ − x̄r

X̄ + x̄r

)]
, (7)

T2P = ȳr

(
X̄
x̄r

)α
exp
[

X̄ − x̄r

X̄ + x̄r

]
, (8)

T3P = ȳr

(
X̄
x̄r

)α
exp
[

β
(

X̄ − x̄r

X̄ + x̄r

)]
, (9)

where α and β are constants chosen to minimize the MSE of the estimators T1P, T2P, and T3P.
Using the transformations ȳr = Ȳ (1+ e1) and x̄r = X̄(1+ e2), such that |ei| < 1, i = 1,2. Expanding T1P,
T2P, and T3P in terms of e1 and e2, retaining terms up to the first order of approximation, the expressions
in (7), (8) and (9) can be written as

T1P = Ȳ + Ȳ
(

e1 + e2
2 − e2

(
1+

α
2

)
− e1e2

(
1+

α
2

)
+α

(
1+

α
2

) e2
2

4
+

α
2

e2
2

)
, (10)

T2P = Ȳ + Ȳ
(

e1 +
3
8

e2
2 − e2

(
α +

1
2

)
− e1e2

(
α +

1
2

)
+α

(
1+

α
2

)
e2

2

)
, (11)

and

T3P = Ȳ + Ȳ

(
e1 −

(
α +

β
2

)(
e2 + e1e2 −

e2
2

2

)
+

(
α +

β
2

)2 e2
2

2

)
, (12)

respectively. We recall that the following relations hold for e1 and e2:

E(e1) = E(e2) = 0, E(e2
1) = δ1C2

Y , E(e2
2) = δ1C2

X and E(e1e2) = δ1ρY XCYCX . (13)
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Using (10)–(13), we derive the bias and MSE of the estimators T1P, T2P, and T3P. The results are presented
below.

(i) Bias of proposed estimators. Using (10) and (13), we obtain the bias of T1P up to the first-order
approximation, which is given by

Bias(T1P) = E(T1P − Ȳ )

= E
(

Ȳ
[

e1 + e2
2 − e2

(
1+

α
2

)
− e1e2

(
1+

α
2

)
+α

(
1+

α
2

) e2
2

4
+

α
2

e2
2

])
= Ȳ

[
E(e2

2)−E(e1e2)
(

1+
α
2

)
+α

(
1+

α
2

) E(e2
2)

4
+

α
2

E(e2
2)

]
= Ȳ

[
δ1C2

X −δ1ρY XCXCY

(
1+

α
2

)
+α

(
1+

α
2

) δ1C2
X

4
+

α
2

δ1C2
X

]
= Ȳ δ1

[
(C2

X −ρY XCYCX )+
α
2

(
3
2

C2
X −ρY XCYCX

)
+

α2

8
C2

X

]
.

Similarly, using (11), (12) and (13), we obtain the bias of T2P and T3P up to the first-order approximation,
which are given by

Bias(T2P) = Ȳ δ1

(
3
8

C2
X − 1

2
ρY XCYCX +α(C2

X −ρY XCYCX )+
α2

2
C2

X

)
and

Bias(T3P) = Ȳ δ1

[(
α +

β
2

)(
C2

X
2

(
α +

β
2
+1
)
−ρY XCYCX

)]
,

respectively.

(ii) MSE of proposed estimators. Using (10) and (13), we obtain the MSE of T1P up to the first-order
approximation, which is given by

MSE(T1P;α) = E (T1P − Ȳ )2

= E

(
Ȳ 2
[

e1 + e2
2 − e2

(
1+

α
2

)
− e1e2

(
1+

α
2

)
+α

(
1+

α
2

) e2
2

4
+

α
2

e2
2

]2
)

= E
(

Ȳ 2
[

e2
1 + e2

2 +
α2

4
−2e1e2 +αe2

2 −αe1e2

])
= Ȳ 2δ1

(
C2

Y +C2
X −ρY XCYCX +α

(
C2

X −ρY XCYCX
)
+

α2

4
C2

X

)
. (14)

Similarly, using (11), (12) and (13), we obtain the MSE of T2P and T3P up to the first-order approximation,
which are given by

MSE (T2P;α) = Ȳ 2δ1

(
C2

Y +
C2

X
4

−ρY XCYCX +α
(
C2

X −2ρY XCYCX
)
+α2C2

X

)
, (15)

and

MSE (T3P;α,β ) = Ȳ 2δ1

(
C2

Y +

(
α +

β
2

)2

C2
X −2

(
α +

β
2

)
ρY XCYCX

)
, (16)
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respectively.
The MSEs in (14), (15) and (16) depend on the parameters α and β . Since these expressions are
differentiable with respect to α and β , the values of α and β that minimize the MSEs can be obtained
by setting the corresponding partial derivatives equal to zero.
From (14), we obtain

∂
∂α

MSE(T1P;α) = Ȳ 2δ1

(
C2

X −ρY XCYCX +
α
2

C2
X

)
.

Setting the above expression equal to zero yields

αop = 2ρY X
CY

CX
−2.

Consequently,
MSE(T1P;αop) = Ȳ 2δ1C2

Y
(
1−ρ2

Y X
)
. (17)

Also, from (15), we have

∂
∂α

MSE(T2P;α) = Ȳ 2δ1
(
C2

X −2ρY XCYCX +2αC2
X
)
.

Equating this expression to zero gives αop = ρY X
CY
CX

−1/2, and hence

MSE(T2P;αop) = Ȳ 2δ1C2
Y
(
1−ρ2

Y X
)
. (18)

Similarly, from (16), to obtain the optimum condition of the proposed estimator T3p, let k = α + β/2.
Then, we have

MSE(T3P;k) = Ȳ 2δ1
(
C2

Y + k2C2
X −2kρY XCYCX

)
. (19)

Differentiating (19) with respect to k and equating to zero, we get kop = ρY XCY/CX . Hence, the optimum
condition is

α +β/2 = ρY XCY/CX .

Thus, in this case, the minimum MSE is given by

MSE
(
T3P;αop,βop

)
= Ȳ 2δ1C2

Y
(
1−ρ2

Y X
)
. (20)

Remark 1. As observed from (17), (18), and (20), the MSEs of the proposed estimators (7), (8), and
(9) are identical when evaluated at the optimal values αop and βop. Henceforth, we denote the resulting
optimal estimator by TP, for example by α +β/2 = ρY XCY/CX the estimator in (12) reduced to

TP = Ȳ + Ȳ
(

e1 − (ρY XCY/CX )
(
e2 + e1e2 − e2

2/2
)
+(ρY XCY/CX )

2 e2
2/2
)
,

and its MSE is given by
MSE(TP) = Ȳ 2δ1C2

Y
(
1−ρ2

Y X
)
.

The MSEs of all estimators are summarized in Table 1. From Table 1, the relative performance of
the estimators can be readily compared in terms of their MSE.
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Table 1: Performance of TP relative to other estimators in terms of MSE.

Estimator MSE Tp is more efficient if
ȳm (1) N − r > 0

ȳR (2) δ1ρ2
Y XC2

Y +δ4
(
C2

X −2ρY XCYCX
)
> 0

ȳcomp (4) 2nN − r(N −n)> 0

ȳRe (5)
(
δ1ρ2

Y XC2
Y +δ5

( 1
4C2

X −ρY XCYCX
))

> 0

ȳdr (6) N −n1 > 0

Table 2: Descriptive data of seven populations.

Population N n r Y X C2Y C2X ρY X
I 34 11 9 4.92 2.59 1.0248 1.5175 0.7326
Cochran (1977)
II 34 10 7 199.44 208.89 0.5673 0.5191 0.9801
Murthy (1967)
III 25 9 7 183.84 185.72 0.0029 0.0027 0.7108
Anderson (2003)
IV 200 50 45 42.485 18.515 0.1102 0.1415 0.8652
Shukla et al. (2011)
V 20 7 5 41.5 441.95 0.0555 0.0522 0.6521
Mukhopadhyay (2000)
VI 19 7 5 575 13573.68 2.2290 0.9101 0.88
Kadilar and Cingi (2008)
VII 8011 400 250 28229.43 1.69 0.6193 0.2130 0.46
Diana and Francesco (2010)

3 Numerical results and graphical analysis
To examine the efficiency of the proposed estimators, seven finite population data sets (from Cochran
(1977), Murthy (1967), Anderson (2003), Shukla et al. (2011), Mukhopadhyay (2000), Kadilar and Cingi
(2008) and Diana and Francesco (2010)) are considered. The corresponding descriptive data N, n, r, Ȳ ,
X̄ , CY, CX and ρY X are presented in Table 2.

Numerical results for the bias, MSE, and percent relative efficiency (PRE) of the competing estimators
are reported and discussed. In what follows, PRE(θ̂1, θ̂2) denotes the percent relative efficiency of θ̂2 with
respect to θ̂1, defined as

PRE(θ̂1, θ̂2) = 100
MSE(θ̂1)

MSE(θ̂2)
.

The numerical results in Table 4 indicate that the proposed imputation strategy yields a lower MSE
compared to the existing imputation strategies.

The MSE comparisons of the estimators ȳm, ȳR, ȳcomp, ȳRe, ȳdr and TP for different non-response rates
are presented in Table 5.

1. The PRE results presented in Tables 6, 7, and 8 clearly demonstrate that the proposed estimator Tp 
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Table 3: Bias values of the estimators.

Pop. ȳm ȳR ȳCOMP ȳRe ȳdr TP
I 0 0.24275 0.03614 0.0362 -0.2363 0.0854
II 0 -0.2888 -0.1118 -1.3845 -9.5980 -0.1246
III 0 0.0136 0.0031 0.0002 -0.0340 0.0050
IV 0 0.0244 0.0024 -0.0005 -0.0481 0.0093
V 0 0.1066 0.0273 0.0092 -0.1927 0.0358
VI 0 -29.089 -15.534 -17.903 -122.934 -20.031
VII 0 5.0246 1.5255 -0.3899 -7.8680 1.9706

Table 4: MSE values of the estimators.

Pop. ȳm ȳR ȳCOMP ȳRe ȳdr TP
I 2.02669 1.87525 1.75773 1.1776 1.1525 0.9389
II 2559.907 1631.473 1630.937 1002.079 448.613 100.8705
III 10.3697 8.9553 8.7527 7.1110 6.7314 5.1305
IV 3.4282 3.1288 3.0970 1.7046 1.4715 0.8619
V 14.3605 12.5869 12.0342 10.0211 9.91936 8.2539
VI 108607.5 78441.43 75995.09 71606.06 46347.47 24501.85
VII 1912690 1767868 1756029 1570428 1518632 1507965

Table 5: MSE values of estimators for different non-response rates.

Rate Pop. ȳm ȳR ȳCOMP ȳRe ȳdr TP
5% I 1.7511 1.6829 1.6300 1.0457 1.0248 0.8113

II 1592.831 1592.831 1592.831 720.4471 410.5064 62.7639
III 7.1692 7.1692 7.1692 5.3588 5.1479 3.5471
IV 3.1518 3.0395 3.0276 1.6105 1.4020 0.7924
V 8.8898 8.8898 8.8898 6.9139 6.7750 5.1096
VI 66494.38 66494.38 66494.38 48874.65 36846.75 15001.13
VII 1237271 1224567 1223529 1019142 986131.3 975464.2

10% I 1.7511 1.6829 1.6300 1.0457 1.0248 0.8113
II 1843.554 1602.849 1602.710 793.4627 420.3859 72.6434
III 8.5694 7.9506 7.8620 6.1254 5.8407 4.2398
IV 3.4282 3.1288 3.0971 1.7047 1.4715 0.8620
V 11.1693 10.4303 10.1999 8.2877 8.0852 6.4197
VI 84041.50 71472.31 70453.01 58346.07 40805.38 18959.76
VII 1309431 1282612 1280420 1078040 1043022 1032355

15% I 2.0267 1.8753 1.7577 1.1777 1.1525 0.9390
II 2156.958 1615.372 1615.06 884.7321 432.7352 84.9928
III 8.5694 7.9506 7.8620 6.1254 5.8407 4.2398
IV 3.7442 3.2309 3.1765 1.8123 1.5510 0.9414
V 11.1693 10.4303 10.1999 8.2877 8.0852 6.4197
VI 84041.5 71472.31 70453.01 58346.07 40805.38 18959.76
VII 1390080 1347486 1344004 1143867 1106606 1095939
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Table 6: PRE(ȳm, .) values of estimator.

Pop. ȳR ȳCOMP ȳRe ȳdr TP
I 108.0756 115.3019 172.0946 175.8439 215.8442
II 156.9077 156.9592 255.4597 570.6269 2537.8141
III 115.7939 118.4746 145.8264 154.0497 202.1168
IV 109.5687 110.6917 201.1054 232.9688 397.7267
V 114.0903 119.3309 140.6372 144.7726 173.984
VI 138.4568 142.9138 151.6736 234.3332 443.2624
VII 108.1919 108.9213 121.7942 125.9482 126.8392

Table 7: PRE(ȳR, .) values of estimator.

Pop. ȳcomp ȳRe ȳdr TP
I 106.6864 159.2354 162.7045 199.7159
II 100.0328 162.8088 363.6704 1617.3927
III 102.3151 125.9362 133.0378 174.5488
IV 101.0249 183.5428 212.6236 362.993
V 104.5933 123.2683 126.8929 152.4967
VI 103.2191 109.5458 169.2464 320.145
VII 100.6742 112.5723 116.4119 117.2353

Table 8: PRE(ȳcomp, .) values of estimator.

Pop. ȳRe ȳdr TP
I 149.2556 152.5073 187.1991
II 162.7554 363.5511 1616.862
III 123.0867 130.0276 170.5993
IV 181.6807 210.4664 359.3103
V 117.8548 121.3203 145.7996
VI 106.1294 163.9682 310.1607
VII 111.8185 115.6323 116.4503

consistently outperforms the sample mean, ratio, and compromised estimators across all populations
considered.

2. The uniformly higher PRE values confirm that the proposed estimator achieves a substantial re-
duction in MSE and maintains strong performance across diverse population structures.

3. For all populations, the MSE increases as the non-response rate rises from 5% to 15% for each
estimator under consideration. This pattern is expected, since higher non-response rates reduce the
effective sample size and lead to increased variability.

4. However, the magnitude of the MSE increase differs notably among the estimators, highlighting
variations in their robustness to non-response.
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Figure 1: MSE comparison to non-response rate
for population I.

Figure 2: MSE comparison to non-response rate
for population II.

Figure 3: MSE comparison to non-response rate
for population III. Figure 4: MSE comparison to non-response rate

for population IV.

Figure 5: MSE comparison to non-response rate
for population V.

Figure 6: MSE comparison to non-response rate
for population VI.

1. The numerical results and graphical analyses jointly confirm that the proposed estimator Tp con-
sistently outperforms the mean, ratio, and compromised estimators in terms of efficiency.
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Figure 7: MSE comparison to non-response rate for population VII.

2. The estimator Tp not only achieves the minimum theoretical mean squared error (MSE) but also
demonstrates superior empirical performance across varying non-response rates.

3. These findings provide strong evidence of the practical applicability of the proposed estimator in
real-world survey settings, where non-response is inevitable.

4 Conclusions
This study proposes a generalized class of ratio-type estimators for estimating the population mean by
effectively incorporating auxiliary information. The proposed class includes several existing estimators as
special cases and allows for the determination of optimal parameter values based on the minimum MSE
criterion. Under these optimal conditions, the proposed estimators attain identical MSEs.

Theoretical analysis establishes that the proposed estimator achieves a lower MSE than the tradi-
tional sample mean, ratio, and compromised estimators. These findings are further supported by an
empirical investigation based on PRE measures, which consistently demonstrates the superior efficiency
and robustness of the proposed estimator across different populations and varying non-response rates.

Overall, the results confirm the practical usefulness of the proposed methodology in survey sampling
applications where auxiliary information is available and non-response is unavoidable. The analysis in
this paper is restricted to first-order approximations under simple random sampling. Future research may
extend the proposed framework to more complex sampling designs, such as stratified and multi-phase
sampling, and examine its performance in the presence of non-response and measurement errors. In
addition, the methodology may be adapted for estimating other population parameters, including the
median, variance, proportion, and related characteristics.
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Abstract. A new family of distributions indexed by the class of matrix-variate elliptically contoured
distributions is proposed, extending several known bimatrix-variate models. These multimatrix-variate
distributions open new perspectives in classical distribution theory, which is typically grounded in proba-
bilistic independence assumptions and frequently relies on unverified fitting laws. Most of the multimatrix
models derived here are invariant under the spherical family, a property that facilitates inference and
reduces the need for prior specification of the underlying distributions. This invariance clarifies the statis-
tical methodology and addresses certain limitations present in existing approaches, such as copula-based
models. The paper also presents a variety of special cases, fundamental properties, and generalizations.
The proposed joint distributions allow flexible combinations across scalars, vectors, and matrices, mak-
ing them adaptable to complex modeling requirements. Moreover, they are computationally tractable,
enabling a wide range of practical applications. In particular, we provide a comprehensive example in
molecular docking for SARS-CoV-2, illustrating the analysis of matrix-dependent samples.

Keywords: Bimatrix variate, Matricvariate, Matrix variate, Matrix variate elliptically contoured distributions,
Random matrices.

Mathematics Subject Classification (2020): 62H10, 62E15, 60E05.

1 Introduction
The modern world and its paradigms for understanding natural phenomena increasingly demand holistic
solutions that involve the consensus of multiple sciences. The so-termed new way of doing science, the
scientific computing, is based on the postulate that the phenomena of post modernity intertwine mul-
tiple dependencies between knowledge and variables. The paradox of the butterfly’s flapping effect, for
example, confirms that the independence of events in a modelable scientific phenomenon is increasingly
difficult to accept in the scientific community. From the epistemological point of view, a construct of

∗Corresponding author
Received: 19 August 2025 / Revised: 27 January 2026 / Accepted: 16 February 2026

https://doi.org/10.22067/smps.2026.94999.1050

The Author(s). This is an open access article under CC BY 4.0.



14 José A. Díaz-García and Francisco J. Caro-Lopera

independent variables immensely distances reality from the model that seeks to explain it. Unless an ex-
pert manages to completely isolate its universe of explanatory variables of a phenomenon and has proven
certainty of its independence, it is generally difficult from the usual theory to arrive at an explanation of
the interrelationship in question. Chaos theory and the divergence of non-deterministic phenomena bring
modern statistics closer to the elucidation of techniques increasingly in line with the divergent and inte-
grated thinking of the expert. Initially, statistics moved away from interdisciplinary work with science,
assuming theories based on probabilistic independence due to the great convenience in the computational
solution. Such is the case of the well-known linear models, where the assumption of independent variables
allows results as powerful, but difficult to achieve in reality, such as the Gauss-Markov theorem. But per-
haps the example of greatest mathematical convenience and widely disseminated in statistics corresponds
to the information from probabilistically independent samples that immensely facilitate a definition of
tractable likelihood formed by the simple product of the probability densities of each variable. Experts,
who deep down know of a high dependence on the samples of their experiments, have had no alternative
but to use classical likelihood to approximate the highly dependent phenomena that emerge from their
laboratories. A more robust modeling of the real world undoubtedly requires greater planning and sta-
tistical analysis of experiments in an interdisciplinary dialogue with the expert, who dictates the main
postulates of the phenomena they are trying to decipher. In this sense, statistics does not command
decisions and applications, but rather realistically guides the solution that the expert guides. Instead
of establishing its classic postulates about independence, normality, estimability, linearity, it seeks to
resolve the paradigms that emerge from modern modeling; methodological proposals that increasingly
speak of the opposite: dependence, skewed or non-Gaussian distributions, functions of multiple local
minima or maxima, nonlinearity and nonparametric statistics, etc. In response to these requirements,
statistics has proposed separate theories of great complexity, but they are still not very popular and
only exist in the literature that is also frequented by statisticians, not by users of other sciences. The
best example speaks of normality, which, like the independence of variables, is almost never met. The
normal model has been replaced by elliptical contour distributions, allowing probability distributions to
be considered with heavier and lighter tails and a greater or lesser degree of kurtosis, among other signif-
icant characteristics. Although a major problem emerges when the underlying distribution is not known
a priori, then the decision is left to adjustment criteria, without any explanation from expert science. In
this context, invariances under complete families of distributions emerge of utmost importance, so that
the results are applied regardless of knowledge of the base distribution.

In some experiments and phenomena where more than one random variable is studied, say X e Y , it is
assumed that these variables are probabilistically independent with densities dFX (x) and dGY (y). Then,
if we are interested in the joint density of X and Y , this reduces to the elementary product dFX (x)dGY (y).
However, as we have said, modern chaos theories and divergent modeling of complex holistic problems
warn against this assumption of independence, in which case finding the joint density is not an easy task.
For example, in a study of climatological data it is of interest to study the random variables associated
with temperature and precipitation. For practical purposes these variables are considered independent,
with normal and gamma distributions, respectively. But it is known that the temperature and pre-
cipitation are not probabilistically independent random variables. Then we open the question about a
joint distribution of X and Y when the variables are not probabilistically independent. Furthermore,
it would be desirable that given the joint density function of the probabilistically dependent variables
X and Y , the corresponding marginal distributions of the random variables X and Y were the marginal
distributions that are usually assumed under independence. For the univariate case, several bivariate
distributions have been studied by different authors, the models include gamma-beta, gamma-gamma,
beta-beta among others. They have found applications in problems of hydrology, finance and other ar-
eas disciplines, see Libby and Novick (1982), Chen and Novick (1984), Nadarajah (2007, 2013), Olkin
and Liu (2003) and Sarabia et al. (2014) and references therein. In general, in these works, joint dis-
tributions of dependent random variables are constructed, making changes of variables on independent
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random variables. From the matrix point of view bimatrix variate type distribution have been studied
by several authors, see Olkin and Rubin (1964), Díaz-García, and Gutiérrez-Jáimez (2010a,b, 2011), and
Bekker et al. (2011) among others. Ehlers (2011) presents a very complete exposition of the advances
in matrix variate case up to that moment. The authors have studied this problem for scalar and vector
cases in Díaz-García et al. (2022) and a matrix case in the multimatricvariate version in Díaz-García and
Caro-Lopera (2022). Finally, a multimatrix theory that solves the previous problem but that cannot be
computed would add to the hundreds of theoretical results in matrix analysis developed in the last 70
years. Then we expect that the joint distribution functions of several matrices are free of approximations
and truncation of complex series of polynomials of matrix arguments.

The above discussion is placed in the present article by proposing a new method to establish com-
putable joint density functions of two or more random matrices, which shall be termed multimatrix variate
distributions, such that the corresponding marginal distributions are known. Section 1 establishes the
notation to be used and some preliminary results on the calculation of Jacobians and some integrals
of interest as well as the definition of the matrix variate elliptically contoured distributions. The main
distributional results are collected in Section 2. Some related distributions of multimatrix variate distri-
butions and particular generalisations are obtained in Section 3. Finally, Section 4 provides a dependent
sample emergent from a problem of molecular docking into a new cavity of SARS-CoV-2. In particular,
the joint distribution of the dependent sample is estimated by a simple optimisation routine.

2 Preliminary results
Matrix notations, matrix variate elliptically contoured distributions, and Jacobians are presented in this
section. First, we start with notations and terminologies. A ∈ ℜn×m denotes a matrix with n rows and
m columns; A′ ∈ ℜm×n is the transpose matrix, and if A ∈ ℜn×n has an inverse, it shall be denoted by
A−1 ∈ ℜn×n. A ∈ ℜn×n is a symmetric matrix if A = A′. If all their eigenvalues are positive then A is a
positive definite matrix, a fact denoted as A > 0. An identity matrix shall be denoted by I ∈ ℜn×n. To
specify the size of the identity, we shall use In. tr(A) denotes the trace of matrix A ∈ ℜm×m. If A ∈ ℜn×m

then by vec(A) we mean the mn×1 vector formed by stacking the columns of A under each other; that
is, if A = [a1a2 . . .am], where a j ∈ ℜn×1 for j = 1,2, . . . ,m

vec(A) =


a1
a2
...

am

 .
The Frobenius norm of a matrix A shall be denoted as ||A||. Typically the Frobenius norm is denoted as
||A||F , to differentiate it from other matrix norms. Since we shall use only the Frobenius norm, it just be
denoted as ||A||. It is defined by

||A||=
√

tr(A′A) =
√

vec′(A)vec(A).

Finally, Vm,n denotes the Stiefel manifold, the space of all matrices H1 ∈ ℜn×m (n ≥ m) with orthogonal
columns, that is, Vm,n = {H1 ∈ ℜn×m;H′

1H1 = Im}. In addition, if (H′
1dH1) defines an invariant measure

on the Stiefel manifold Vm,n, from Theorem 2.1.15, p. 70 in Muirhead (2005),∫
Vm,n

(H′
1dH1) =

2mπmn/2

Γm[n/2]
, (1)

Goodall and Mardia (1993) proposed the term matrix multivariate instead of matrix variate, commonly used in multi-
variate analysis literature, Gupta and Varga (1993), among many other authors. The term matricvariate was introducing
by Dickey (1967) to distinguish between the two possible expressions of the density matrix multivariate T -distribution. A
detail explanation about this topic is given in (Díaz-García, and Gutiérrez-Jáimez, 2006, see Section 3).
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where Γm[a] denotes the multivariate gamma function, see (Muirhead, 2005, Definiton 2.1.10, p. 61)
Next a result about Jacobians is derived.

Theorem 1. Suppose that X ∈ ℜn×m and Y ∈ ℜn×m are matrices with mathematically independent ele-
ments.

i) Let Y = (1− trX′X)−1/2X. Then

(dY) = (1− trX′X)−(nm/2+1)(dX).

ii) If X = (1+ trY′Y)−1/2Y, we have

(dX) = (1+ trY′Y)−(nm/2+1)(dY).

Proof. i) The proof follows from Theorem 1 in Díaz-García et al. (2022), observing that Y = (1 −
trX′X)−1/2X can be written as y = (1− x′x)−1/2x, where x = vecX ∈ ℜmn and y = vecY ∈ ℜmn. ii). Its
proof is analogous to one given for i).

Now, let V ∈ ℜN×m random matrix with a matrix variate elliptically contoured distribution with
respect to the Lebesgue measure (dV). Therefore its density function is given by

dFV(V) = |Σ|−N/2|Θ|−m/2h
{

tr
[
(V−µ)

′
Σ−1(V−µ)Θ−1

]}
(dV). (2)

The location parameter is µ ∈ ℜN×m; and the scale parameters Σ ∈ ℜN×N and Θ ∈ ℜm×m, are positive
definite matrices. The distribution shall be denoted by V ∼ EN×m(µ,Σ,Θ;h), and indexed by the kernel
function h: ℜ → [0,∞), where ∫ ∞

0
uNm/2−1h(u)du < ∞.

When µ = 0, Σ = IN and Θ = Im a special case of a matrix variate elliptically contoured distribution
appears, in this case it is said that V has a matrix variate spherical distribution.

Note that for constant a ∈ ℜ, the substitution v = u/a and (du) = a(dv) in (Fang et al., 1990, Equation
2.21, p. 26) provides that ∫

v>0
vNm/2−1h(av)(dv) =

a−Nm/2Γ1[Nm/2]
πNm/2 . (3)

3 Multimatrix variate distributions
Assume that X ∼ EN×m(0,IN ,Im;h), such that n0 + n1 + · · ·+ nk = N, and X =

(
X′

0,X
′
1, . . . ,X

′
k

)′. Then (2)
can be written as

dFX0,X1,...,Xk(X1, . . . ,Xk) = h[tr(X′
0X0 +X′

1X1 + · · ·+X′
kXk)]

k∧
i=0

(dXi), (4)

or in terms of the Frobenius norm, we can rewrite (4) as

dFX0,X1,...,Xk(X1, . . . ,Xk) = h
(
||X0||2 + ||X1||2 + · · ·+ ||Xk||2

) k∧
i=0

(dXi),

where Xi ∈ ℜni×m, ni ≥ m ≥ 1, i = 0,1, . . . ,k. Note that the random matrices X0,X1, . . . ,Xk are probabilis-
tically dependent. Furthermore, only under a matrix variate normal distribution, the random matrices
are independent, see Fang and Zhang (1990).
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Analogously to (Díaz-García et al., 2022, Equation 4.2) but now defining Vi = ||Xi||2, i = 0,1, . . . ,k, it
is obtained

dFV0,...,Vk(v0, . . . ,vk) =
πNm/2

k

∏
i=0

Γ [nim/2]

h

(
k

∑
i=0

vi

)
k

∏
i=0

vnim/2−1
i

k∧
i=0

(dui),

where N = n0+ · · ·+nk, this distribution shall be termed multivariate generalised gamma distribution and
its univariate case (i = 0) shall be termed generalised gamma distribution.

Theorem 2. Suppose that X =
(
X′

0, . . . ,X
′
k

)′ has a matrix variate spherical distribution, with Xi ∈ ℜni×m,
ni ≥ m, i = 0,1, . . . ,k. Define V = ||X0||2. Then, the joint density dFV,X1,...,Xk(v,X1, . . . ,Xk) is given by

πn0m/2

Γ1[n0m/2]
h

[
v+

k

∑
i=1

||Xi||2
]

vn0m/2−1(dv)
k∧

i=1

(dXi) , (5)

where V > 0. This distribution shall be termed multimatrix variate generalised gamma-elliptical distribu-
tion.

Proof. We have that

dFX0,X1,...,Xk(X1, . . . ,Xk) = h
(
||X0||2 + ||X1||2 + · · ·+ ||Xk||2

) k∧
i=0

(dXi).

Define V = ||X0||2 and from (Muirhead, 2005, Theorem 2.1.14, p. 65), we have that

(dX0) = 2−1vn0m/2−1(dv)∧ (h1dh1),

where h1 ∈ V1,n0m. Thus, the joint density of V,h1,X1, . . . ,Xk is

vn0m/2−1

2
h
(
v+ ||X1||2 + · · ·+ ||Xk||2

)
(dv)∧ (h1dh1)

k∧
i=1

(dXi).

Integration over h1 ∈ V1,n0m by using (1) gives the required result.

Theorem 3. Assume that X =
(
X′

0, . . . ,X
′
k

)′ has a matrix variate spherical distribution, with Xi ∈
ℜni×m, ni ≥ m, i = 0,1, . . . ,k. Define V = ||X0||2 and Ti = V−1/2Xi, i = 1, . . . ,k. The joint density
dFV,T1,...,Tk(v,T1, . . . ,Tk) is given by

πn0m/2

Γ1[n0m/2]
h

[
v

(
1+

k

∑
i=1

||Ti||2
)]

vNm/2−1(dv)
k∧

i=1

(dTi) , (6)

where N = n0+n1+ · · ·+nk, V > 0 and Ti ∈ℜni×m, i= 1, . . . ,k. This distribution shall be termed multimatrix
variate generalised gamma-Pearson type VII distribution. Moreover, the termed multimatrix variate
Pearson type VII is the marginal density dFT1,...,Tk(T1, . . . ,Tk) of T1, . . . ,Tk and is given by

Γ1[Nm/2]
π(N−n0)m/2Γ1[n0m/2]

(
1+

k

∑
i=1

||Ti||2
)−Nm/2 k∧

i=1

(dTi) , (7)

where Ti ∈ ℜni×m, ni ≥ m and N = n0 +n1 + · · ·+nk.
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Proof. The density (6) follows from (5) by defining Ti =V−1/2Xi, i = 1, . . . ,k. Hence by (Muirhead, 2005,
Theorem 2.1.4, p. 57), we have

k∧
i=1

(dXi) =
k

∏
i=1

vnim/2
k∧

i=1

(dTi).

And then the required result follows. Now, integrating (6) over V > 0, by using (3), provides the density
(7).

Theorem 4. Suppose that X =
(
X′

0, . . . ,X
′
k

)′ has a matrix variate spherical distribution, with Xi ∈ ℜni×m,
ni ≥ m, i = 0,1, . . . ,k. Define V = ||X0||2 and Ri =

(
V + ||Xi||2

)−1/2 Xi, i = 1, . . . ,k. Then the joint density
of V,R1, . . . ,Rk, denoted as dFV,R1,...,Rk(v,R1, . . . ,Rk), is given by

πn0m/2

Γ1[n0m/2]
vNm/2−1h

[
v

(
1+

k

∑
i=1

||Ri||2

(1−||Ri||2)

)]
k

∏
i=1

(
1−||Ri||2

)−nim/2−1
(dv)

k∧
i=1

(dRi) , (8)

where N = n0 +n1 + · · ·+nk, V > 0 and Ri ∈ ℜni×m, and ||Ri||2 ≤ 1 i = 1, . . . ,k. This distribution shall be
termed multimatrix variate generalised gamma-Pearson type II distribution. Also, the marginal density
dFR1,...,Rk(R1, . . . ,Rk) is

Γ1[Nm/2]
π(N−n0)m/2Γ1[n0m/2]

[
1+

k

∑
i=1

||Ri||2

(1−||Ri||2)

]−Nm/2 k

∏
i=1

(
1−||Ri||2

)−nim/2−1
k∧

i=1

(dRi) , (9)

which shall be termed multimatrix variate Pearson type II distribution.

Proof. Consider the substitution Ti = (1−||Ri||2)−1/2Ri, i = 1, . . . ,k in (6), hence by Theorem 1,

k∧
i=1

(dTi) =
k

∏
i=1

(
1−||Ri||2

)−nim/2−1
k∧

i=1

(dRi) ,

and the desired result follows. Now (9) follows by integration of (8) over V > 0 via (3).

Theorem 5. Consider the hypotheses of Theorem 3 and define Fi = T′
iTi > 0, i = 1, . . . ,k. Then the joint

density dFV,F1,...,Fk(v,F1, . . . ,Fk) is given by

πNm/2vNm/2−1

Γ1[n0m/2]

k

∏
i=1

(
|Fi|(ni−m−1)/2

Γm[ni/2]

)
h

[
v

(
1+

k

∑
i=1

trFi

)]
(dv)

k∧
i=1

(dFi) . (10)

This distribution shall be termed multimatrix variate generalised gamma-beta type II distribution.
The corresponding marginal density function dFF1,...,Fk(F1, . . . ,Fk) is given by

Γ1[Nm/2]

Γ1[n0m/2]
k

∏
i=1

Γm[ni/2]

k

∏
i=1

|Fi|(ni−m−1)/2

(
1+

k

∑
i=1

trFi

)−Nm/2 k∧
i=1

(dFi) , (11)

and shall be termed multimatrix variate beta type II distribution.

Proof. Joint density functions (10) and (11) follow from substitutions Fi = T′
iTi, i = 1, . . . ,k in (6) and

(7), respectively. First, note that (Muirhead, 2005, Theorem 2.1.14, p. 66) provides

k∧
i=1

(dTi) = 2−mk
k

∏
i=1

|Fi|(ni−m−1)/2
k∧

i=1

(dFi)
k∧

i=1

(
H′

1i
dH1i

)
,
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where H1i ∈ Vni,m, i = 1, . . . ,k. Hence, integrating over H1i ∈ Vni,m i = 1, . . . ,k by (1) turns∫
H11

· · ·
∫

H1k

k∧
i=1

(
H′

1i
dH1i

)
=

2mkπ(N−n0)m/2

k

∏
i=1

Γm[ni/2]

,

and the required result is derived.

A particular case of the density function (11) is proposed in (Muirhead, 2005, Problem 3.18, p.118).
Theorem 6. Assuming that Bi = R′

iRi > 0 and trBi ≤ 1 with i = 1, . . . ,k, in Theorem 4. Then the joint
density dFV,B1,...,Bk(v,B1, . . . ,Bk) is

πNm/2 vNm/2−1

Γ1[n0m/2]

k

∏
i=1

(
|Bi|(ni−m−1)/2

Γm[ni/2]

)
h

[
v

(
1+

k

∑
i=1

trBi

(1− trBi)

)]
k

∏
i=1

(1− trBi)
−nim/2−1 (dv)

k∧
i=1

(dBi) .

This distribution shall be termed multimatrix variate generalised gamma-beta type I distribution. More-
over, the density function dFB1,...,Bk(B1, . . . ,Bk) can written as

Γ1[Nm/2]
Γ1[n0m/2]

k

∏
i=1

(
|Bi|(ni−m−1)/2

Γm[ni/2]

)[
1+

k

∑
i=1

trBi

(1− trBi)

]−Nm/2 k

∏
i=1

(1− trBi)
−nim/2−1

k∧
i=1

(dBi) ,

and this marginal distribution shall be called multimatrix variate beta type I distribution.
Proof. A similar procedure to the proof of Theorem 5 can be applied here. Just consider the joint
density functions (8) and (9) under the change of variable Bi = R′

iRi with i = 1, . . . ,k, and the derivation
is complete.

Finally, we have the following result.
Theorem 7. Assume that X =

(
X′

0, . . . ,X
′
k

)′ has a matrix variate spherical distribution, with Xi ∈ ℜni×m,
ni ≥ m, i = 0,1, . . . ,k. Define V = ||X0||2 and Wi = X′

iXi > 0, i = 1, . . . ,k.
Then, the joint density dFV,W1,...,Wk(v,W1, . . . ,Wk) is given by

πNm/2vn0m/2−1

Γ1[n0m/2]

k

∏
i=1

(
|Wi|(ni−m−1)/2

Γm[ni/2]

)
h

[
v+

k

∑
i=1

trWi

]
(dv)

k∧
i=1

(dWi) , (12)

where V > 0. This distribution shall be termed multimatrix variate generalised gamma - generalised
Wishart distribution.
Similarly, let Wi = X′

iXi > 0, i = 1, . . . ,k. Therefore, the joint density dFW1,...,Wk(W1, . . . ,Wk) is

π(N−n0)m/2

(
k

∏
i=1

|Wi|(ni−m−1)/2

Γm[ni/2]

)
h

(
tr

k

∑
i=1

Wi

)
k∧

i=1

(dWi) . (13)

Proof. From Theorem 2 we have

πn0m/2

Γ1[n0m/2]
h

[
v+

k

∑
i=1

||Xi||2
]

vn0m/2−1(dv)
k∧

i=1

(dXi) .

Defining Wi = X′
iXi with i = 1, . . . ,k and proceeding as in the proof of Theorem 5, the result (12) is

immediate. (13) is obtained in Díaz-García and Caro-Lopera (2022).

Several multivariate density functions studied in the statistical literature are obtained as particular
cases of the distributions proposed in this section. For example the distribution proposed in (Muirhead,
2005, Problem 3.18, p.118) and the distributions in (Gupta and Varga, 1993, Subsections 2.7.3.2 and
2.7.3.3, p. 54).
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4 Some properties and generalization
This section focus on multimatrix variate distributions for two and three matrix arguments. Additionally,
if the matrix arguments are non-singular, the corresponding inverse distributions are also obtained.
Despite a laborious task, the proposed novel method can consider several marginal distributions. The
content of the section is an useful combination for multiple possible uses in real phenomena guide by
experts with the corresponding previous knowledge of the marginal distributions.
Theorem 8. Assume that X = (X′

0,X
′
1,X

′
2)

′ has a matrix variate spherical distribution, with Xi ∈ ℜni×m,
ni ≥ m, i = 0,1,2. Define V = ||X0||2, T = V−1/2X1, and R = (V + ||X2||)−1/2X2. The joint density
dFV,T,R(v,T,R) is given by

πn0m/2vNm/2−1

Γ1[n0m/2]
h
{

v
[
1+
(
1−||R||2

)
||T||2

]}(
1−||R||2

)(n0+n1)m/2−1
(dv)∧dT)∧dR). (14)

where N = n0 + n1 + n2, V > 0, T ∈ ℜn1×m, R ∈ ℜn2×m and ||R||2 ≤ 1. This distribution shall be termed
threematrix variate generalized gamma-Pearson type VII - Pearson type II distribution. Moreover, the
termed bimatrix variate Pearson type VII - Pearson type II distribution is the marginal density dFT,R(T,R)
of T,R and is given by

Γ1[Nm/2]
π(N−n0)m/2Γ1[n0m/2]

[
(1+

(
1−||R||2

)
||T||2

]−Nm/2 (
1−||R||2

)(n0+n1)m/2−1
(dT)∧dR). (15)

Proof. By Theorem 2

πn0m/2

Γ1[n0m/2]
h
[
v+ ||X1||2 + ||X2||2

]
vn0m/2−1(dv)∧ (dX1)∧ (dX2) ,

where V = ||X0||2 > 0. Let V0 = V + ||X2||2, T = V−1/2X1, and R = (V + ||X2||)−1/2X2. Hence V = V0 −
||X2||2 =V0−||V0R2||2 =V0(1−||R||2), T= [V0(1−||R||2)]−1/2X1, and R=V−1/2

0 X2. Therefore, (dv) = (dv0)
and

(dv)∧ (dX1)∧ (dX2) = v(n1+n2)m/2
0 (1−||R||2)n1m/2(dv0)∧ (dT)∧ (dR) ,

thus the desired result is obtained. The density (15) is achieved by integrating (14) over V > 0 via (3).

Corollary 1. Under the hypotheses of Theorem 8, define F = T′T > 0 and B = R′R > 0. Then the joint
density function dFv,F,B(V,F,B) can be written as

πNm/2vNm/2−1|F|(n1−m−1)/2|B|(n2−m−1)/2

Γ1[n0m/2]Γm[n1/2]Γm[n2m/2]
h{v [1+(1− trB) trF]}(1− trB)(n0+n1)m/2−1 (dv)∧dF)∧dB). (16)

This distribution shall be termed threematrix variate generalised gamma - beta type II - beta type I
distribution. And the corresponding marginal density function dFF,B(F,B) is given by

Γ1[Nm/2]|F|(n1−m−1)/2|B|(n2−m−1)/2

Γ1[n0m/2]Γm[n1/2]Γm[n2m/2]
[1+(1− trB) trF]−Nm/2 (1− trB)(n0+n1)m/2−1 (dF)∧dB), (17)

a distribution that shall be called bimatrix variate beta type II - beta type I distribution.
Proof. Results (16) and (17) follow from (14) and (15), respectively, by substitutions F=T′T and B=R′R
and the use of (Muirhead, 2005, Theorem 2.1.14, p. 66). Thus,

(dT)∧dR) = 2−2m|F|(n1−m−1)/2|B|(n2−m−1)/2(dF)∧dB)
2∧

i=1

(
H′

1i
dH1i

)
.

Then, the demonstration is complete after a repeated implementation of (1).
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Note that different families of distributions can be obtained by replicating the procedure of Theorem
8. For example, if the change of variable on X2 is not carried out the corresponding distribution obtained
can be termed threematrix variate generalized gamma-elliptical-Pearson type II distribution, and so on.
Moreover, if n2 = 1 is set in Theorem 8, the corresponding distribution can be termed threematrix variate
generalised gamma-Pearson type VII-vector Pearson type II distribution, a fact that shows the versatility
of the method proposed in this paper. In this case, a simultaneous model can involve a random variable
V , a random matrix T and a random vector r =V−1/2x2.

In addition, when the multimatrix variate distributions involve non singular matrix arguments, we
can find their inverse distribution (or if their arguments are rectangular or singular matrices, we can
propose their corresponding generalise inverse distributions). For the distribution defined in Corollary 1,
there are different possible multimatrix variate inverse distributions according to the selected argument
combination of 1, 2 or 3 matrices. The following case exhibits the inverse when the three arguments are
considered.
Theorem 9. Assume the hypotheses of the Corollary 9 and define W =V−1, A = F−1 and U = B−1. Then
the joint density dFW,A,U(w,A,U) can be written as

πNm/2vNm/2−1|A|−n1/2|U|−n2/2

Γ1[n0m/2]Γm[n1/2]Γm[n2m/2]
h
{

w−1 [1+ (1− trU−1) trA−1]}(1− trU−1)(n0+n1)m/2−1
(dw)∧dA)∧dU). (18)

This distribution shall be called threematrix variate inverse generalised gamma-inverse beta type II -
inverse beta type I distribution. And the marginal density function dFA,U(A,U) is given by

Γ1[Nm/2]|A|−n1/2|U|−n2/2

Γ1[n0m/2]Γm[n1/2]Γm[n2m/2]
[
1+
(
1− trU−1) trA−1]−Nm/2 (

1− trU−1)(n0+n1)m/2−1
(dA)∧dU). (19)

A distribution that shall be termed bimatrix variate inverse beta type II - inverse beta type I distribution.
Proof. The density functions (18) and (19) are achieved from (16) and (17) by defining W =V−1, A = F−1

and U = B−1 and by applying (Muirhead, 2005, Theorem 2.1.8, p. 59).

Observe that the parameter domain of the multimatrix variate distributions can be extended to the
complex or real fields. However their geometrical and/or statistical explication perhaps can be lost. These
distributions are valid if we replace ni/2 by ai, n0m/2 by a0 and Nm/2 by a. Where the a′s are complex
numbers with positive real part. From a practical point of view for parametric estimation, this domain
extension allows the use of nonlinear optimisation rather integer nonlinear optimisation, among other
possibilities.

Moreover, note that each particular distribution is indexed by a kernel h(·) which defines itself another
family of distributions. This opens a wide set of possible distributions available for an expert according
to a preferred knowledge of a plausible h(·).

Finally, each distribution can be re-parametrized in order to reach no isotropy or general settings
of its density function. In analogy with the normal case, the expressions obtained here appear in their
standard form. However, perform the substitution Ti = A−1

i (Si −µi)B−1
i /

√
ri in (7); where Ai ∈ ℜni×ni ,

Bi ∈ ℜm×m are non-singular matrices such that Σi = A′
iAi > 0 and Θi = BiB′

i > 0, µi ∈ ℜni×m and ri > 0,
i = 1, . . . ,k. Then by (Muirhead, 2005, Theorem 2.1.5, p. 58), we obtain

(dTi) = r−nim/2
i |Σi|−m/2|Θi|−ni/2(dSi).

And finally, the density dFS1,...,Sk(S1, . . . ,Sk) can be written in the robust form

Γ1[Nm/2]

π(N−n0)m/2Γ1[n0m/2]

(
k

∏
i=1

rnim/2
i |Σi|m/2|Θi|ni/2

) [1+ tr
k

∑
i=1

(Si −µi)
′Σ−1

i (Si −µi)Θ
−1
i

]−Nm/2 k∧
i=1

(dSi) . (20)
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Observe that the particular values k = 1, and Nm/2 = q, (N = n0 +n1), turns (20) into the matrix variate
Pearson type VII distribution, see (Gupta and Varga, 1993, Subsection 2.7.3.2, p. 54). And setting
q = (n1m+ r)/2 in the preceding density, then the matrix variate T-distribution with r degrees of freedom
is achieved. Furthermore, taking r = 1 in the last density, then the matrix variate Cauchy distribution is
obtained.

5 Application of molecular docking in SARS-CoV-2
Statistical applications supported by real data are usually difficult because the computation and un-
derlying mathematical context force simplifications. Restrictions often related with inference based on
independent sample information. It is extremely rare in nature to find time (space) probabilistic in-
dependent experiments. The most challenging problems in several areas are dependent in time and-or
space. Some of them, such world pandemic situations are crucial and precise of urgent solutions. When
a virus as SARS-CoV-2 arrives, a drug design is reacquired in a record time in order to avoid millions of
deaths worldwide. A simplification of the docking problem involves two main steps: identify a target in
the virus-protein, usually called pocket, and obtain a molecule (termed ligand) which must be place into
an adequate site of the virus, for inhibiting its deathly activity. The target usually contains thousand
of atoms with hundreds of possible unknown pockets were the small ligand can be placed. Discover the
pocket and place the ligand is a colossal task for a human, however, the use of artificial intelligence can
provide suitable sites to be considered by the biologist. Recently, a non conventional artificial intelligence
method was provided in Ramirez et al. (2022) by a suitable recent discipline termed shape theory. The
docking problem requires the use of certain invariance as translation, rotation and scaling, in order to
avoid unnecessary computations. Instead of using the noisy Euclidean space latent in the classical arti-
ficial intelligence, the search is performed in quotient spaces with the demand symmetries. In this case,
shape theory was applied in molecular docking for an automatic localization of ligand binding pockets
in large proteins. The docking phenomena is modeled in Ramirez et al. (2022) by a physics chemistry
punctuation function based on Lennard-Jones potential type 6−12 and 6−10. It includes the expected
time dependence where the matrix representation at each state of the pocket-ligand goes into more stable
and optimal low energy. Then the probabilistic dependent sample records n matrices in time ordered by
a decreasing Lennard-Jones potential until the convergence is reached and the docking is stable. For this
example, we have used the crystal structure of COVID-19 main protease an its inhibitor N3 due to Jin
et al. (2020) and Liu et al. (2020). The protein consists of 2387 atoms and the ligand is constituted by
21 atoms. Once (Ramirez et al., 2022, Th. Sec. 3.) is applied, a plausible pocket is reached and the
ligand is rotated rigidly into the cavity, until the energy is stabilized. In this case, k = 56 locations of the
ligand are dependently obtained inside a new cavity of 241 atoms. Figure 1 shows the dependent sample
for this example, they constitutes 21×3 matrices Ti, i = 1, . . . ,56.

Hence the sample matrices Fi =T′
iTi shall be the core for estimation of the parameters in the likelihood,

corresponding to the joint distribution of Fi in equation (11).
In this example, we consider a parameter space extension, from ni/2, i = 0, . . . ,56 to corresponding

positive reals ai, i = 0, . . . ,56. Then the optimisation problem is reduced to find the maximum likelihood
estimators of a0, and a = a1 = · · ·= a56 in the following dependent sample joint distribution:

Γ1[(a0 + ka)m]

Γ1[a0m]Γk
m[a]

k

∏
i=1

|Fi|a−
m+1

2

(
1+

k

∑
i=1

trFi

)−(a0+ka)m

.

For computations we have used the free licensed software R. The optimisation routine is performed in
the package Optimx. The following estimation is obtained consistently by several methods and different
random seeds for the initial parameters:

a0 = 0.34397,a = 0.19735
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Figure 1: Dependent sample of 56 movements of the rigid ligand N3 with 21 atoms inside a new cavity
of 241 atoms found on SARS-CoV-2 main protease. For illustration, the ligand is oversized respect the
cavity (gray); their 21 atoms are colored as red (C), green (N), blue (O). The animation shows the
progressive optimisation of the molecular docking according to a decreasing Lennard-Jones potential.
First a positive energy indicates that the coupling is repulsive, however it is diminishing until negative
values of strong affinity are reached and stabilized into an attractive complex ligand-pocket.

This estimation is also important because the invariance of the likelihood, under the complete family
of spherical distribution, avoids the difficult a priori knowledge of the underlying model. Also, no fitting
test is required. Note that the usual estimation based on an independent sample can not be applied here
because the molecular docking is reached by the calibration of the Lennard-Jones potential which was
set by the expert as a decreasing function of the dependent locus in the ligand.

In order to provide the consistency of the method in multiple scenarios, we compute an exhaustive
optimization under a large set of models based on different samples. We have shown the estimation of
the model for the 56 time-dependent molecular docking; we now consider the influence of each time by
removing it from the experiment. In that case 56 models are estimated and the extremely very similar
results can be seen in cluster 1 (black) of Figure 2 and Table 1.

If we define w as the number of extractions in the complete set of 56 dependent-time molecular
docking, then after considering the provided estimations for w = 0 and w = 1, we now study all the
plausible 56!

(56−2)!2! = 1540 models for w = 2. Again the results behave as we expect, the maximal log
likelihood decreases because the sample information is reduced, but 99% confidence intervals for â0
and â perform properly. According to Table 1, the resolution of the 1540 points is so narrow that
cluster 2 (red) of Figure 2 seems to be a point. The cluster location sustains the preceding two es-
timations, as we expect. For w = 3 extraction, we have the large amount of 56!

(56−3)!3! = 27720 possi-
ble combinations; Table 1 and reduced cluster 3 (green) of Figure 2 mantains the tendency. Finally,
for w = 4,5, . . . ,28 the computations are colosal to be performed in the simple PC used for optimiza-
tion, then we have studied all the ordered successive set of extractions from the following way. For
w = 4, (1 : 3,4),(1 : 3,5), . . . ,(1 : 3,56),(1 : 2,4,56),(1 : 2,5,56), . . . ,(1 : 2,55 : 56),(1,4,55 : 56),(1,5,55 :
56), . . . ,(1,54 : 56),(4,54 : 56),(5,54 : 56), . . . ,(53 : 56). For w = 5, (1 : 4,5),(1 : 4,6), . . . ,(1 : 4,56),(1 :
3,5,56),(1 : 3,6,56), . . . ,(1 : 3,55,56),(1 : 2,5,55 : 56),(1 : 2,6,55 : 56), . . . ,(1 : 2,54 : 56),(1,5,54 : 56),(1,6,54 :
56), . . . ,(1,53 : 56),(5,53 : 56),(6,53 : 56), . . . ,(52 : 56), and so and on; the final set is given for w = 28, as
(1 : 27,28),(1 : 27,29), . . . ,(1 : 27,56),(1 : 26,28,56),(1 : 26,29,56), . . . ,(1 : 26,55 : 56),(1 : 25,28,55 : 56),(1 :
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Figure 2: Evolution of maximal log likelihood information under several models with controlled sub-
straction of dependent-time molecular docking. The models and estimations are described in Table 1.
The full estimation for the complete set of 56 dependent-time is given in point 0 (black), with maximal
log likelihood. The 56 possible models for a w = 1 subtraction are summarized in cluster 2 (red) which
is over exceeded in size because the nitid resolution of the estimations. Clusters 2 (red) and 3 (green)
represent the corresponding complete 1540 and 27720 models for extractions w = 2 and w = 3; again for
displaying the estimation evolution the size is over exceeded, and they are confined in a very small space.
The remaining extractions from w = 4 to w = 28 follows a particular but representative subset sequence
given the prominent number of combination. They resulting expected monotone decreasing maximal
log likelihood is provided and just verifies the gradual lost of meaningful sample information but the
estimation of a0 and a rounds the original estimation for the complete 56 dependent-time experiment.
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Table 1: Exhaustive estimation for molecular docking under subtraction of w dependent-times samples.
For each experiment from w = 0 to w = 28 extractions, the number M of studied models are shown with
the corresponding 99% confidence intervals for estimations of “a0”, “a” and maximum log likelihood
(MaxLogLik).

w M a0 a MaxLogLik
0 1 0.34396995340027808 0.19734727197157109 172.475
1 56 [0.3439581,0.3439584] [0.19734433,0.19734435] [169.3689293,169.3689294]
2 1540 [0.343949,0.343950] [0.19734254,0.19734257] [166.2630596,166.2630598]
3 27720 [0.343940,0.343941] [0.19734068,0.19734070] [163.1573540,163.1573550]
4 206 [0.3439306,0.3439312] [0.19733875,0.19733878] [160.0518201,160.0518202]
5 250 [0.3439209,0.3439214] [0.19733674,0.19733676] [156.9464627,156.9464628]
6 291 [0.3439107,0.3439115] [0.19733466,0.19733469] [153.8412893,153.8412895]
7 329 [0.3439001,0.3439007] [0.19733249,0.19733251] [150.7363072,150.7363074]
8 364 [0.3438892,0.3438894] [0.19733023,0.19733025] [147.6315241,147.6315243]
9 396 [0.3438777,0.3438779] [0.19732788,0.19732790] [144.5269480,144.5269483]
10 425 [0.3438657,0.3438662] [0.19732543,0.19732545] [141.4225879,141.4225882]
11 451 [0.3438532,0.3438534] [0.19732288,0.19732289] [138.3184529,138.3184532]
12 474 [0.3438401,0.3438403] [0.19732021,0.19732023] [135.2145529,135.2145531]
13 494 [0.3438264,0.3438267] [0.19731742,0.19731743] [132.1108983,132.1108986]
14 511 [0.3438120,0.3438125] [0.19731450,0.19731452] [129.0075005,129.0075008]
15 525 [0.3437971,0.3437975] [0.19731144,0.19731146] [125.9043716,125.9043719]
16 536 [0.3437815,0.3437817] [0.19730824,0.19730825] [122.8015243,122.8015246]
17 544 [0.3437648,0.3437655] [0.19730485,0.19730488] [119.6989727,119.6989729]
18 549 [0.3437477,0.3437479] [0.19730132,0.19730134] [116.5967315,116.5967318]
19 551 [0.3437292,0.3437299] [0.19729759,0.19729764] [113.4948170,113.4948172]
20 550 [0.3437101,0.3437107] [0.19729367,0.19729368] [110.3932463,110.3932466]
21 546 [0.3436900,0.3436902] [0.19728953,0.19728954] [107.2920384,107.2920387]
22 539 [0.3436686,0.3436688] [0.19728514,0.19728515] [104.1912136,104.1912139]
23 529 [0.3436459,0.3436461] [0.19728050,0.19728051] [101.0907940,101.0907943]
24 516 [0.3436216,0.3436223] [0.19727558,0.19727562] [97.99080370,97.99080400]
25 500 [0.3435963,0.3435965] [0.19727036,0.19727037] [94.89126900,94.89126930]
26 481 [0.3435691,0.3435693] [0.19726479,0.19726480] [91.79221870,91.79221900]
27 459 [0.3435401,0.3435402] [0.19725886,0.19725887] [88.69368450,88.69368480]
28 434 [0.3435091,0.3435093] [0.19725252,0.19725253] [85.59570110,85.59570150]



26 José A. Díaz-García and Francisco J. Caro-Lopera

25,29,55 : 56), . . . ,(1 : 25,54 : 56), . . . ,(1,28,31 : 56),(1,29,31 : 56),(1,30 : 56),(28,30 : 56),(29 : 56). The
corresponding confidence intervals and narrow clusters follow the expected evolution given in Figure 2
and Table 1.

Finally, in the preceding example we have shown that the joint distribution functions of Sections 3
and 4 are easily computable and applied to real data. They provide an expected performance under
multiple sub-samples in the rigorous dependent-time molecular docking setting. This is an important
opportunity for several similar phenomena with multimatrix dependent samples.

6 Conclusions
This work introduces the class of multimatrix variate distributions by embedding previously isolated
bimatrix-variate models within the general framework of elliptically contoured families. Most of the
proposed distributions are invariant under the class of spherical models, an important property that
eliminates the need for prior specification of the underlying joint distribution. The resulting models are
computationally tractable, and several new properties and combinations involving three matrices are de-
rived. These results address the problem of matrix-dependent samples by providing flexible constructions
of joint distributions with desirable marginal distributions under independence. The versatility of the
proposed framework allows scalars, vectors, and matrices to be incorporated simultaneously within a sin-
gle joint distribution. Moreover, the computational feasibility of these models opens the way for further
applications, including the evaluation of multiple probabilities on cones. Finally, the paper presents an
application to molecular docking, specifically analyzing a known inhibitor within a newly identified cavity
of the SARS-CoV-2 main protease.
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Abstract. In this paper, we introduce a new extension of the Rayleigh distribution, termed the
Rayleigh-Exponential distribution (Ra-Ex-D). The proposed distribution is capable of modeling
a wide range of data behaviors and demonstrates greater flexibility compared to classical distri-
butions. Several statistical properties of the proposed distribution are derived, including survival
characteristics, mean deviation, entropy, and conditional moments, along with the necessary proofs.
Model parameters are estimated using both classical and Bayesian approaches under different prior
assumptions. A simulation study is conducted to assess the performance of the estimation methods,
demonstrating that the proposed procedures yield reliable and consistent estimates. Furthermore,
the practical applicability of the model is illustrated through the analysis of a real-life dataset,
where the proposed distribution exhibits superior fitting performance compared to existing models.
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1 Introduction
In recent decades, probability distributions have been widely used to solve various real-life problems.
Many authors have developed new distributions based on transformations and families such as
the alpha power transformation, Marshall–Olkin family, logarithmic family, exponentiated family,
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mixture of distributions, and the G-family, among others. These techniques typically add one or
more parameters to a baseline model, thereby increasing the flexibility of the resulting distribution.

In recent years, several researchers have proposed probability distributions using transforma-
tion techniques and generalized families to further enhance modeling flexibility. Notable examples
include the Marshall–Olkin additive Weibull distribution (Afify et al., 2018), the Marshall–Olkin
Pareto distribution (Bdair and Haj Ahmad, 2021), and the Marshall–Olkin Gompertz distribu-
tion (Eghwerido et al., 2021), as well as broader developments in Marshall–Olkin-type models (Jose
and Paul, 2018; Gonzalez-Hernández et al., 2021). Additionally, transformation-based approaches
such as the alpha power transformation (Dey et al., 2019; Mahdavi and Kundu, 2017; Shukla et
al., 2022) and transmuted families (Tripathi and Chitra, 2022; Tripathi and Mishra, 2022) have
contributed significantly to generating flexible distributions.

Other important contributions include generalized and hybrid families like the TX family Klakat-
tawi et al. (2022), exponentiated classes of distributions (Cordeiro and Lemonte, 2013; Yadav et al.,
2021), quasi and extended Xgamma distributions (Sen et al., 2019; Tripathi et al., 2022), and the
odd generalized N–H family (Ahmad et al., 2020). These developments are supported by general
frameworks for generating continuous distributions (Lee et al., 2013), underscoring the growing
interest in flexible modeling techniques.

Despite these advancements, challenges remain in effectively modeling complex lifetime data,
particularly in capturing diverse hazard rate behaviors. Recent studies, such as Hassan et al. (2025)
and Alsulami and Alghamdi (2025), have proposed extensions of the Weibull distribution to improve
flexibility and fitting performance. However, there is still a need for more adaptable models that
can simultaneously accommodate a wide range of hazard rate shapes while maintaining tractable
statistical properties. This motivates the development of the proposed model. Hence, Elgarhy and
Hassan (2019) introduced the Exponentiated Weibull–Weibull (EWW) distribution, which provides
a flexible framework for modeling lifetime data. Several extensions of classical lifetime distributions
have been developed in the literature to provide greater flexibility in modeling different shapes
of probability density and hazard rate functions. Among these models, the Rayleigh–Exponential
distribution (Ra-Ex-D) can be considered as a special case of the EWW distribution. We explored
the literature and found that no one has made effort regarding the development of Ra-Ex-D.

The main objective of this article is to study the theoretical and inferential properties of the
Ra-Ex-D. Specifically, we derive several important statistical properties of the proposed model and
investigate different parameter estimation methods under both classical and Bayesian frameworks.
In addition, a simulation study is conducted to examine the performance and consistency of the pro-
posed estimators under different parameter combinations. Finally, the applicability of the proposed
distribution is illustrated using real-life datasets.

The probability density function (pdf) f (x) and cumulative distribution function (cdf) F(x) of
Ra-Ex-D are given by

f (x) = 2αλeλx(eλx −1)e−α(eλx−1)2
, x > 0, λ > 0, α > 0, (1)

and

F(x) = 1− e−α(eλx−1)2
, (2)

respectively. Survival function (SF) S(x) and hazard rate function (HRF) h(x) of proposed model
are given below

S(x) = e−α(eλx−1)2
, (3)
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and

h(x) = 2αλeλx(eλx −1), (4)

respectively.
Figure 1(a) shows the pdf of the proposed distribution, given in (1), indicating that the proposed
model is unimodal. The SF, given in (3), and the cdf, given in (2), are plotted in Figures 1(b)
and 1(c), respectively. Figure 1(d) presents the HRF of the proposed distribution, as given in (4),
which exhibits both increasing and decreasing hazard rates.

(a) Probability density function (b) Cumulative distribution function

(c) Survival function (d) Hazard rate function

Figure 1: Plots of the various functions of the Ra-Ex-distribution for different parameter values.

The remainder of the paper is organized as follows. Section 2 presents the statistical properties
of the proposed distribution. Classical estimation methods are discussed in detail in Section 3.
Bayesian estimation is outlined in Section 4. Section 5 presents a simulation study of the considered
estimation methods. The application of the proposed probability distribution is discussed in Section
6. Concluding remarks on the Ra-Ex-D are provided in Section 7.
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2 Statistical properties
In this section, we derive the statistical properties of the proposed Ra-Ex-D, viz., moments, condi-
tional moments, mean deviation, and entropy.

2.1 Moments
Moments are an important property of a probability distribution, as they help measure skewness
and kurtosis. Hence, moments are useful for describing the nature of a dataset. Let X be a random
variable following the Ra-Ex-D, with pdf given in (1). Then, the r-th moment about the origin is
given by

E(X r) = 2αλ
∞

∑
i=0

∞

∑
j=0

∞

∑
k=0

λ i

i!
(−1) j+k

j!
α j

(
2 j
k

)
Γ(r+ i+1)

(λk−2λ j)r+i+1 (2
i −1), r ≥ 1.

2.2 Conditional moment
Assuming that the lifetime of the units under study follows our proposed model and exceeds a
certain threshold x, one may be interested in the conditional moments. Moreover, these are useful
for determining the mean deviation, as well as Bonferroni and Lorenz curves. Let X be a random
variable following the Ra-Ex-D distribution as in (2); then the expression for the conditional moment
is given by:

E(X r|X > x) =
2αλ

1−F(x)

∞

∑
i=0

∞

∑
j=0

∞

∑
k=0

λ i

i!
(−1) j+k

j!
α j

(
2 j
k

)
Γ(r+ i+1,(λk−2λ j)x)

(λk−2λ j)r+i+1 (2i −1).

2.3 Mean deviation
Mean deviation (MD) provides the scatterdness from mean. Mathematical expression of MD is
given below

MD =
∫ ∞

0
|x−µ| f (x)dx,

=
∫ µ

0
(µ − x) f (x)dx+

∫ ∞

µ
(x−µ) f (x)dx

= 2µF(µ)−2µ +2
∫ ∞

µ
x f (x)dx,

where ∫ ∞

µ
x f (x)dx = 2αλ

∞

∑
i=0

∞

∑
j=0

∞

∑
k=0

λ i

i!
(−1) j+k

j!
α j

(
2 j
k

)
Γ(i+2,(λk−2λ j)µ)

(λk−2λ j)i+2 (2i −1)

and µ is the mean.

2.4 Entropy
Entropy measures the uncertainty or information content of a probability distribution and finds
applications in various fields, including physics, statistics, reliability analysis, and kernel density
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estimation. In the context of lifetime distributions, entropy provides insight into the variability and
uncertainty associated with the underlying random variable.

The mathematical expression of the generalized entropy (GE) is given by

GE =
νη µ−η −1
η(η −1)

; η ̸= 0,1,

where νη =
∫ ∞

0 xη f (x)dx represents the ηth moment of the distribution and µ denotes the mean.
For the proposed Ra-Ex-D distribution, substituting the pdf given in (1) into the above expression,
we have

νη = 2αλ
∫ ∞

0
xη eλxue−αu2

dx,

where u = (eλx −1). Substituting this expression for νη into the generalized entropy formula gives
the entropy equation for the proposed distribution.

3 Classical estimation
In this section, we discuss the classical estimation of the parameters. To this end, we employ
the following classical methods of estimation: maximum likelihood estimation (MLE), least squares
estimation (LSE), weighted least squares estimation (WLSE), Cramér–von Mises estimation (CME),
and maximum product spacing estimation (MPSE).

3.1 MLE
Suppose that X1,X2, . . . ,Xn, are independently and identically distributed (i.i.d.) random variables
following the proposed distribution with the pdf given in (1). Then, the likelihood function is given
by

L(α,λ | x) = 2nαnλ neλ ∑n
i=1 xi

n

∏
i=1

(
eλxi −1

)
e−α ∑n

i=1(eλxi−1)
2

,

and the corresponding log-likelihood function can be written as

logL(α,λ | x) = n(log2+ logα + logλ )+λ
n

∑
i=1

xi +
n

∑
i=1

log
(

eλxi −1
)
−α

n

∑
i=1

(
eλxi −1

)2
. (5)

To obtain the maximum likelihood estimates of the parameters, we maximize the log-likelihood
function with respect to α and λ . Differentiating equation (5) with respect to α and λ yields the
log-likelihood equations:

∂ logL(α,λ | x)
∂α

=
1
α
−

n

∑
i=1

(
eλxi −1

)2
, (6)

∂ logL(α,λ | x)
∂λ

=
1
λ
+

n

∑
i=1

xi +
n

∑
i=1

xieλxi(
eλxi −1

) −2α
n

∑
i=1

xieλxi
(

eλxi −1
)
. (7)

From equation (6), the MLE of α for a given λ is obtained as

α̂ =
1

∑n
i=1

(
eλxi −1

)2 . (8)
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Substituting (8) into (7), the MLE of λ can be obtained by solving the following non-linear equation:

∂ logL(α,λ | x)
∂λ

=
1
λ
+

n

∑
i=1

xi +
n

∑
i=1

xieλxi(
eλxi −1

) −2
∑n

i=1 xieλxi
(
eλxi −1

)
∑n

i=1
(
eλxi −1

)2 = 0. (9)

Since equation (9) is not in closed form, numerical techniques such as the Newton–Raphson method
are employed to solve this equation and obtain the MLEs of α and λ .

3.2 MPSE
This method of estimation was proposed by Cheng and Amin (1983). Let X1,X2, . . . ,Xn be a ran-
dom sample from a distribution with pdf f (x,α,λ ). Furthermore, let X(1),X(2), . . . ,X(n) denote the
corresponding order statistics. Then the spacings Di are defined as

D1 = F(x(1),α,λ ), Dn+1 = 1−F(x(n),α,λ ),

and
Di = F(x(i),α,λ )−F(x(i−1),α,λ ), i = 2,3, . . . ,n,

where ∑n+1
i=1 Di = 1. This method consists of finding the values of α and λ that maximize the

geometric mean G of the spacings, i.e.,

G =

{
n+1

∏
i=1

Di

} 1
n+1

,

or equivalently,

log(G) =
1

n+1

n+1

∑
i=1

logDi,

log(G) =
1

n+1

n+1

∑
i=1

log
[
F(x(i),α,λ )−F(x(i−1),α,λ )

]
.

The basic concept behind this estimation method is that the differences between the cdf at
neighboring points should be identically distributed. The MPSEs can be obtained by solving the
following non-linear equations:

∂ log(G)

∂α
=

n+1

∑
i=1

F ′
α(x(i),α,λ )−F ′

α(x(i−1),α,λ )
F(x(i),α,λ )−F(x(i−1),α,λ )

,

∂ log(G)

∂λ
=

n+1

∑
i=1

F ′
λ (x(i),α,λ )−F ′

λ (x(i−1),α,λ )
F(x(i),α,λ )−F(x(i−1),α,λ )

,

where
F ′

α(x,α,λ ) =
(

eλx −1
)2

e−α(eλx−1)
2

and
F ′

λ (x,α,λ ) = 2αλeλx
(

eλx −1
)

e−α(eλx−1)
2

.
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3.3 LSE and WLSE
Let X(1),X(2), . . . ,X(n) be the ordered sample of size n drawn from the pdf given in (1). Then the
expectation of the empirical cdf is given by

E
[
F
(
X(i)

)]
=

i
n+1

, i = 1,2,3, . . . ,n.

The least squares estimates (LSEs) of α and λ are obtained by minimizing

LS(α,λ ) =
n

∑
i=1

(
F(x(i),α,λ )− i

n+1

)2

=
n

∑
i=1

(
1−α

(
eλx(i) −1

)2
− i

n+1

)2

,

where we have used the fact that F(x,α,λ ) = 1−α(eλx − 1)2 for the proposed distribution. The
LSEs α̂ and λ̂ can be found by solving the following equations:

∂LS(α,λ )
∂α

= 2
n

∑
i=1

F ′
α(x,α,λ )

(
1−α

(
eλx(i) −1

)2
− i

n+1

)
= 0,

∂LS(α,λ )
∂λ

= 2
n

∑
i=1

F ′
λ (x,α,λ )

(
1−α

(
eλx(i) −1

)2
− i

n+1

)
= 0,

where F ′
α(x,α,λ ) and F ′

λ (x,α,λ ) are as defined in the previous subsection. These equations can be
solved numerically using methods such as the Newton–Raphson method.

The WLSEs of α and λ are obtained by minimizing, with respect to α and λ , the following
function:

WLS(α,λ ) =
n

∑
i=1

(n+1)2(n+2)
i(n− i+1)

(
F(x(i),α,λ )− i

n+1

)2

,

which can be expressed as

WLS(α,λ ) =
n

∑
i=1

(n+1)2(n+2)
i(n− i+1)

(
1−α

(
eλx(i) −1

)2
− i

n+1

)2

.

Thus, the WLSEs are determined by solving the equations ∂WLS(α,λ )
∂α = 0 and ∂WLS(α,λ )

∂λ = 0
simultaneously. These equations are analogous to those presented for the LSE, with the weight
sequence incorporated appropriately.

3.4 CME
Another well-known estimation method is the Cramér–von Mises estimation (CME), introduced
by Darling (2019). In the context of the proposed model, the CMEs of α and λ are obtained by
minimizing the following function with respect to α and λ :

C(α,λ ) =
1

12n
+

n

∑
i=1

(
F(x(i),α,λ )− 2i−1

2n

)2

,

which can be expressed as

C(α,λ ) =
1

12n
+

n

∑
i=1

(
1−α

(
eλx(i) −1

)2
− 2i−1

2n

)2

.
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Thus, the CMEs are obtained by solving the following equations simultaneously: ∂C(α,λ )
∂α = 0 and

∂C(α,λ )
∂λ = 0, where

∂C(α,λ )
∂α

= 2
n

∑
i=1

F ′
α(x,α,λ )

(
1−α

(
eλx(i) −1

)2
− 2i−1

2n

)
,

∂C(α,λ )
∂λ

= 2
n

∑
i=1

F ′
λ (x,α,λ )

(
1−α

(
eλx(i) −1

)2
− 2i−1

2n

)
,

and F ′
α(x,α,λ ) and F ′

λ (x,α,λ ) are as given above.
This section presented classical parameter estimation methods for the proposed distribution.

The MLE involves solving nonlinear equations, which require iterative numerical optimization such
as the Newton–Raphson method, leading to moderate computational complexity. The LSE and
WLSE methods are computationally simpler but may be less efficient. Although more computa-
tionally intensive, Bayesian estimation was also implemented to provide more robust estimates,
particularly for small sample sizes or complex likelihood surfaces.

4 Bayesian estimation
In the Bayesian framework, a probability model is fitted not only using the likelihood function of the
observations but also incorporating prior beliefs about the unknown parameters in the form of prior
distributions. This yields model results based on the combined information from the likelihood and
the prior, summarized in the posterior distribution. For the proposed distribution, the likelihood
function is

L(α,λ | x) = 2nαnλ neλ ∑n
i=1 xi

n

∏
i=1

(
eλxi −1

)
e−α ∑n

i=1(eλxi−1)
2

. (10)

From a strict Bayesian perspective, it is not possible to definitively state that one prior is
more relevant or better than another. Therefore, priors are broadly classified into two categories:
informative and non-informative, each of which may be further subdivided. An informative prior
is used when sufficient information about the parameters is available, meaning complete prior
distributional information, such as conjugate priors or gamma priors, is at hand. Otherwise, a
non-informative prior, which contains little or no prior information about the parameter(s), is
considered (e.g., uniform prior or improper prior). Here, we employ the gamma prior distribution
for our analysis because it offers greater flexibility, respects the positivity constraint, and exhibits
conjugacy-like behavior that facilitates posterior computation. The forms of the priors are

π(α) =
qp

Γ(p)
α p−1 exp(−qα); p,q > 0, (11)

and
π(λ ) =

sr

Γ(r)
λ r−1 exp(−sλ ); r,s > 0, (12)

where (p,q,r,s) are the hyperparameters. Note that if the hyperparameters are set to zero (p = q =
r = s = 0), the gamma prior reduces to a non-informative prior of the form

π(α) =
1
α
, (13)
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and
π(λ ) =

1
λ
. (14)

The joint posterior density function of the parameters given the observed random variables X
is obtained as

π(α,λ | x) ∝ L(α,λ | x)π(α)π(λ ).

Under the informative prior, the joint posterior density function is formed using equations (10)–
(12)

π(α,λ | x) ∝ 2nαn+p−1λ n+r−1eλ(∑n
i=1 xi−s)

n

∏
i=1

(
eλxi −1

)
e−α

(
∑n

i=1(eλxi−1)
2
+q

)
.

Under the non-informative prior, the joint posterior density function is formed using equations (10),
(13), and (14)

π(α,λ | x) ∝ 2nαn−1λ n−1eλ ∑n
i=1 xi

n

∏
i=1

(
eλxi −1

)
e−α ∑n

i=1(eλxi−1)
2

, (15)

In the Bayesian framework, a loss function is used to define the statistical risk (error) associated
with parameter estimation. It is a function of the true and estimated values, and the goal is to
select the estimator that minimizes the risk for each parameter. Here, we consider the squared error
loss function (SELF) as a symmetric loss function to facilitate better understanding. The Bayes
estimate under this loss function is the posterior mean, given by

LSELF(Θ,Θ̂) =
(
Θ̂−Θ

)2
.

Bayes estimators of any parametric function, say ϕ(Θ), under SELF are defined as

ϕ ⋆
self(Θ | data) = Eπ [ϕ(Θ) | data] ∝

∫
Θ

ϕ(Θ)π(Θ | data)dΘ.

Due to the high-dimensional integration involved in the joint posterior distributions, the expres-
sion for the Bayes estimator cannot be solved analytically. Therefore, we adopt the most popular
Markov Chain Monte Carlo (MCMC) methodology. In this methodology, a sequence of random
samples is generated from the posterior distribution of interest. Here, we use hybrid Gibbs sampling
methods to obtain the Bayes estimates based on the full conditional posterior distributions. Using
thee joint posterior density function given in (15), the expressions for the conditional posterior pdfs
of α and λ can be written as

π(α | x,λ ) ∝ αn+p−1e−α
(

∑n
i=1(eλxi−1)

2
+q

)
,

and
π(λ | x,α) ∝ λ n+r−1eλ(∑n

i=1 xi−s)
n

∏
i=1

(
eλxi −1

)
e−α ∑n

i=1(eλxi−1)
2

.

We can directly generate samples from the posterior distribution of α because its conditional
posterior follows a gamma distribution with shape parameter n+ p and rate (or scale) parameter
∑n

i=1
(
eλxi −1

)2
+q. However, we cannot directly generate samples from the posterior distribution

of λ because it does not correspond to any well-known distributional form. Hence, the Metropolis–
Hastings (MH) algorithm is used to produce the posterior samples. The steps of the hybrid Gibbs
sampling approach are as follows:
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Step 1. Start with an initial value x⋆ such that h(x⋆)> 0.

Step 2. Set t = 1.

Step 3. Propose a move y with conditional probability density given x⋆, denoted by g(x⋆,y) (the
candidate proposal density).

Step 4. Calculate the Hastings ratio:
ρ(x⋆,y) =

h(y)g(y,x⋆)
h(x⋆)g(x⋆,y)

,

and if g(x⋆,y) = g(y,x⋆) (symmetric proposal), the Hastings ratio reduces to

ρ(x⋆,y) =
h(y)
h(x⋆)

.

Step 5. Accept the proposed move y with probability γ = min [1,ρ(x⋆,y)] and reject with probability
1− γ.

Step 6. Repeat Steps 2–4 for t = 10000 iterations and record the sequence of parameter observations.
Finally, obtain the Bayes estimates under SELF.

5 Simulation study
In this section, we present a numerical study to compare the behavior of the different estimation
methods described above. Since closed-form solutions are not available, numerical optimization
techniques are employed for classical estimators, while Bayesian estimates are obtained through
posterior simulation. For this purpose, different combinations of parameter values and various
sample sizes are considered to draw meaningful inferences. Random samples from the proposed
distribution are generated using the inverse CDF method, which involves the following steps:

1. Set n, α, and λ .

2. Generate Ul ∼U(0,1) for l = 1,2, . . . ,n.

3. Compute x = (x1,x2, . . . ,xn) using U such that

xl = F−1(Ul) =
1
λ

log

[
1+

(
− log(1−Ul)

α

) 1
2
]
.

4. Compute the estimates using the generated samples.

We consider sample sizes n = (20,50,100) and four sets of parameter values:

(α,λ ) = {(0.2,0.5),(0.5,1.5),(1,1),(1.5,1.2)}

to evaluate the performance of the estimators. These values are selected to represent increasing,
decreasing, and bathtub-shaped hazard functions. Bayesian estimation is implemented using hybrid
Gibbs sampling and the Metropolis–Hastings algorithm with 10000 iterations, including a burn-in
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period of 2000 iterations. All computations are performed using R-4.5.3. The hyperparameters of
the gamma prior are chosen such that the prior means equal the true parameter values and the
prior variances are equal to 1; these estimates (Bayes informative prior) are denoted as “Bayes
IP”. The non-informative prior estimates are denoted as “Bayes NIP”. We obtain the parameter
estimates under classical and Bayesian methods, reporting the average estimates (AV) and mean
squared errors (MSE). For the different parameter combinations with varying n, Tables 1–4 record
the AV and MSE.

Table 1: AV and MSE of the proposed model for classical and Bayesian estimates with α = 0.2 and
λ = 0.5.

P n MLE MPSE LSE WLSE CME Bayes IP Bayes NIP

α = 0.2

20
AV 0.3669 0.3705 0.3830 0.3300 0.3515 0.2832 0.1809

MSE 0.4402 0.4650 0.4717 0.3867 0.4136 0.0211 0.0477

50 AV 0.2589 0.3429 0.3401 0.2744 0.3052 0.2501 0.1887
MSE 0.2514 0.3311 0.3111 0.1016 0.1779 0.0053 0.0074

100 AV 0.2271 0.3062 0.2768 0.2365 0.2454 0.1882 0.2126
MSE 0.0640 0.0780 0.1101 0.0595 0.0680 0.0002 0.0008

λ = 0.5

20 AV 0.5874 0.4308 0.4671 0.4804 0.4908 0.5067 0.5519
MSE 0.1273 0.0551 0.0529 0.0528 0.0557 0.0023 0.0059

50 AV 0.5335 0.4583 0.4779 0.4881 0.4916 0.4692 0.5175
MSE 0.0696 0.0451 0.0476 0.0467 0.0526 0.0016 0.0039

100
AV 0.5148 0.4731 0.4863 0.4947 0.4975 0.4903 0.4915

MSE 0.0558 0.0435 0.0456 0.0465 0.0489 0.0001 0.0002

Table 2: AV and MSE of the proposed model for classical and Bayesian estimates with α = 0.5 and
λ = 1.5.

P n MLE MPSE LSE WLSE CME Bayes IP Bayes NIP

α = 0.5

20
AV 0.6023 0.6707 0.6858 0.5669 0.4580 0.5785 0.5820

MSE 0.6237 0.6679 0.6780 0.6055 0.6307 0.0248 0.0396

50 AV 0.5430 0.5929 0.5877 0.5168 0.4659 0.4486 0.4719
MSE 0.5690 0.5970 0.5837 0.5688 0.5908 0.0095 0.0172

100 AV 0.5290 0.4823 0.5463 0.5045 0.4905 0.5381 0.4951
MSE 0.4758 0.5384 0.5682 0.4370 0.5075 0.0033 0.0050

λ = 1.5

20 AV 1.6401 1.4433 1.4351 1.4552 1.5199 1.4860 1.3840
MSE 1.0252 0.7076 0.7598 0.7314 0.8281 0.0252 0.0280

50 AV 1.6034 1.4673 1.4330 1.4596 1.5141 1.5497 1.4046
MSE 0.8416 0.5783 0.6615 0.6030 0.7072 0.0157 0.0234

100
AV 1.5576 1.4925 1.4544 1.4948 1.4955 1.4990 1.4618

MSE 0.6565 0.5045 0.5766 0.5742 0.6017 0.0034 0.0092

From the tables, we observe that the MSEs for α based on WLSE are smaller than those of
the other classical estimators for all sample sizes. MPSE performs better for λ when α < 1, while
for α ≥ 1, WLSE performs better compared to other classical estimators in terms of MSE. In
comparison with Bayesian methods, informative prior estimators yield smaller MSEs than other
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Table 3: AV and MSE of the proposed model for classical and Bayesian estimates with α = 1 and
λ = 1.

P n MLE MPSE LSE WLSE CME Bayes IP Bayes NIP

α = 1

20
AV 1.4134 1.3021 0.9073 1.1235 0.9521 0.9242 1.1296

MSE 0.6144 0.5981 0.6596 0.5626 0.6286 0.1357 0.1827

50 AV 1.1459 1.1278 1.1960 1.1129 1.1716 1.0442 1.0863
MSE 0.4195 0.4005 0.5543 0.3531 0.4251 0.0648 0.0139

100 AV 1.1099 0.9210 1.0563 0.9722 0.9104 1.0012 1.0158
MSE 0.2589 0.2318 0.4303 0.2086 0.3459 0.0131 0.0519

λ = 1

20 AV 1.2231 0.9109 1.0425 1.0371 1.0997 0.9318 1.1682
MSE 0.4349 0.2228 0.1621 0.1362 0.2174 0.0210 0.0377

50 AV 1.0743 0.8708 1.0177 1.0257 1.0650 1.0371 1.0601
MSE 0.1533 0.1403 0.1292 0.0944 0.1366 0.0056 0.0064

100
AV 1.0377 0.9121 1.0033 1.0162 1.0409 0.9591 0.9922

MSE 0.0760 0.0792 0.0732 0.0575 0.0800 0.0028 0.0046

Table 4: AV and MSE of the proposed model for classical and Bayesian estimates with α = 1.5 and
λ = 1.2.

P n MLE MPSE LSE WLSE CME Bayes IP Bayes NIP

α = 1.5

20
AV 1.6979 1.1828 1.1693 1.2095 1.0294 1.3572 1.3708

MSE 0.6917 0.5852 0.6105 0.5712 0.6401 0.2525 0.3985

50 AV 1.6211 1.3461 1.3180 1.3397 1.2232 1.4129 1.3758
MSE 0.5796 0.5253 0.5520 0.5267 0.6079 0.1418 0.1728

100 AV 1.5478 1.4653 1.4521 1.4617 1.4466 1.4822 1.4412
MSE 0.4866 0.4398 4.8382 0.4577 0.4768 0.0202 0.0367

λ = 1.2

20 AV 1.5947 1.1616 1.3208 1.3114 1.4281 1.1335 1.0945
MSE 0.4278 0.4465 0.3450 0.2964 0.4155 0.0187 0.0297

50 AV 1.3246 1.0645 1.2457 1.2431 1.3250 1.1673 1.3005
MSE 0.2834 0.3005 0.2324 0.2039 0.2548 0.0165 0.0272

100
AV 1.2613 1.0861 1.2071 1.2336 1.2651 1.2241 1.2181

MSE 0.1544 0.2076 0.1884 0.1437 0.1783 0.0121 0.0201
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estimators for both parameters. We also see that the MSEs of classical estimators are larger than
those of Bayesian estimators for all sample sizes and parameter combinations. Overall, the results
indicate that Bayesian estimators consistently exhibit lower MSE compared to classical methods,
particularly for small sample sizes. Among classical methods, MLE performs better than least
squares-based estimators. It can also be observed that as the sample size increases, the difference
in MSE between the two approaches decreases.

6 Real life example
In this section, we demonstrate the application of the proposed model to a real-world dataset. For
this purpose, we consider a dataset representing the tensile strength (measured in GPa) of 69 carbon
fibers tested under tension at a gauge length of 20 mm (Bader and Priest, 1982):

1.312, 1.314, 1.479, 1.552, 1.700, 1.803, 1.861, 1.865, 1.944, 1.958, 1.966, 1.997, 2.006, 2.021, 2.027,
2.055, 2.063, 2.098, 2.140, 2.179, 2.224, 2.240, 2.253, 2.270, 2.272, 2.274, 2.301, 2.301, 2.359, 2.382, 2.382,
2.426, 2.434, 2.435, 2.478, 2.490, 2.511, 2.514, 2.535, 2.554, 2.566, 2.570, 2.586, 2.629, 2.633, 2.642, 2.648,
2.684, 2.697, 2.726, 2.770, 2.773, 2.800, 2.809, 2.818, 2.821, 2.848, 2.880, 2.954, 3.012, 3.067, 3.084, 3.090,
3.096, 3.128, 3.233, 3.433, 3.585, 3.858

A descriptive summary of the considered dataset is presented in Table 5. First, we assess whether
the dataset fits the Ra-Ex-D distribution. For this purpose, we use Akaike’s Information Criterion
(AIC), Bayesian Information Criterion (BIC), the Kolmogorov–Smirnov (K-S) statistic, and the
corresponding p-value. A model with the lowest K-S value and the largest p-value indicates the
best fit. For the proposed model, the values of the log-likelihood (L-L), AIC, BIC, K-S statistic, and
p-value are reported in Table 6. From Table 6, we can readily verify that the Ra-Ex-D distribution
fits the dataset better than the Lindley distribution (LD), Akash distribution (AKD), exponential
distribution (ED), and generalized exponential distribution (GED). Figure 2 displays the histogram
with fitted density, the empirical CDF plot, and the probability–probability (P-P) plot for the con-
sidered dataset. From Figure 2, we conclude that the Ra-Ex-D distribution provides a satisfactory
fit. In certain scenarios, the Ra-Ex-D distribution may be preferred over other distributions for
problem-solving. The estimated parameter values along with their standard deviations (SD) under
different estimators are presented in Table 7.

Table 5: Descriptive summary for the considered dataset.

Minimum Maximum Q1 Q2 Q3 Skewness Kurtosis Mean
1.312 3.858 2.098 2.478 2.773 0.102 3.2253 2.455

where Q1, Q2 and Q3 are the first quartile, median and third quartile, respectively.

Table 6: Model fitting summary for the considered dataset.

Model MLE L-L AIC BIC K-S p-value
Ra-Ex-D α = 0.0136, λ = 0.8407 -55.4231 114.8463 119.3145 0.0905 0.6247
LD λ = 0.6535 -119.3110 240.6220 242.8561 0.4005 <0.001
AKD λ = 0.9637 -112.2662 226.5324 228.7665 0.3615 <0.001
ED λ = 0.4073 -130.9789 263.9578 266.1919 0.4477 <0.001
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Table 7: Classical and Bayes estimates for the parameters of the proposed model based on the real
dataset.

Estimators MLE MPSE LSE WLSE CME Bayes NIP

α
Estimate 0.0136 0.0146 0.0158 0.0165 0.0151 0.0211

SD 0.0118 0.0114 0.0109 0.0111 0.0106 0.0290

λ
Estimate 0.8407 0.9832 1.0801 1.0909 1.1126 0.7212

SD 0.1306 0.1362 0.1598 0.1514 0.1451 0.1558

Figure 2: Histogram with fitted density, empirical CDF, and P-P plot.

7 Conclusions
In this paper, we developed a new probability distribution as an extended version of the Rayleigh
distribution, termed the Ra-Ex-D. The main theoretical contribution of this work lies in deriv-
ing explicit mathematical expressions for its probability density function, cumulative distribution
function, survival function, hazard rate function, and several important statistical characteristics,
including moments and related measures. The shapes of the probability density function and hazard
rate function of the proposed distribution are discussed through graphical illustrations.

The inferential framework of the model was developed under both classical and Bayesian paradigms,
allowing for a comprehensive comparison of estimation procedures. The simulation results demon-
strated that the estimators perform satisfactorily, with the mean squared error decreasing as the
sample size increases, thereby confirming the consistency and reliability of the estimation methods.
Overall, the Bayesian estimates are found to be better compared to the classical estimates. Finally,
a real-life data example is provided to illustrate the applicability of the proposed model.
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Abstract. The nonsingularity of the Fisher information matrix is a fundamental requirement for
standard asymptotic inference. The framework developed by Asgharian (2014) shows that, for identifi-
able and smooth models, the set of singular parameter values is negligible. This result was previously
established for multipath change-point (MCP) models in which the change hazard is specified through
a proportional odds ratio structure. In this work, we substantially broaden that setting by proving the
quasi-identifiability of MCP models under a general class of strictly monotone link functions, encompass-
ing the probit, logit, and complementary log-log models as special cases. Our main result demonstrates
that, for this broad family of models, the injectivity of the link function is sufficient to guarantee quasi-
identifiability under standard regularity conditions. Consequently, the general singularity theory applies
directly, implying that the Fisher information matrix is nonsingular for almost all parameter values. This,
in turn, justifies standard likelihood-based inference for a considerably wider and more flexible class of
models.

Keywords: Fisher information matrix; Link function; Multipath change-point models; Quasi-identifiability;
Singularities.

Mathematics Subject Classification (2020): 62F12, 62J12.

1 Introduction
The multipath change-point (MCP) model, introduced in various forms by authors such as Joseph and
Wolfson (1993), provides a flexible framework for analyzing longitudinal data where subjects may expe-
rience a change in regime at different, unobserved times. Conceptually, it belongs to the broad family
of finite mixture models, which are a standard tool for modeling latent heterogeneity in longitudinal and
survival data (e.g., McLachlan et al. (2019); Titterington et al. (1985)). Statistical inference in such mod-
els, particularly for the effects of covariates on the change-point process, often relies on the asymptotic
properties of the maximum likelihood estimator (MLE). A fundamental prerequisite for establishing these
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properties, such as asymptotic normality and efficiency, is the nonsingularity of the Fisher information
matrix (FIM) at the true parameter value.

The MCP model has evolved considerably since its inception. The foundational framework and the
properties of the MLE were first established in the seminal works of Joseph and Wolfson (1992) and
Joseph and Wolfson (1993). This initial framework was subsequently extended to accommodate more
complex data structures, such as correlated observations between paths (Joseph et al., 1996). A pivotal
extension, which forms the basis for the current work, was the formal incorporation of covariates into the
model by Asgharian and Wolfson (2001), who investigated the modeling challenges and established the
consistency of the MLE. The model continues to be an active area of research, with recent advancements
focusing on modern statistical challenges such as simultaneous variable selection in high-dimensional
settings (Shohoudi et al., 2016). This progression highlights the increasing complexity of the model,
underscoring the need for a rigorous understanding of the theoretical underpinnings required for valid
inference, particularly in the presence of covariates.

While verifying non-singularity is often straightforward in simple, well-posed models (Wang, 1993),
it becomes a formidable challenge in more complex and empirically vital frameworks. Two such areas
are of particular interest: finite mixture models and change-point models. Finite mixture models, whose
identifiability was first systematically studied by Teicher (1963), are notorious for exhibiting singularities
when components overlap, leading to a loss of rank in the information matrix (Chen, 1995; Lindsay,
1995; Manole and Ho, 2020; McLachlan et al., 2019). For complex mixture models like the MCP, direct
verification of FIM nonsingularity for all possible parameter values is often intractable due to the intricate
dependencies within the likelihood function. Indeed, the potential for a singular information matrix is a
well-known theoretical challenge in the general mixture model literature, often arising from component
redundancy or overfitting (Kim and Lindsay, 2015). A powerful alternative approach was developed by
Asgharian (2014), who established a general theory concerning the singularities of the FIM. The central
result is that if a model satisfies certain smoothness conditions and, crucially, is identifiable, then the set
of parameter values for which the FIM is singular constitutes a nowhere dense set of Lebesgue measure
zero. This effectively means that singularities are rare and do not pose a practical obstacle to inference
for almost all data-generating processes. To illustrate this theory, Asgharian (2014) successfully applied
it to an MCP model where the hazard of change, πk(z), was specified using a proportional odds ratio
structure, which is closely related to the logistic link function.

A natural question arises: do these powerful theoretical guarantees hold for other common specifica-
tions of the change hazard? This paper answers this question affirmatively by moving beyond a single
link function and addressing a general class of models. Our primary contribution is to establish the quasi-
identifiability of an MCP model that employs a general strictly monotone link function for the hazard,
which includes the probit, logit, and complementary log-log as prominent examples. This general result
is significant as it allows us to directly invoke the theorems of Asgharian (2014) to conclude that the FIM
is nonsingular almost everywhere in the parameter space. This work therefore substantially broadens the
class of identifiable MCP models for which standard likelihood-based inference is theoretically sound.

2 The MCP model with a general link function
We follow the general framework of the MCP model as described in Asgharian (2014). The full data for
a single subject consists of observations x = (x1, . . . ,xm) and a vector of time-invariant covariates z. The
model is formulated as a finite mixture, where the density of the observations is given by

fz(x|θ) =
m

∑
k=1

αk(z|θ)gz,k(x|γ). (1)
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Here, gz,k(x|γ) is the conditional density of the observations given that the change occurs at time k, and
αk(z|θ) = P(τ = k|Z = z) is the mixing weight. The weights are constructed from the discrete-time hazard
of change, πk(z|θ) = P(τ = k|τ ≥ k,Z = z), as

αk(z|θ) = πk(z|θ)
k−1

∏
j=1

(1−π j(z|θ)) , (2)

for k = 1, . . . ,m−1, with αm(z|θ) = ∏m−1
j=1 (1−π j(z|θ)) to ensure they sum to one.

The central innovation of this paper lies in generalizing the specification of the hazard function. We
model the hazard using a structure analogous to a generalized linear model (GLM), employing a general
link function, G. The hazard is defined as

πk(z|θ) = G
(

z⊤β+ρk

)
, for k = 1, . . . ,m−1, (3)

where

• G : R→ (0,1) is a known link function, assumed to be twice continuously differentiable and strictly
monotone;

• z ∈ Rp is the vector of covariates;

• β ∈ Rp is the vector of regression coefficients;

• ρk represents the baseline hazard component at time k, forming the vector ρ= (ρ1, . . . ,ρm−1)∈Rm−1.

The complete parameter vector for the model is θ = (β,ρ,γ).

Remark 1 (The class of admissible link functions). The requirement that the link function G be strictly
monotone (and thus injective) is the key property that facilitates identifiability. This general framework
encompasses many of the most common models for binary outcomes, making our results widely applicable.
Prominent examples include:

• The probit model: G(x) = Φ(x), where Φ is the standard normal CDF.

• The logit model: G(x) = ex

1+ex , which corresponds to the proportional odds ratio structure used in
Asgharian (2014).

• The complementary log-log (cloglog) model: G(x) = 1− exp(−exp(x)).

By proving our results for a general G, we simultaneously establish them for all these specific models and
countless others that satisfy the monotonicity condition.

3 Main result: quasi-identifiability
The primary theoretical hurdle to applying the singularity framework of Asgharian (2014) is to establish
model identifiability. For models incorporating covariates, the appropriate concept is quasi-identifiability.
We first formally define this concept, following the original work.

Definition 1 (Quasi-identifiability, Asgharian (2014)). A model parameterized by θ ∈ Θ is said to be
quasi-identifiable if for any two distinct parameter vectors θ,θ′ ∈ Θ, the set of covariates z for which
fz(x|θ) = fz(x|θ′) for almost all x has measure zero with respect to the covariate distribution.

To construct the proof of our main theorem in a clear, modular fashion, we first establish a simple
lemma. This lemma confirms the intuitive fact that if the final mixing weights αk are identical, then the
initial hazard probabilities πk that generated them must also have been identical.



48 Masoud Majidizadeh

Lemma 1 (Equivalence of weights and hazards). Let the mixing weights {αk}m
k=1 be generated from the

hazard probabilities {πk}m−1
k=1 as in equation (2). Assume πk ∈ (0,1) for all k, as a hazard of 0 or 1 would

imply a deterministic change process, collapsing the mixture structure. If two sets of hazards, {πk} and
{π∗

k }, generate identical mixing weights αk = α∗
k for all k = 1, . . . ,m, then it must be that πk = π∗

k for all
k = 1, . . . ,m−1.

Proof. We proceed by induction on k. Base Case (k=1): By definition, α1 = π1. Since α1 = α∗
1 , it

immediately follows that π1 = π∗
1 .

Inductive Step: Assume that π j = π∗
j for all j = 1, . . . ,k−1. We need to show this implies πk = π∗

k . The
definition for αk is αk = πk ∏k−1

j=1(1−π j). Since αk = α∗
k , we have

πk

k−1

∏
j=1

(1−π j) = π∗
k

k−1

∏
j=1

(1−π∗
j ).

By our inductive hypothesis, π j = π∗
j for all j < k, so the product terms ∏(·) on both sides are identical.

Since π j < 1, this product is non-zero. We can therefore divide both sides by this common term to obtain
πk = π∗

k . This completes the induction.

We are now equipped to state and prove the main result of this paper.

Theorem 1 (General quasi-identifiability). Consider the MCP model defined by equations (1) and (3),
using any strictly monotone, twice continuously differentiable link function G. Assume that:

(i) The family of component densities {gz,k(·|γ)}m
k=1 is identifiable with respect to γ and forms a linearly

independent set.

(ii) The covariate vector z contains an intercept, and its distribution is not concentrated on a hyperplane.

Then, the model is quasi-identifiable with respect to the full parameter vector θ = (β,ρ,γ).

Proof. Suppose for two parameter vectors θ and θ∗, we have fz(x|θ) = fz(x|θ∗) for all covariates z in a
set A of positive measure. From the model’s mixture structure in (1), this implies

m

∑
k=1

αk(z|θ)gz,k(x|γ) =
m

∑
k=1

αk(z|θ∗)gz,k(x|γ∗).

By assumption (i), the component densities {gz,k} are linearly independent, which for a finite mixture
implies the equality of both the component parameters and the mixing weights. Thus, for z ∈ A, we must
have γ = γ∗ and αk(z|θ) = αk(z|θ∗) for all k.

By Lemma 1, the equality of the mixing weights implies the equality of the underlying hazard prob-
abilities: πk(z|θ) = πk(z|θ∗). Substituting our general model specification from (3) yields

G(z⊤β+ρk) = G(z⊤β∗+ρ∗
k ).

The core assumption on our link function G is that it is strictly monotone, which guarantees it is
injective (one-to-one). Therefore, the equality of the function’s outputs implies the equality of its
inputs:

z⊤β+ρk = z⊤β∗+ρ∗
k .

This can be rearranged to z⊤(β−β∗) = ρ∗
k −ρk. This equation must hold for all z ∈ A. If β ̸= β∗, the left-

hand side is a non-constant linear function of z, while the right-hand side is a constant. By assumption
(ii), the distribution of z is not concentrated on a hyperplane, meaning the set of z values for which a
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non-constant linear function equals a constant must have measure zero. This contradicts our premise
that the equality holds on a set A of positive measure.

The only way to resolve this contradiction is to conclude that β = β∗. Substituting this back into the
linear equation immediately yields ρk = ρ∗

k . Combined with γ = γ∗, we have shown that θ = θ∗, which
completes the proof of quasi-identifiability.

Example 1 (Importance of the theorem’s assumptions). To illustrate the necessity of the conditions in
Theorem 1, consider a simple case with m = 2 (one potential change-point) and a single covariate z1. For
concreteness, we use a probit link, so the hazard is π1(z) = Φ(β0 +β1z1), where z = (1,z1)

⊤. The model
density is a two-component mixture

fz(x|θ) = π1(z)g1(x|γ)+(1−π1(z))g2(x|γ).

Now, consider scenarios where the assumptions of the theorem are violated.

1. Violation of covariate richness (Assumption ii): Suppose the covariate z1 is not sufficiently
rich and can only take a single value, c. Then the linear predictor becomes a constant, η = β0+β1c,
and so does the hazard, π1 = Φ(η). In this case, countless combinations of β0 and β1 can produce
the exact same value for η . For instance, (β0,β1) = (η ,0) and (β0,β1) = (η − c,1) would yield the
same hazard. The parameters β0 and β1 are not separately identifiable. This highlights why the
covariates cannot be concentrated on a hyperplane (in this case, a single point).

2. Violation of component distinguishability (Assumption i): Suppose the component densities
are identical, i.e., g1(·|γ)= g2(·|γ)= g(·|γ). The mixture model then collapses, as the mixing weights
become irrelevant:

fz(x|θ) = π1(z)g(x|γ)+(1−π1(z))g(x|γ) = g(x|γ).

The resulting density is entirely independent of the parameters β and ρ. Consequently, these
parameters are completely unidentifiable as they have no influence on the likelihood. This illustrates
the necessity of linear independence for the component densities.

4 Implications for the information matrix
Having established the quasi-identifiability for a broad class of MCP models in Theorem 1, we are now
positioned to directly apply the general singularity theory developed in Asgharian (2014). This theory
connects model identifiability with the geometric and analytic properties of the set of singularities of the
Fisher information matrix, I(θ). Our general result provides the key to unlock these powerful implications.

The following corollary is the principal outcome of our analysis. It confirms that for any model within
our proposed general class, the set of parameter values where standard asymptotic theory might fail is
negligible.

Corollary 1. Consider the MCP model defined with any strictly monotone, twice continuously differen-
tiable link function G as in Section 2. Assume that the conditions of Theorem 1 hold. Further, assume
that the model satisfies the necessary smoothness and regularity conditions (e.g., A.1–A.5 and B.1–B.3
as specified in Asgharian (2014)). Let Λ = {θ ∈ Θ : det I(θ) = 0} be the set of singularities of the Fisher
information matrix. Then:

1. The set Λ is a nowhere dense subset of the parameter space Θ.

2. If, in addition, the component densities gz,k(x|γ) are analytic functions of the parameters, the set
Λ has Lebesgue measure zero.
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Proof. The proof is a direct application of the main results from Asgharian (2014). Theorem 1 of this
paper establishes the quasi-identifiability of our general model, which is the central prerequisite for their
Theorems 3 and 4. By assuming that the link function G is twice continuously differentiable and that the
component densities satisfy standard smoothness conditions, the overall regularity conditions A.1–A.5
and B.1–B.3 of Asgharian (2014) are met. Specifically:

• Theorem 3 of Asgharian (2014) states that for any quasi-identifiable and sufficiently smooth model,
the set of singularities Λ is nowhere dense.

• Theorem 4 of Asgharian (2014) strengthens this result, stating that if the model is also analytic, Λ
has Lebesgue measure zero.

Since our general model satisfies the key conditions of quasi-identifiability and smoothness, the conclusions
of the corollary follow directly by invoking their theorems.

Remark 2 ( Theoretical and practical implications). The conclusions of Corollary 1 are of profound
theoretical importance. They provide a rigorous justification for the use of standard likelihood-based
inferential procedures (e.g., Wald tests, likelihood ratio tests, and confidence intervals based on the inverse
of the FIM) for a wide and versatile class of MCP models. The property of being nowhere dense implies
that singularities are isolated, while having Lebesgue measure zero implies that the probability of randomly
selecting a singular parameter is zero. Together, these results confirm that the pathologies associated with
a singular FIM are confined to a negligible, thin set of parameter values.

It is important, however, to distinguish this theoretical, asymptotic result from practical, finite-sample
challenges. In applied settings, numerical issues akin to singularity can arise due to data structure,
particularly the problem of complete or quasi-complete separation, where covariates perfectly predict the
change-point time. In such cases, maximum likelihood estimates may diverge, and the observed Fisher
information matrix can become ill-conditioned or numerically singular. Our results provide the theoretical
foundation for asymptotic inference, but they do not eliminate the need for careful model diagnostics and
an awareness of data-induced instabilities in finite samples.

5 Conclusion
In this paper, we addressed the fundamental issue of Fisher information matrix singularity for multipath
change-point (MCP) models, building upon the theoretical framework of Asgharian (2014). Their work
guaranteed the negligibility of singularities for identifiable models, a result they demonstrated for an
MCP model with a proportional odds ratio (logistic) structure for the change hazard. We investigated
whether these guarantees were an artifact of that specific choice or a more fundamental property of the
modeling framework.

Our main contribution was to unify and generalize this result by establishing, under standard smooth-
ness conditions, the quasi-identifiability of MCP models for a broad class of strictly monotone link func-
tions. By focusing on the core mathematical property required for identifiability—the injectivity of the
link function—our main theorem (Theorem 1) simultaneously covers the probit, logit, complementary
log-log, and numerous other model specifications under a single, coherent proof.

The principal implication, presented in Corollary 1, is that for this entire class of models, the set of
FIM singularities is both nowhere dense and of Lebesgue measure zero. This finding provides a rigorous
and general theoretical justification for the application of standard likelihood-based inference to a versatile
set of MCP models. Our work not only broadens the family of models for which inference is known to
be theoretically sound but also reinforces the robustness of the singularity framework by demonstrating
its wide applicability. While this asymptotic result provides a strong foundation, we also acknowledge
that it must be distinguished from finite-sample challenges, where issues like complete data separation
can still lead to numerical instability.
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Future research could extend this line of inquiry in several directions, such as investigating the iden-
tifiability of models with more complex structures, including time-varying covariates or multiple change-
points; exploring the challenges posed by non-monotone or data-driven link functions; or developing
robust inferential methods that are less sensitive to the practical problem of data separation in finite
samples. In essence, this work demonstrates that the validity of standard inference in these complex
models hinges on a simple and verifiable property of the chosen link function: its monotonicity. This
insight provides both theoretical assurance and practical guidance to researchers working with multipath
change-point models.
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Abstract. Ranked set sampling (RSS) and judgment post-stratification (JPS) are efficient sampling
designs that rely on ranking units without requiring full measurement, typically through visual inspection
or the use of auxiliary information. In their standard forms, including multi-ranker RSS, only a portion
of the available ranking information is utilized, and the corresponding Rao–Blackwellized estimators are
generally unavailable in closed form. In this paper, we propose two practical pseudo Rao–Blackwellization
approaches that enhance RSS and JPS by incorporating ranking information from all selected sets. The
resulting estimators admit closed-form expressions, make more complete use of the available ranking
information for each measured unit, and mitigate the impact of inaccurate rankings from individual sets.
We further extend the proposed framework to other ranked sampling designs, including median RSS and
extreme RSS, and investigate the performance of the resulting estimators under both symmetric and
asymmetric populations. Finally, we analyze two real data sets to illustrate the practical applicability of
the proposed methods and to corroborate the findings from the simulation studies.

Keywords: Efficiency; Judgment; Median ranked set sampling; Post-stratification; Ranked set sampling; Rao-
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1 Introduction
Ranked set sampling (RSS) and judgment post-stratification (JPS), introduced by McIntyre (1952) and
MacEachern et al. (2004), respectively, utilize ranking information to improve estimation accuracy. In
these sampling schemes, ranking is typically performed without full measurement of the variable of inter-
est; instead, it relies on visual inspection or expert judgment. Following its introduction for estimating
pasture and forage yields, RSS was rigorously studied by Takahasi and Wakimoto (1968), and since then it
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has attracted considerable attention across various fields. For example, Yanagawa and Shirahata (1976)
proposed a random allocation approach in RSS that coincides with JPS under an infinite population
framework.

A substantial body of literature has compared RSS and JPS with simple random sampling (SRS).
Notable contributions include Stokes and Sager (1988), Kaur et al. (1995), Chen et al. (2004), Salehi
et al. (2016), and Dey et al. (2017). A key finding from these studies is that RSS is generally more
efficient than, or at least as efficient as, SRS, depending on the quality of the ranking process. More
recent developments have extended RSS to settings with missing data; for instance, Bhushan and Kumar
(2024) proposed logarithmic imputation techniques under RSS to address non-response while preserving
estimation efficiency.

MacEachern et al. (2004) introduced JPS as a post-stratification method applied to an SRS using
auxiliary ranking information. While JPS typically improves upon SRS, it is generally less efficient
than RSS for estimating population means. Frey and Ozturk (2011) showed that strata induced by
ranking satisfy specific structural constraints not present in conventional stratification and proposed a
Rao–Blackwellized estimator, albeit without a closed form. Ozturk (2012) further integrated ranking
information from multiple rankers within JPS and RSS frameworks.

Subsequent work has explored theoretical and methodological extensions of JPS. Ozturk (2014)
demonstrated that the efficiency of JPS-based quantile estimators lies between that of SRS and RSS
in finite samples and approaches that of RSS as the sample size increases. Ozturk (2016) developed
JPS designs for finite populations and proposed algorithms to approximate the Rao–Blackwellized mean
estimator. Matthews and Wolfe (2017) introduced a unified framework encompassing both RSS and JPS
methodologies. More recently, Ozturk and Bayramoglu Kavlak (2020) and Ozturk and Kravchuk (2021)
proposed improved inference procedures by incorporating additional ranking information.

Despite its lower efficiency compared to RSS, JPS is often preferred in practice because it retains
the structure of SRS, with ranking information used only at the estimation stage. This feature allows
practitioners to apply standard inferential tools developed for SRS while still benefiting from auxiliary
ranking information. Recent contributions, such as Ozturk (2023), continue to expand the applicability
of rank-based methods in diverse experimental settings.

Both RSS and JPS involve multiple sets, each containing several units, raising an important question:
how can the full ranking information across all sets be utilized optimally? Panahbehagh et al. (2018)
addressed this issue by proposing a cost-efficient sampling strategy based on RSS. This work was extended
by Panahbehagh and Bruggemann (2021) and Panahbehagh et al. (2021) to multivariate settings, where
more than one unit can be selected from each set. As long as the number of selected units per rank
remains smaller than the number of sets, the resulting design outperforms SRS.

In this paper, we propose a method that fully exploits the ranking information from all units across
all sets, along with two closed-form estimators. In both RSS and JPS, ranking is typically based on
easily observable auxiliary variables. While such variables provide substantial information, conventional
approaches utilize only a limited portion of it. For example, Ozturk (2012) uses ranking information
from a single set for each unit, whereas incorporating information from multiple sets can potentially yield
greater efficiency.

The remainder of the paper is organized as follows. The next section briefly reviews rank-based
sampling designs, including RSS and JPS. Section 2 introduces the proposed improving approaches.
Section 3 presents the corresponding estimators of the population mean. A simulation study and further
numerical explorations are considered in Section 4. Section 5 provides applications to two real datasets,
and Section 6 concludes the paper.

1.1 A brief explanation of RSS and JPS
Suppose that the random variable X has probability density function (pdf) fµ , with E(X) = µ, Var(X) =
σ2, and E(|X |2) < ∞. Our objective is to estimate the population mean µ by exploiting the ranking
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information provided by one or more auxiliary covariates, denoted collectively by z.
To derive an RSS of size n = cM, an SRS of size M is selected from the population. None of the units

are measured at this stage, but they are instead ranked by judgment without actual measurement. In
this regard, visual inspection, expert opinion, or highly correlated concomitant variables may be used for
judgment ranking. The unit, which seems to be the smallest one among the M units is measured, and it
will be the first observation of the RSS, denoted by X(1)11. Another SRS of size M is obtained, and the
judgments are ranked similarly. The unit judgment ranked, which sounds to be the second smallest one,
is measured as the second member of the RSS, denoted by X(2)21. This procedure continues to up to the
unit having the largest (Mth) judgment rank is measured and completes the last observation of the RSS,
denoted by X(M)M1. Finally, the sample (

X(1)11,X(2)21, · · · ,X(M)M1
)

is called a one-cycle RSS of size M. Repeating the above process c− 1 times more, gives a c-cycle RSS
containing n = cM units, denoted by

{
X(i)i j, i = 1, · · · ,M, j = 1, · · · ,c

}
, where X(i)i j is the ith judgment

ranked unit from the ith SRS in the jth cycle.
JPS is another rank-based sampling that was proposed by MacEachern et al. (2004). In this design,

an SRS of size n, X1, · · · ,Xn, is taken from the population and actually measured. Then, a further SRS of
size M−1 is obtained for each Xi. These extra units are used only as auxiliary ones for judgment ranking
of Xi. Hence, we will finally have the pairs of (Xi,Ri), i = 1, · · · ,n, where Ri (∈ {1, · · · ,M}) is the judgment
rank of Xi among its corresponding SRS.

2 Pseudo Rao-Blackwellization of JPS and RSS
In this section we propose two methods to improve JPS and RSS by exploiting set information in a manner
analogous to Rao–Blackwellization, but that yield closed-form, approximately unbiased estimators. The
Improving JPS (IJPS) procedure for sample size n proceeds as follows. First, draw a simple random sample
with replacement (SRS) of size n from f and fully measure its units, denoted X1, . . . ,Xn. Independently,
select n sets, each an SRS of size M−1, without full measurement, and use all sets to provide judgmental
ranks for the measured sample units. Thus, for each unit Xk we obtain n ranks—one from each set—
and form the pairs (Xk,Rk) for k = 1, . . . ,n, where Rk = (Rk1,Rk2, . . . ,Rkn) and 1 ≤ Rki ≤ M denotes the
judgmental rank of Xk in the ith set (see Table 1).

Table 1: IJPS of size n ranking in M strata.
R X1 X2 · · · Xn

1st set R11 R21 · · · Rn1
2nd set R12 R22 · · · Rn2

...
...

... . . . ...
nth set R1n R2n · · · Rnn

For the improving RSS (IRSS) of size n, assume n = cM where c is an integer. We implement a
conventional RSS with a c-cycle of size M (see Table 2). Up to this point, we have a conventional RSS in
which the final fully measured sample is given by

{X(1)11,X(2)21, . . . ,X(M)M1,X(1)12,X(2)22, . . . ,X(M)M2, . . . ,X(1)1c,X(2)2c, . . . ,X(M)Mc},

where X(i)i j denotes the ith order statistic from the ith set in the jth cycle. We therefore have n = cM sets,
all of which can be utilized to extract additional information about the fully measured sample units. To
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Table 2: IRSS of size n ranking in M strata. Each row is ordered. Underbraces indicate selected samples for full
measurement.

Ranks
Cycle Set 1 2 · · · M

1 1 X(1)11︸ ︷︷ ︸ X(2)11 · · · X(M)11

2 X(1)21 X(2)21︸ ︷︷ ︸ · · · X(M)21

...
...

... . . . ...
M X(1)M1 X(2)M1 · · · X(M)M1︸ ︷︷ ︸

2 1 X(1)12︸ ︷︷ ︸ X(2)12 · · · X(M)12

2 X(1)22 X(2)22︸ ︷︷ ︸ · · · X(M)22

...
...

... . . . ...
M X(1)M2 X(2)M2 · · · X(M)M2︸ ︷︷ ︸
...

...
... . . . ...

c 1 X(1)1c︸ ︷︷ ︸ X(2)1c · · · X(M)1c

2 X(1)2c X(2)2c︸ ︷︷ ︸ · · · X(M)2c

...
...

... . . . ...
M X(1)Mc X(2)Mc · · · X(M)Mc︸ ︷︷ ︸

this end, we construct a multi-part matrix (MPM), as illustrated in Table 2. The first part of this matrix
consists of the data in Table 2 with the column corresponding to the smallest units (X(1)i j) removed. The
second part is obtained by removing the column corresponding to the second smallest units (X(2)i j), and
this process continues similarly. See Table 3 for the kth part of the MPM. Then, we use Part 1 to indicate
n ranks for each of X(1)1 j; j = 1,2, ...,c, Part 2 to indicate n ranks for each of X(2)2 j; j = 1,2, ...,c, and so
on. Therefore, for each fully measured unit, we obtain n ranks, which leads to a table analogous to Table
1, n observations, each with n ranks.

Then, we re-match each of {X(k)k j; j = 1,2, ...,c}, units (which have rank k in their original sets),
in all the n− 1 sets in Part k to create sets of size M and indicate n− 1 additional ranks for each of
{X(k)k j; j = 1,2, ...,c}. Therefore for each full measured unit we will have n ranks which leads to a table
exactly like Table 1, n observations, each with n ranks. As a simple example consider M = 3 and c = 2,
which leads to Table 4. Now each of X(1)11 and X(1)12 which will be fully measured, will receive 5 new
ranks with each of the sets in Part 1 of Table 5. Please note that ranking them in their original sets leads
to rank 1 for them. With this procedure, although we expect these units to receive rank 1, but the rank
of them will be adjusted using the other sets, leading to an increase in the accuracy of our judgment in
estimating the mean parameter.

In usual Rao-Blackwellization method, we would use more information involving all the possible com-
binations of all the units of the sets which will lead to complexity both in implementation and estimation.
But based on the approaches proposed in this section, we will construct closed form of the estimators
easily. Then the proposed methods utilize information inside the sets, more than usual approaches and
less than Rao-Blackwellization, and that’s why we name them pseudo Rao-Blackwellization approaches.
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Table 3: Part k of Multi-part matrix of data to indicate ranks of full measured units.
Part k
X(1)11 X(2)11 · · · X(k−1)11 X(k+1)11 · · · X(M)11
X(1)21 X(2)21 · · · X(k−1)21 X(k+1)21 · · · X(M)21

...
...

...
...

...
...

...
X(1)M1 X(2)M1 · · · X(k−1)M1 X(k+1)M1 · · · X(M)M1

X(1)12 X(2)12 · · · X(k−1)12 X(k+1)12 · · · X(M)12
X(1)22 X(2)22 · · · X(k−1)22 X(k+1)22 · · · X(M)22

...
...

...
...

...
...

...
X(1)M2 X(2)M2 · · · X(k−1)M2 X(k+1)M2 · · · X(M)M2

...
...

...
...

...
...

...
X(1)1c X(2)1c · · · X(k−1)1c X(k+1)1c · · · X(M)1c
X(1)2c X(2)2c · · · X(k−1)2c X(k+1)2c · · · X(M)2c

...
...

...
...

...
...

...
X(1)Mc X(2)Mc · · · X(k−1)Mc X(k+1)Mc · · · X(M)Mc

Table 4: An example of IRSS with M = 3 and c = 2.

Ranks
Cycle Set 1 2 3

1 1 X(1)11︸ ︷︷ ︸ X(2)11 X(3)11

2 X(1)21 X(2)21︸ ︷︷ ︸ X(3)21

3 X(1)31 X(2)31 X(3)31︸ ︷︷ ︸
2 1 X(1)12︸ ︷︷ ︸ X(2)12 X(3)12

2 X(1)22 X(2)22︸ ︷︷ ︸ X(3)22

3 X(1)32 X(2)32 X(3)32︸ ︷︷ ︸
3 Estimators
JPS is more acceptable than RSS (because of working based on SRS) and its efficiency is asymptotically
the same as RSS (MacEachern et al. (2004)). We therefore introduce an estimator for JPS in detail, and
we will suffice to present only an estimator for RSS in this section.

Let (Xk,Rk);k = 1,2, ...,n, be an IJPS of size n drawn from a population with mean µ. Suppose further
that the function Im

Rki
is an indicator variable which equals 1 if Rki = m and 0 otherwise. Now, the fraction

of cases where Xk takes the rank m, denoted by ωkm, is obtained as

ωkm =
1

nm

n

∑
i=1

Im
Rki
, nm =

n

∑
k=1

n

∑
i=1

Im
Rki
,
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Table 5: The parts of the three-layer matrix associated with the example of Table 4.

Part 1 Part 2 Part 3
X(2)11 X(3)11 X(1)11 X(3)11 X(1)11 X(2)11
X(2)21 X(3)21 X(1)21 X(3)21 X(1)21 X(2)21
X(2)31 X(3)31 X(1)31 X(3)31 X(1)31 X(2)31
X(2)12 X(3)12 X(1)12 X(3)12 X(1)12 X(2)12
X(2)22 X(3)22 X(1)22 X(3)22 X(1)22 X(2)22
X(2)32 X(3)32 X(1)32 X(3)32 X(1)32 X(2)32

where nm counts the total number of observations of IJPS whose ranks equal m. Then, for estimating µ
based on IJPS we propose the following estimator

µ̂IJPS =
1
M

M

∑
m=1

µ̂[m], (1)

where

µ̂[m] =


n
∑

k=1
ωkmXk, nm > 0,

0, nm = 0.
(2)

Conjecture 1. Under the proposed IJPS mechanism, for any two distinct measured units Xk and Xk′ ,
k ̸= k′, the corresponding weighted observations satisfy

Cov(ωk.Xk,ωk′.Xk′)≤ 0.

Motivated by the fixed-sum property of the weights and by the numerical evidence from our simulation
study, we state the following conjecture.

The intuition behind Conjecture 1 is as follows. The measured observations Xk and Xk′ are independent,
while their weights ωk. and ωk′. are negatively related because they are constructed from the same ranking
information and satisfy the fixed-sum relation

n

∑
k=1

ωk. = M

when all rank classes are non-empty. In particular, under exchangeability, this fixed-sum relation implies

Cov(ωk.,ωk′.) =−Var(ωk.)

n−1
≤ 0, k ̸= k′.

Although the weights are rank-based and therefore related to the measured values, extensive simulations
did not show any contradiction to Conjecture 1. Across the parent distributions, sample sizes, and set
sizes considered in this study, the estimated covariance terms were consistently non-positive.

Lemma 1. The random variable µ̂IJPS given by (1) is an asymptotically unbiased estimator of µ. More
specifically, under the usual equal-probability rank-class argument,

E (µ̂IJPS) = µ −
(

1− 1
M

)n2

µ,
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and hence

E (µ̂IJPS)−µ =−
(

1− 1
M

)n2

µ −→ 0 as n → ∞.

Moreover, if Conjecture 1 holds, then

V̂ =
n

M2(n−1)

n

∑
k=1

(
ωk.Xk −

1
n

n

∑
k=1

ωk.Xk

)2

(3)

is an empirical estimator of an upper bound for the variance of µ̂IJPS, where

ωk. =
M

∑
m=1

ωkm.

If Conjecture 1 is not invoked, the same quantity may be viewed as a first-order empirical variance esti-
mator, obtained by estimating the individual variance component and ignoring the covariance component.
Proof. Let µ[m] denote the mathematical expectation of an observation whose judgmental rank is m.
Then, for a non-empty rank class,

E(µ̂[m] | nm > 0) = µ[m].

Therefore,

E(µ̂[m]) = µ[m]P(nm > 0)

= µ[m]

(
1−
(

1− 1
M

)n2)
.

Consequently,

E (µ̂IJPS) =
1
M

M

∑
m=1

E(µ̂[m])

=

(
1−
(

1− 1
M

)n2)
1
M

M

∑
m=1

µ[m]

=

(
1−
(

1− 1
M

)n2)
µ.

Since (
1− 1

M

)n2

−→ 0 as n → ∞,

the bias term vanishes, and hence µ̂IJPS is asymptotically unbiased.
For the variance, using (1) and (2), we can write

µ̂IJPS =
1
M

n

∑
k=1

ωk.Xk.

Therefore,

Var(µ̂IJPS) =
1

M2 Var

(
n

∑
k=1

ωk.Xk

)

=
1

M2

[
n

∑
k=1

Var(ωk.Xk)+2 ∑
1≤k<k′≤n

Cov(ωk.Xk,ωk′.Xk′)

]
. (4)
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The first term in (4) is the individual variance component, whereas the second term is the covariance
component. Under Conjecture 1, the covariance component is non-positive. Thus,

Var(µ̂IJPS)≤
1

M2

n

∑
k=1

Var(ωk.Xk).

By exchangeability,
Var(µ̂IJPS)≤

n
M2 Var(ωk.Xk).

Replacing Var(ωk.Xk) with its sample analogue gives

V̂ =
n

M2(n−1)

n

∑
k=1

(
ωk.Xk −

1
n

n

∑
k=1

ωk.Xk

)2

.

If Conjecture 1 is not imposed, this expression still estimates the first-order individual variance component
in (4). This completes the proof.

Using almost the same approach proposed for the IJPS, one can obtain an alternative estimator based
on an IRSS of size n = cM explained in Table 2. More specifically, if we denote Wi jm =

Mc
∑

l=1
I(Ri jl = m),

where Ri jl is the rank of X(i)i j in the lth set, then the mentioned estimator is defined as

µ̂IRSS =
1
M

M

∑
m=1

µ̂(m), (5)

where

µ̂(m) =

M
∑

i=1

c
∑
j=1

X(i)i jWi jm

M
∑

i=1

c
∑
j=1

Wi jm

.

4 Further numerical studies
4.1 Examining various distributions
We conducted a simulation study under various distributions and defined efficiency as the ratio of the
variance of the SRS estimator to the mean squared error (MSE) of the corresponding estimator. Specifi-
cally, let µ̂ be an estimator of µ obtained from one of the ranked sampling designs described above. We
compute the relative efficiency as

RE =
σ2

n
MSE(µ̂)

, (6)

where the numerator represents the variance of the sample mean under SRS of size n, and MSE denotes
the Monte Carlo mean squared error. We considered a wide range of distributions, namely N(10,2),
Uniform(0,1), Exp(1), Weibull(2), Beta(7,4), Gamma(2,1), Chisq(2), and Poisson(8), with n = 12,18,24
and M = 3,6. The results are reported in Table 6. They show consistent efficiency gains for IJPS and
IRSS compared with JPS and RSS, respectively, across all scenarios. Moreover, the efficiency gains tend
to increase with respect to n and M in most cases, although the effect is more pronounced with respect
to M. The improvements are also more substantial for symmetric distributions.

Results are shown in Table 6. They clearly show that there are efficiency gains for IJPS and IRSS
over JPS and RSS, respectively, in all cases. Consequently, the results show that the gains in efficiency
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increase as M and n increase; however, the increase in efficiency is more evident for M. Finally, the
improvements are more significant for symmetric distributions.

To assess V̂ in (3), we constructed 90% and 95% confidence intervals based on the tails of the standard
normal distribution and the estimator µ̂IJPS in (1):

CI90 =

(
µ̂IJPS −1.64

√
V̂upper, µ̂IJPS +1.64

√
V̂upper

)
CI95 =

(
µ̂IJPS −1.96

√
V̂upper, µ̂IJPS +1.96

√
V̂upper

)
for M = 3,6 and n = 24. The coverage rates of these confidence intervals for different distributions
are reported in Table 6, where C90 and C95 denote the coverage probabilities (CPs) of CI90 and CI95,
respectively. These CPs were computed as the proportion of intervals containing the population parameter
µ over 2000 iterations. In most cases, the CP exceeded the nominal level, which is expected when an
upper bound is used for the variance. At the same time, the upper bound has two advantages: it applies
to all considered distributions and nearly guarantees the nominal coverage probability. Moreover, larger
sample sizes led to more reliable coverage.

4.2 Proposing another improving approach
The approach proposed in Section 3 improves both JPS and RSS designs regardless of whether the parent
distribution is symmetric or asymmetric. As stated previously and illustrated in Table 3 for the algorithm
that improves RSS, the auxiliary units from the n−1 remaining sets whose judgment ranks coincide with
those of a given fully measured unit are eliminated, and then the unbiased efficient estimator (5) is
constructed. One may ask what happens if these auxiliary units are not eliminated. In that case we have
1 ≤ Ri jl ≤ M+1, and the estimator (5) reduces to

µ̂ =
1

M+1

M+1

∑
m=1

µ̂(m). (7)

Similarly, for JPS, if the n−1 remaining sets contain their matching fully measured units, then the Rki’s
in Table 1 also lie in the interval [1,M+1], and estimator (7) with µ̂[m] instead of µ̂(m) applies to the JPS
design as well. We refer to the method described in Section 3 as the “First Improving Approach” and to
the method presented here as the “Second Improving Approach.”

4.3 Examining some more ranked sampling designs
In addition to this question, we are also interested in examining other ranked sampling designs, such
as median RSS (MedRSS) and extreme RSS (ERSS). There are two main reasons for considering these
variants of RSS: their simplicity and reduced ranking error (particularly in ERSS), as well as their strong
performance under symmetric populations.

MedRSS was introduced by Muttlak (1997) as a simplified version of RSS. The following algorithm can
be used to obtain a c-cycle MedRSS with set size M. If M is odd, observations are obtained by measuring
the judgment medians from each SRS. For even set sizes, suppose that M simple random samples, each
of size M, are drawn. Then, the units with the largest judgment ranks are measured from the first half
of the samples, while the units with the smallest judgment ranks are measured from the second half. By
repeating this procedure c times, the desired sample size n = cM is obtained.

More specifically, the gathered observations are of the form{
X(M+1

2 )i j, i = 1, · · · ,M, j = 1, · · · ,c
}
,
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Table 6: The values of the RE, the relative efficiency of the respective design to the SRS design, and the
CP under different distributions (the simulation is carried out based on 2000 Monte Carlo replications).

CP RE CP RE
n M f JPS IJPS RSS IRSS f JPS IJPS RSS IRSS
12 3 N(10,2) 1.51 2.33 1.95 2.35 Beta(7,4) 1.42 2.25 1.97 2.36

6 1.57 3.77 3.12 4.25 1.54 3.80 3.18 4.38
18 3 1.57 2.36 1.83 2.22 1.72 2.35 2.00 2.44

6 C90,C95 1.83 4.1 3.08 4.36 C90,C95 1.89 4.21 3.2 4.54
24 3 0.92,0.94 1.8 2.48 2.10 2.56 0.91,0.93 1.70 2.55 1.99 2.42

6 0.97,0.98 2.22 4.33 3.30 4.79 0.97,0.98 2.27 4.14 3.08 4.33
12 3 Uni f orm(0,1) 1.46 2.48 1.95 2.36 Gamma(2,1) 1.41 2.10 1.79 2.11

6 1.61 4.15 3.39 4.53 1.48 3.26 2.89 4.06
18 3 1.64 2.42 1.98 2.47 1.49 2.09 1.71 2.08

6 C90,C95 1.88 4.95 3.29 4.41 C90,C95 1.69 3.48 2.90 4.14
24 3 0.97,0.98 1.84 2.68 2.02 2.55 0.96,0.98 1.51 2.14 1.87 2.26

6 0.96,0.98 2.22 4.58 3.29 4.70 0.98,0.99 1.98 3.59 2.83 3.93
12 3 Exp(1) 1.32 1.82 1.74 2.01 Chisq(2) 1.23 1.73 1.48 1.73

6 1.41 2.91 2.57 3.59 1.22 2.52 2.13 2.92
18 3 1.36 1.89 1.70 2.01 1.56 1.84 1.52 1.77

6 C90,C95 1.55 3.05 2.38 3.45 C90,C95 1.44 2.87 2.25 3.15
24 3 0.95,0.97 1.49 1.92 1.62 1.93 0.94,0.97 1.3 1.85 1.39 1.64

6 0.98,0.99 1.78 3.33 2.71 3.73 0.97,0.99 1.74 2.77 2.41 3.37
12 3 Weibull(2,1) 1.38 2.32 1.88 2.25 Poisson(8) 1.32 1.94 1.7 1.97

6 1.56 3.72 3.03 4.13 1.29 2.86 2.47 3.34
18 3 1.57 2.26 1.90 2.30 1.41 1.87 1.56 1.86

6 C90,C95 1.78 4.43 3.07 4.25 C90,C95 1.68 3.20 2.57 3.53
24 3 0.96,0.98 1.76 2.56 1.98 2.44 0.96,0.97 1.51 1.96 1.63 1.93

6 0.99,0.99 2.04 4.02 3.02 4.43 0.97,0.98 1.81 3.33 2.58 3.59
12 3 ωN(100,10) 1.44 2.18 1.80 2.15 ωN(100,10) 1.35 1.90 1.76 2.06

6 +(1−ω)N(150,10), 1.59 3.98 3.47 4.51 +(1−ω)N(150,10), 1.43 2.89 3.03 4.17
18 3 ω ∼ Ber(0.5) 1.65 2.40 1.87 2.26 ω ∼ Ber(0.2) 1.56 2.03 1.84 2.17

6 C90,C95 2.04 4.42 3.25 4.32 C90,C95 1.68 3.23 2.70 3.78
24 3 0.91,0.93 1.68 2.44 2.00 2.41 0.92,0.94 1.56 2.05 1.71 2.08

6 0.97,0.98 2.24 4.46 3.02 4.14 0.97,0.98 1.87 3.28 2.82 3.91

when M is odd, and{
X(M

2 )i j, i = 1, · · · , M
2
, j = 1, · · · ,c

}
∪
{

X(M
2 +1)i j, i =

M
2
+1, · · · ,M, j = 1, · · · ,c

}
,

when M is even. As mentioned earlier, if the required conditions of running the RSS are provided in a
population, it would be logical to utilize it rather than SRS. But, if the set size M is not small, the ranking
error would be non-negligible and this implies enhancing the variances of the estimators obtained based
on the RSS. But then, inspecting the extreme values is not so difficult even in large sets. Therefore,
Samawi et al. (1996) proposed ERSS which inspects only the extreme observations. Actually, in this
sampling design, we select M random samples of size M and rank each sample separately with respect to
a variable of interest by visual inspection. If the sample size M is even, we select from M

2 samples the
smallest unit and from the M

2 remaining samples the largest unit for full measurement. If the sample
size is odd, select from M−1

2 samples the smallest unit, from the other M−1
2 the largest unit and from one
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sample the median of the sample for actual measurement. This cycle may be repeated c times in order
to get n = cM units. In summary, for an even M we have

{
X(1)i j, i = 1, · · · , M

2
, j = 1, · · · ,c

}
∪
{

X(M)i j, i =
M
2
+1, · · · ,M, j = 1, · · · ,c

}
,

and for an odd M we have

{
X(1)i j, i = 1, · · · , M−1

2
, j = 1, · · · ,c

}
∪
{

X(M)i j, i =
M+1

2
+1, · · · ,M−1, j = 1, · · · ,c

}
∪
{

X(M+1
2 )M j, j = 1, · · · ,c

}
.

Therefore in the next simulation scenario, we consider the population mean estimators on the ba-
sis of four ranked sampling schemes including RSS, JPS, MedRSS and ERSS of size n = cM, with
(c,M) = (3,4),(4,5),(4,15),(5,20),(5,30),(6,30), under the two approaches mentioned above as well as
their existing conventional versions. In order to be closer, the standard normal distribution as well as the
Gamma(2,1) are selected as the parent distributions in order to involve both of symmetric and asym-
metric populations. Two criteria are employed for the comparison purpose: the bias and the RE given
by (6). Figures 1 and 2 depict the result. The following points are observed:

• The approaches of using full ranking information improve the ordinary methods of ranking. How-
ever, the first approach has a better performance than the second one according to the all criteria.

• Sampling design performance is heavily influenced by the parent distribution. For instance, the
improved ERSS outperforms its competitors under normal distributions (representing the class of
symmetric distributions). However, it becomes one of the least efficient designs, along with MedRSS,
when the population follows an asymmetric distribution, such as the gamma distribution.

• Figures 1 and 2 confirm the asymptotic unbiasedness of the estimators in (1) and (5), which are
obtained based on the improved JPS and improved JPS, respectively, under the first approach.
However, the improved versions of ERSS and MedRSS produce unbiased estimators for µ only for
populations with symmetric densities. This property was proved by Samawi et al. (1996) for the
ordinary version of ERSS as well.

• The estimators obtained based on the second approach are clearly biased but still more efficient
than their conventional counterparts.
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Figure 1: Comparison of the estimators obtained based on various sampling designs proposed via RE and bias criteria
under the standard normal distribution.
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Figure 2: Comparison of the estimators obtained based on various sampling designs proposed via RE and bias criteria
under the gamma distribution.
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5 Real data analysis
Two real data sets are considered to illustrate the results in the previous sections. To check the chosen
sample’s sensitivity and obtain the efficiencies of the mean estimators derived based on various designs,
the Monte Carlo technique with 2000 replications is employed. Moreover, the judgment ranking process
is performed using a covariate variable highly correlated with the variable of interest. Then, the relative
efficiencies are computed from (6). It is to be noted that here the variance that appeared in the numerator
of (6) is substituted by the MSE of the estimator obtained based on the SRS.

5.1 Belgium municipalities data
We implemented the new method on Belgium Municipalities Data. The data set is available in the R
package sampling under the name belgianmunicipalities. It contains different information about the
Belgian population between 2001 and 2004 by municipalities. The data set contains 589 rows correspond-
ing to each municipality of Belgium. We just considered two variables, the variable of interest x, which
represents the taxable income in euros in 2001, and the auxiliary variable z, which represents the total
population on July 1, 2004. As it is clearly observed from Table 7, the improved versions of the JPS and
the RSS designs yield more efficient estimators. This fact confirms the results obtained in the preceding
section.

Table 7: Belgium municipalities data. The numbers indicate efficiency of the respective design relative
to SRS design.

n M JPS IJPS RSS IRSS n M JPS IJPS RSS IRSS
12 3 1.09 1.24 1.25 1.36 10 5 1.02 1.68 1.36 1.72

6 1.11 1.63 1.18 1.50 10 1.05 2.58 1.91 2.83
18 3 1.07 1.22 1.20 1.31 20 5 1.00 1.29 1.51 1.84

6 1.08 1.59 1.60 2.01 10 1.05 2.14 1.81 2.58
24 3 1.05 1.24 1.20 1.30 50 5 1.33 1.37 1.31 1.62

6 1.12 1.48 1.53 2.02 10 1.25 1.80 1.71 2.45
48 3 1.16 1.24 1.23 1.38 90 5 1.29 1.39 1.35 1.66

6 1.32 1.56 1.47 1.86 10 1.49 1.79 1.45 1.96
24 4 1.16 1.48 1.30 1.55 42 7 1.10 1.50 1.52 1.92

8 1.12 1.77 1.35 1.90 14 1.06 2.02 1.60 2.34
40 4 1.26 1.37 1.32 1.57 70 7 1.15 1.52 1.40 1.78

8 1.20 1.64 1.49 1.96 14 1.36 2.00 1.67 2.33
56 4 1.14 1.39 1.11 1.36 84 7 1.33 1.56 1.51 1.90

8 1.12 1.52 1.48 2.00 14 1.39 1.99 1.63 2.25
72 4 1.23 1.37 1.22 1.47 112 7 1.38 1.59 1.49 1.88

8 1.25 1.55 1.38 1.82 14 1.43 1.90 1.67 2.16

5.2 Switzerland provinces data
For this part we used Standardized fertility measures and socio-economic indicators for 47 French-speaking
provinces of Switzerland at about 1888. The data set is available in the R package stats under the name
swiss. We selected two of them as the main and one as the auxiliary variables (see Figure 3):

x1: Examination; draftees receiving highest mark on army examination,
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x2: Agriculture; of males involved in agriculture as an occupation,

z: Education; education beyond primary school for draftees.
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Figure 3: Relation between Switzerland provinces data.

Analogously to the simulation section, the analysis of the Switzerland provinces data in Table 8
suggests that IRSS and IJPS outperform the traditional RSS and JPS designs, respectively. Moreover,
from Table 8 and Figure 3, it can be generally concluded that the improved estimators become more
efficient as the judgment ranking becomes more precise (as we expected before). Also as an interesting
point, as JPS has some bias and we used MSE to measure efficiency, in some cases JPS could not be as
efficient as SRS. But we can see that the improved version was always more efficient than SRS.

Overall, the results in Tables 7 and 8 show that using more accurate ranking information can lead
to noticeable gains in estimation efficiency in practical settings. For the Belgium municipalities data,
the improved JPS and RSS methods consistently outperform their ordinary counterparts, with the gain
becoming more highlighted as the set size M increases. For the Switzerland provinces data, the improved
methods again provide more efficient estimates in most cases, especially when the auxiliary variable is
strongly associated with the variable of interest. These findings indicate that the proposed improved
designs are not only theoretically justified, but also practically useful for real data analysis, since they
can generate more precise estimation without adding significant cost or complexity.

6 Conclusion
We have proposed simple and practical improvements to JPS and RSS that make use of the complete
ranking information within each selected set, which is either already available or can be obtained at
virtually no additional cost. The proposed methods are motivated by the Rao–Blackwellization principle
and effectively exploit all available rank information, leading to more reliable rank judgments and, conse-
quently, more efficient parameter estimation. They retain the simplicity of the original sampling designs
while providing substantial gains in estimation efficiency. In particular, IJPS and IRSS offer a favorable
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Table 8: Switzerland provinces data. The numbers indicate efficiency of the respective design relative to
SRS design.

n M JPS IJPS RSS IRSS n M JPS IJPS RSS IRSS

z = Education, x = Agriculture
4 2 0.95 1.08 1.24 1.25 4 0.94 1.23 1.32 1.33
6 0.94 1.12 1.20 1.22 0.98 1.33 1.35 1.39
8 0.93 1.13 1.18 1.19 1.05 1.40 1.37 1.39
10 1.01 1.16 1.13 1.13 1.03 1.35 1.30 1.33
6 3 0.89 1.16 1.23 1.27 5 0.95 1.29 1.33 1.39
9 0.92 1.18 1.27 1.31 1.02 1.45 1.40 1.47
12 0.95 1.24 1.22 1.25 1.03 1.47 1.37 1.44
15 1.02 1.26 1.18 1.24 1.05 1.44 1.52 1.60

z = Education, x = Examination
4 2 0.94 1.14 1.23 1.25 4 0.97 1.28 1.51 1.57
6 0.97 1.17 1.24 1.26 1.02 1.39 1.38 1.48
8 0.97 1.16 1.16 1.19 1.05 1.42 1.35 1.46
10 1.01 1.22 1.16 1.20 1.12 1.43 1.43 1.55
6 3 0.90 1.20 1.29 1.33 5 0.92 1.36 1.37 1.45
9 0.91 1.19 1.21 1.24 1.02 1.45 1.52 1.63
12 0.93 1.29 1.29 1.34 1.01 1.44 1.51 1.59
15 1.03 1.30 1.34 1.40 1.04 1.43 1.49 1.57

balance between improved precision and computational simplicity without introducing significant addi-
tional complexity. For symmetric or approximately symmetric populations, we recommend IERSS, which
fully exploits the ranking information available in ERSS and generally provides the greatest efficiency
gains.
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Abstract. An exponential recursive ternary tree (ERTT) is defined by the property that each node
has three possible positions, referred to as external nodes, to which a child may be attached. At each
growth step, every external node independently becomes a leaf with probability p, or remains external
with probability 1− p. In this note, we study two quantities associated with ERTTs: the external Wiener
index, defined as the sum of distances over all pairs of external nodes, and the number of saturated nodes,
i.e., nodes that have three children. For these trees, we derive the expected value and the second moment
of both the number of saturated nodes and the Wiener index. Subsequently, applying the martingale
convergence theorem, we establish almost sure convergence and convergence in quadratic mean for a
suitably scaled external Wiener index, which reflects the typical distance between two randomly chosen
external nodes. Finally, using the contraction method, we prove convergence in distribution for a scaled
version of the number of saturated nodes.

Keywords: Contraction method; L2-norm; Martingale convergence theorem; Wasserstein metric; Wiener index.
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1 Introduction and setting
A random recursive tree of size n is built sequentially: starting with a root, each new node attaches uni-
formly at random to one of the existing nodes Smythe and Mahmoud (1995). For only a few of variations
of recursive trees, see Javanian and Vahidi-Asl (2003), Javanian and Vahidi-Asl (2006), Javanian and
Vahidi-Asl (2012), Javanian (2013), Javanian (2017) and Zhang (2018). These trees have been widely
studied and applied in various fields Chan et al. (2003), Najock and Heyde (1982), Moon (1974).

Since only one node is added at each step in the growth of a recursive tree, then these slow-growing
models cannot be suitable for fast-growing phenomena such as the growing the Twitter and the spreading
of infectious diseases. In Mahmoud (2022), it has been proposed a fast-growing recursive tree model,
i.e. the exponential recursive tree (ERT), where every node independently attracts a new node with
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Figure 1: All exponential recursive ternary trees of index p and ages 0, 1 and 2. The probability of
getting each tree appears above the root of that tree.

probability p, or fails to do at each step in the growth of the tree. The size (the number of nodes), the
leaves (the nodes with no children), the depth of a node v (the distance, i.e. the number of edges, of node
v from tree’s root node) and the total path length (the sum of depth of all nodes) have been studied for
ERTs by Aguech et al. (2021).

The ERT generalizes the recursive tree by allowing multiple nodes to grow simultaneously.
We use the term ERT following Mahmoud (2022). These trees are recursive in the sense that their

construction is recursively defined: a tree of age n is built from independent copies of trees of age n−1
via a self-similar branching rule. This recursive structure is central to the distributional recurrences we
derive in Sections 2–4. While the growth mechanism is parallel rather than sequential, the recursive
nature of the tree is preserved.

In Ghasemi et al. (2023), an exponential recursive k-ary tree has been defined as an ERT in which
every node has at most k children. The nodes that already exist in the tree are called internal. In order to
identify the locations of possible insertions of a new node, an exponential recursive k-ary tree is extended
by having k−d external nodes joined as children of a node with d children. Internal and external nodes
are shown by circles and squares, respectively (see, e.g., the trees in Figure 1).

An exponential recursive k-ary tree of index p and age n grows as follows: Initially (at age 0), there
is an external node. For n ≥ 1, at the nth step (at age n), every external node independently is changed
into a leaf with probability p ∈ (0,1), or not to be changed with probability q := 1− p. The parameter
p is called the index of the ERT. The age of an ERT is the number of steps it takes to grow the tree.
Figure 1 shows all exponential recursive 3-ary trees of ages 0, 1 and 2.

We assume 0 < p < 1 throughout, which ensures non-degenerate stochastic growth. The boundary
cases p = 0 (no growth) and p = 1 (deterministic complete tree) are trivial and can be obtained as limiting
cases of our results.

The Wiener index, a distance-based topological index, is defined as the sum of distances between all
nodes in a graph. For recursive trees, Neininger (2002) has obtained the expectations, the variances and



Wiener index and saturated nodes of random exponential recursive ternary trees 73

a bivariate limit law for the Wiener index and the total path length. It also has been obtained a strong
limit theorem for the Wiener index of recursive trees in Grübel and Michailow (2015).

The external Wiener index, the sum of distances between all pairs of external nodes, provides a natural
measure of the spread or compactness of the tree’s boundary. This is particularly relevant for:

• Network analysis: In social networks modeled by exponential recursive trees, external nodes rep-
resent potential future connections or unoccupied slots. The external Wiener index captures the
expected distance between these potential connection points, which is crucial for understanding
information propagation, epidemic spreading, and network resilience.

• Population genetics and phylogenetics: External nodes in these trees correspond to extant species
or individuals. The external Wiener index measures the genetic or phylogenetic distance among
current population members, providing insights into diversity and evolutionary history.

• Algorithmic applications: In data structures such as digital search trees or trie structures, external
nodes represent empty positions. The external Wiener index quantifies search or insertion costs,
making it practically relevant for performance analysis.

By saturated nodes, we mean the nodes with 3 children in an exponential recursive ternary tree. A
saturated node represents a full branching point. These nodes are of significant interest because:

• They indicate complete local structures, which are critical for understanding the tree’s capacity and
growth bottlenecks.

• In biological systems, saturated nodes may represent speciation events where all possible descendant
lineages are present.

• In network models, saturated nodes correspond to fully connected local hubs, which affect robustness
and clustering coefficients.

The limiting distribution of depth and the expectation and variance of external path length (the sum of
depth of all external nodes) in recursive k-ary trees have been obtained in Javanian and Vahidi-Asl (2006),
Javanian and Vahidi-Asl (2012) and Javanian (2014), respectively. The size, leaves, external path length
and depth of a randomly chosen external node in exponential recursive k-ary tree have been investigated;
see Ghasemi et al. (2023). The asymptotic behaviour of profile (number of nodes of the same depth) of
exponential binary trees has been studied by Feng and Mahmoud (2018).

In this paper, for the sake of simplicity, we consider the exponential recursive k-ary tree for which
k = 3. The resulting tree is called exponential recursive ternary tree (ERTT). Our interest here is to study
the external Wiener index Wn and number of saturated nodes Yn in an ERTT of age n. We give the first
two moments of Wn and Yn. Then we show convergence in distribution and in L2 of Wn

n(2p+1)2n that is
a martingale with finite second moment. By the contraction method, we also characterize the limiting
distribution of Yn

(2p+1)n as the unique fixed point of a distributional equation.

We use the recursive structure of the ERTTs under consideration in order to setup some recurrences
for Wiener index and the number of saturated nodes. After one step of the evolution of an ERTT, the
initial external node either succeeds to recruit a leaf (event R) or not. We denote the indicator function
of the event R by I. If the event R does not occur, then after n− 1 steps, the initial external node of
the tree fathers an ERTT T̃n−1. Alternatively, If R occurs, the extended ERTT has an internal node
with 3 external nodes. By time n, these 3 external nodes produce 3 independent ERTTs T ′

n−1, T ′′
n−1 and

T ′′′
n−1. Now, we hook T ′

n−1, T ′′
n−1 and T ′′′

n−1 to construct an ERTT of index p and age n. Let (X̃n−1, Z̃n−1),
(X ′

n−1,Z
′
n−1), (X ′′

n−1,Z
′′
n−1) and (X ′′′

n−1,Z
′′′
n−1), be the pairs of the number of external nodes and the external
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path length in T̃n−1, T ′
n−1, T ′′

n−1 and T ′′′
n−1, respectively. Then for an ERTT of index p at age n with the

number of saturated nodes Yn and the Wiener index Wn, we have

Xn
d
= (1− I)X̃n−1 + I

(
X ′

n−1 +X ′′
n−1 +X ′′′

n−1

)
, (1)

Zn
d
= (1− I)Z̃n−1 + I

(
Z′

n−1 +Z′′
n−1 +Z′′′

n−1 +X ′
n−1 +X ′′

n−1 +X ′′′
n−1

)
, (2)

where the symbol d
= denotes equality in distribution; the pairs (X̃n−1, Z̃n−1), (X ′

n−1,Z
′
n−1), (X ′′

n−1,Z
′′
n−1) and

(X ′′′
n−1,Z

′′′
n−1) are independent copies of (Xn−1,Zn−1) and independent of I. Moreover, the almost sure and

L2 convergence of the scaled Xn and Zn have been shown in Ghasemi et al. (2023),

Xn

(2p+1)n
a.s.−→ X∗,

Zn

n(2p+1)n
L2 & a.s.−−−−−→ X∗,

(
E[X∗] = 1, E[X2

∗ ] =
3

2p+1

)
, (3)

as n → ∞, for a limiting variable X∗ characterized by inductively-constructed moments.
To setup the recurrences for the number of saturated nodes and Wiener index, let Tn be an ERTT

of index p at age n, (Ỹn−1,W̃n−1), (Y ′
n−1,W

′
n−1), (Y ′′

n−1,W
′′
n−1) and (Y ′′′

n−1,W
′′′
n−1) be the pairs of the number

of saturated nodes and the Wiener index in T̃n−1, T ′
n−1, T ′′

n−1 and T ′′′
n−1, respectively. Let Jn−1, J′n−1, J′′n−1

and J′′′n−1 be the indicators of the events that, after n−1 extra steps, the initial external node succeeds to
recruit a child in Tn−1, T ′

n−1, T ′′
n−1 and T ′′′

n−1, respectively. The term J′n−1J′′n−1J′′′n−1 appears because a new
saturated node is created at the root exactly when all three subtrees have grown from their respective
initial external nodes. The factor I indicates whether the initial external node successfully recruited a
child. When this happens, the saturated nodes in the resulting tree are the sum of saturated nodes in
the three subtrees plus one additional saturated node if all three subtrees are non-empty (i.e., all three
J’s equal 1). We will include the derivation:

Yn
d
= (1− I)Ỹn−1 + I

(
Y ′

n−1 +Y ′′
n−1 +Y ′′′

n−1 +J′n−1J′′n−1J′′′n−1

)
. (4)

Now, we explain the interaction terms such as X ′
n−1X ′′

n−1, Z′
n−1X ′′

n−1, etc. These arise from distances
between external nodes in different subtrees. For example, if an external node in subtree T ′

n−1 and an
external node in subtree T ′′

n−1 are considered, their distance is:

D(i, j) = DT ′(i)+2+DT ′′( j).

Summing over all pairs gives the cross terms Z′
n−1X ′′

n−1 +Z′′
n−1X ′

n−1 +2X ′
n−1X ′′

n−1. The factor 2 appears in
the constant term because the path goes up from the external node in T ′ to its root (distance DT ′(i)),
then crosses through the common parent node (distance 2), and goes down to the external node in T ′′

(distance DT ′′( j)). The Z′X ′′ and Z′′X ′ terms are the sums of DT ′(i) over all pairs and DT ′′( j) over all
pairs, respectively. Then we obtain

Wn
d
= (1− I)W̃n−1 + I

(
W ′

n−1 +W ′′
n−1 +W ′′′

n−1 +2X ′
n−1X ′′

n−1 +2X ′
n−1X ′′′

n−1 +2X ′′
n−1X ′′′

n−1

+Z′
n−1X ′′

n−1 +Z′′
n−1X ′

n−1 +Z′
n−1X ′′′

n−1 +Z′′′
n−1X ′

n−1 +Z′′
n−1X ′′′

n−1 +Z′′′
n−1X ′′

n−1

)
, (5)

where the triples (Y ′
n−1,J′n−1,W

′
n−1), (Y ′′

n−1,J′′n−1,W
′′
n−1) and (Y ′′′

n−1,J′′′n−1,W
′′′
n−1) are independent copies of

(Yn−1,Jn−1,Wn−1) and independent of I.
In Section 2, we calculate the first two moments of Yn and Wn. If Sn be the size of be an ERTT of

index p at age n, in Section 3 and Section 4, we use the martingale convergence theorem and contraction
method to show the following two types of convergence for Wn and Yn, respectively,

E[Yn]

E[Sn]
≤ 1

3
,

Yn

(2p+1)n
d−→ Ŷ and Wn

n(2p+1)2n
L2 & a.s.−−−−−→ 3p

2p+1
X2
∗ ,
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where the random variable Ŷ is the unique distributional fixed-point of a distributional recurrence.
Throughout the paper, we use a systematic notation for the three independent subtrees that arise

when the root recruits a child: variables with a single prime (e.g., X ′
n−1), double prime (e.g., X ′′

n−1),
and triple prime (e.g., X ′′′

n−1) represent the three independent copies. Variables with a tilde (e.g., X̃n−1)
represent the ’no-recruitment’ case. This convention is consistent across all parameters: X for external
nodes, Z for external path length, W for Wiener index, Y for saturated nodes, and J for growth indicators.
Thus, a reader encountering a symbol such as W ′′

n−1 can immediately infer that it refers to the Wiener
index of the second independent subtree T ′′

n−1.
The present work makes several novel contributions to the study of exponential recursive ternary

trees. First, while Ghasemi et al. (2023) established convergence results for the external path length, we
investigate the external Wiener index which provides a more complete description of the tree’s global
geometric structure. The Wiener index is of fundamental interest in chemical graph theory, network
analysis, and phylogenetics, and our results give the first asymptotic characterization of this quantity
for exponential recursive trees. Second, we introduce and analyze the number of saturated nodes (nodes
with exactly 3 children), a parameter not previously studied in this context. Saturated nodes correspond
to fully occupied branching points and have natural interpretations in population genetics (complete
speciation events) and network science (local hubs). Third, our methodological contributions include:
(i) a martingale construction involving second-order terms to prove almost sure and L2 convergence of
the scaled Wiener index; and (ii) an application of the contraction method to establish the limiting
distribution of the number of saturated nodes. These results extend and complement those of Ghasemi
et al. (2023), which focused on external path length and size, and they provide a foundation for further
study of distance-based parameters in exponential recursive trees.

2 The first two moments
All algebraic simplifications in this section are obtained by direct substitution and summation of geo-
metric series. No specialized numerical or algorithmic code is required; the computations follow from
the recurrences stated explicitly in equations (1), (2), (4) and (5). We first need some results that the
authors of Ghasemi et al. (2023) have found

E[Xn] = (2p+1)n, E[X2
n ] = 3(2p+1)2n−1 −2(1− p)(2p+1)n−1 and E[Zn] = 3pn(2p+1)n−1.

Theorem 1. Let Yn be the number of saturated nodes in an ERTT of age n and index p. We have

E[Yn] =
(p3 − p2 + p+2)(2p+1)n

2(4− p)(p2 −3p+5)
− 1

2
+(1− p)n − 3(1− p)2n

4− p
+

(1− p)3n

p2 −3p+5
, n ≥ 1,

E[Y 2
n ] =

3(p3 − p2 + p+2)2(2p+1)2n−1

4(4− p)2(p2 −3p+5)2 +O
(
(2p+1)n), as n → ∞.

Proof. Taking the expectation of the equation (4), one gets

E[Yn] =
(
2p+1

)
E[Yn−1]+ p

(
1− (1− p)n−1)3

,

with initial condition E[Y0] = 0. Iterating this recurrence we find

E[Yn] =
n

∑
i=1

(
2p+1

)n−i p
(
1− (1− p)i−1)3

.

This sum yields the explicit solution as stated in the theorem.
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Raise both sides of the distributional equation (4) to the second power and take expectations:

E[Y 2
n ] = E

[
(1− I)Ỹ 2

n−1 + I
((

Y ′
n−1

)2
+
(
Y ′′

n−1
)2

+
(
Y ′′′

n−1
)2

+J′n−1J′′n−1J′′′n−1 +2Y ′
n−1Y ′′

n−1 +2Y ′
n−1Y ′′′

n−1

+2Y ′′
n−1Y ′′′

n−1 +2
(
Y ′

n−1J′n−1
)
J′′n−1J′′′n−1 +2

(
Y ′′

n−1J′′n−1
)
J′n−1J′′′n−1 +2

(
Y ′′′

n−1J′′′n−1
)
J′n−1J′′n−1

)]
,

where (Y ′
n−1,J′n−1), (Y ′′

n−1,J′′n−1) and (Y ′′′
n−1,J′′′n−1) are independent copies of (Yn−1,Jn−1) and independent of

I. Then

E[Y 2
n ] = (2p+1)E

[
Y 2

n−1
]
+6p

(
E[Yn−1]

)2
+6p

(
1− (1− p)n−1)2E[Yn−1Jn−1]+ p

(
1− (1− p)n−1)3

.

With the explicit substitution of E[Yn−1] and by YnJn = Yn, we have

E[Y 2
n ] =

n

∑
i=1

(2p+1)n−i p
(

6
(
E[Yi−1]

)2
+6

(
1− (1− p)i−1)2E[Yi−1]+

(
1− (1− p)i−1)3

)
=

3(p3 − p2 + p+2)2(2p+1)2n−1

4(4− p)2(p2 −3p+5)2 +
6(2+ p)((2p+1)n − (1− p)5n)

(p−4)(p2 −3p+5)(p4 −5p3 +10p2 −10p+7)

+
3(p3 − p2 + p+2)(p5 −4p4 +5p3 +8p2 −21p+14)(2p+1)n

(p−2)(2p+1)(p−4)2(p2 −3p+5)2(p2 −3p+3)
− (1− p)n +

6(1− p)2n

4− p

+
(3p7 −18p6 +23p5 −12p4 +49p3 −284p2 +234p+194)(2p+1)n

2(2p+1)(p−4)2(p2 −3p+5)2 +
1
4
− 5(1− p)3n

p2 −3p+5

+
18(1− p)((2p+1)n − (1− p)4n)

(p3 −4p2 +6p−6)(p−4)2 − 6((2p+1)n − (1− p)6n)

(p5 −6p4 +15p3 −20p2 +15p−8)(p2 −3p+5)2

+
3(2+ p)(p3 − p2 + p+2)(1− p)2n(2p+1)n−1

(2− p)(p−4)2(p2 −3p+3)(p2 −3p+5)
+

6(p3 − p2 + p+2)(1− p)3n(2p+1)n−1

(p−4)(p2 −3p+3)(p2 −3p+5)2 ,

where the calculation has been done by MAPLE software (see the following Remark).

Remark 1. Regarding the MAPLE computations, we clarify the nature of our MAPLE usage. The
computations in Theorems 1 and 2 involve:

• For Theorem 1: Substituting the explicit expression for E[Yi−1] into the recurrence:

E[Y 2
n ] =

n

∑
i=1

(2p+1)n−i p
(

6
(
E[Yi−1]

)2
+6

(
1− (1− p)i−1)2E[Yi−1]+

(
1− (1− p)i−1)3

)
.

This involves expanding polynomial expressions in (2p + 1)i, (1 − p)i, and their products, then
summing geometric series.

• For Theorem 2: Solving the recurrence (6) for E[W 2
n ], which requires substituting the explicit solutions

for the auxiliary moments E[Z2
n ], E[WnXn], E[WnZn] and E[ZnXn], then simplifying the resulting

expression.
The MAPLE operations are straightforward: we used the sum() command to evaluate finite sums and the
simplify() command to combine like terms. There is no specialized algorithm or custom code to share,
the computations consist of typing the sums as written in the paper and allowing MAPLE to perform the
symbolic algebra. A representative example would be:

Since the computations involve only basic symbolic summation and simplification, providing a separate
MAPLE code file would not meaningfully enhance reproducibility beyond the explicit recurrences already
given in the paper. The recurrences themselves are fully specified, and any computer algebra system can
reproduce the results by following the same steps.
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Let Sn be the size of be an ERTT of index p at age n, then by the result E[Sn]∼ (2p+1)n

2 in Ghasemi
et al. (2023) and Theorem 1, we have

E[Yn]

E[Sn]
≤ 1

3
,

(
∵ p3 − p2 + p+2

(4− p)(p2 −3p+5)
≤ 1

3

)
.

Theorem 2. Let Wn be the wiener index in an ERTT of age n and index p. We have

E[Wn] =
27p2n2(2p+1)2n−2

3np+2p+1
+

9pn(2p+1)2n−1

2(3np+2p+1)
− 3(2p+1)2n

2(3np+2p+1)
+

3
2
(2p+1)n−1, n ≥ 1,

E[W 2
n ] =

324p2(12p2 +31p+35)
4(p+1)(4p2 +6p+3)

n2(2p+1)4n−5 +O
(
n(2p+1)4n), as n → ∞.

Proof. Take expectations both sides of the equation (5). By the identical distribution of W ′
n, W ′′

n , W ′′′
n and

Wn; and the independence of I, we get

E[Wn] = (2p+1)E[Wn−1]+6pE[Zn−1]E[Xn−1]+6p
(
E[Xn−1]

)2

= (2p+1)E[Wn−1]+18p2n(p+1)2n−3 +6p(1− p)(p+1)2n−3,

with E[W0] = 0. By iterating, we have

E[Wn] =
n

∑
i=1

(p+1)n−i
(

18p2i(2p+1)2i−3 +6p(1− p)(2p+1)2i−3
)
,

that is obtained as claimed in the theorem.
For obtaining E[W 2

n ], raise both sides of (5) to the second power and take expectations. The second
moment recurrence takes the form,

E[W 2
n ] = (2p+1)E[W 2

n−1]+6pE[Z2
n−1]E[X2

n−1]+12p
(
E[X2

n−1]
)2

+24pE[Zn−1Xn−1]
(
E[Xn−1]

)2

+12pE[Xn−1]E[Zn−1]E[Wn−1]+12pE[Wn−1Xn−1]E[Zn−1]+24pE[Wn−1Xn−1]E[Xn−1]

+12pE[Wn−1Zn−1]E[Xn−1]+24pE[Zn−1Xn−1]E[X2
n−1]+24pE[Xn−1]E[X2

n−1]E[Zn−1]

+6p
(
E[Zn−1Xn−1]

)2
+12pE[Wn−1]

(
E[Xn−1]

)2
+6p

(
E[Wn−1]

)2
+24pE[X2

n−1]
(
E[Xn−1]

)2

+12pE[Xn−1]E[Zn−1]E[Zn−1Xn−1]+6pE[Z2
n−1]

(
E[Xn−1]

)2
+6pE[X2

n−1]
(
E[Zn−1]

)2
. (6)

In the recurrence (6), we need the expectations E[Z2
n ], E[WnZn], E[WnXn] and E[ZnXn].

From (1), (2) and (5), we have the following recurrences, for n ≥ 1,

E[ZnXn] = (2p+1)E[Zn−1Xn−1]+6pE[Xn−1]E[Zn−1]+3pE[X2
n−1]+6p

(
E[Xn−1]

)2
,

E[Z2
n ] = (2p+1)E[Z2

n−1]+3pE[X2
n−1]+6p

(
E[Zn−1]

)2
+6p

(
E[Xn−1]

)2
+6pE[Zn−1Xn−1]+12pE[Zn−1]E[Xn−1],

E[WnXn] = (2p+1)E[Wn−1Xn−1]+6pE[Xn−1]E[Zn−1Xn−1]+6pE[Zn−1]
(
E[Xn−1]

)2
+6pE[Wn−1]E[Xn−1]

+6pE[Zn−1]E[X2
n−1]+12pE[Xn−1]E[X2

n−1]+6p
(
E[Xn−1]

)3

and

E[WnZn] = (2p+1)E[Wn−1Zn−1]+18pE[Xn−1]E[Zn−1Xn−1]+3pE[Wn−1Xn−1]+6p
(
E[Xn−1]

)3

+6pE[Z2
n−1]E[Xn−1]+6pE[Zn−1]E[Wn−1]+6pE[Zn−1]E[Zn−1Xn−1]+6pE[Xn−1]

(
E[Zn−1]

)2

+6pE[Wn−1]E[Xn−1]+6pE[Zn−1]E[X2
n−1]+12pE[Xn−1]E[X2

n−1]+12pE[Zn−1]
(
E[Xn−1]

)2
,
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with initial conditions E[Z2
0 ] = 0, E[W0Z0] = 0, E[W0X0] = 0 and E[Z0X0] = 0.

The above recurrence equations are of the form yn = (p+1)yn−1 +hn, with solution

yn =
n

∑
i=1

(p+1)n−ihi. (7)

Therefore, their solutions are obtained as follows

E[ZnXn] = 9pn(2p+1)2n−2 +3(1− p)(2p+1)2n−2 −6p(1− p)n(2p+1)n−2 −3(1− p)(2p+1)n−2,

E[Z2
n ] = 27p2n2(2p+1)2n−3 +8p(1− p)n(2p+1)2n−3 +

3
2
(1− p)(5−2p)(2p+1)2n−3

−18(1− p)p2n2(2p+1)n−3 −6p(1− p)(4− p)n(2p+1)n−3 − 3
2
(1− p)(5−2p)(2p+1)n−3,

E[WnXn] =
9p(p+5)

p+1
n(2p+1)3n−3 − 3(2p3 +22p2 +13p−1)

2(p+1)2 (2p+1)3n−3 −36p(1− p)n(2p+1)2n−3

− 3
2
(8p2 −16p−1)(2p+1)2n−3 − 3(1− p)(4p2 +3p+2)

2(p+1)2 (2p+1)n−2

and

E[WnZn] =
27p2(p+5)

p+1
n2(2p+1)3n−4 − 9p(4p3 +38p2 +11p−17)

2(p+2)2 n(2p+1)3n−4

− 3(1− p)(4p3 +62p2 +17p−20)
4(p+2)2 (2p+1)3n−4 −108p2(1− p)n2(2p+1)2n−4

− 9
2

p(20p2 −52p+23)n(2p+1)2n−4 −3(1− p)(10p2 −20p+1)(2p+1)2n−4

− 9p(1− p)(4p2 +3p+2)
2(p+2)2 n(2p+1)n−3 +

3(1− p)(20p3 −8p2 −23p−16)
4(p+2)2 (2p+1)n−3.

Again, according to (7), the solution to the recurrence (6) is

E[W 2
n ] =

324p2(12p2 +31p+35)
4(p+1)(4p2 +6p+3)

n2(2p+1)4n−5

− 27p(176p6 +880p5 +2056p4 +2222p3 +927p2 −66p−111)n(2p+1)4n−5

(p+1)2(4p2 +6p+3)2 +O
(
(2p+1)4n),

as n → ∞. Hence, we obtain the assertion.

3 Almost sure convergence for the external Wiener index
In Tn, an ERTT of age n and index p, assume we numbered the external nodes of the tree arbitrarily with
the numbers 1,2, . . . ,Xn. Let Di, j be the distance between external nodes i and j, for i, j ∈ {1,2, . . . ,Xn}.
The external Wiener index of Tn is

Wn =
Xn

∑
i=1

Xn

∑
j=1

i< j

Di, j.

Theorem 3. Let Wn be the external Wiener index in an ERTT of age n and index p. As n → ∞, we have
almost sure convergence and in L2,

Wn

n(2p+1)2n
L2 & a.s.−−−−−→ 3p

2p+1
X2
∗ .
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Proof. Let Ik be a sequence of independent Bernoulli(p) random variables, defined on the same probability
space as the trees. Consider

{
Ik
}∞

k=1 to be independent of the structure of the tree at any age, too. If
each of two external nodes i and j or both succeed in attracting a new node, then by direct enumeration,
the contribution of the external nodes i and j of Tn−1 into Wn, is

9IiI j(Di, j +2)Di, jIi< j +3Ii
(
1− I j

)
(Di, j +1)Ii̸= j +6Ii − IiI jDi, jIi< j − Ii

(
1− I j

)
Di, j

for i, j ∈ {1,2, . . . ,Xn−1}.
Consequently, we write

Wn =Wn−1 −
Xn−1

∑
i=1

Xn−1

∑
j=1

i ̸= j

Ii
(
1− I j

)
Di, j −

Xn−1

∑
i=1

Xn−1

∑
j=1

i< j

IiI jDi, j +6
Xn−1

∑
i=1

Ii +3
Xn−1

∑
i=1

Xn−1

∑
j=1

i̸= j

Ii
(
1− I j

)
(Di, j +1)

+9
Xn−1

∑
i=1

Xn−1

∑
j=1

i< j

IiI j(Di, j +2).

Let Fn be the sigma field generated by the first n steps of the evolution of Tn. Then

E[Wn|Fn−1] =Wn−1 +4p(1− p)Wn−1 +8p2Wn−1 +6pXn−1 +3p(2p+1)Xn−1(Xn−1 −1)

= (2p+1)2Wn−1 +3p(2p+1)X2
n−1 −3p(2p−1)Xn−1. (8)

Let Mn := αnWn +βnX2
n + γnXn, for specified factors αn, βn and γn that transformed Mn a martingale. So,

by (8) and a martingalization procedure, we have

E[Mn|Fn−1] = αn(2p+1)2Wn−1 +3αn p(2p+1)X2
n−1 −3αn p(2p−1)Xn−1

+βnE
[
X2

n
∣∣Fn−1

]
+ γnE

[
Xn

∣∣Fn−1
]

= αn(2p+1)2Wn−1 +3αn p(2p+1)X2
n−1 −3αn p(2p−1)Xn−1

+βn(2p+1)2X2
n−1 +4βn p(1− p)Xn−1 + γn(2p+1)Xn−1

= αn(2p+1)2Wn−1 +
(
3αn p(2p+1)+βn(2p+1)2)X2

n−1

+
(
γn(2p+1)+4βn p(1− p)−3αn p(2p−1)

)
Xn−1

= Mn−1 = αn−1Wn−1 +βn−1X2
n−1 + γn−1Xn−1.

This is possible, if we choose

αn−1 = αn(2p+1)2,

βn−1 = 3αn p(2p+1)+βn(2p+1)2,

γn−1 = γn(2p+1)+4βn p(1− p)−3αn p(2p−1).

From these solvable recurrences, we obtain

αn =
α0

(2p+1)2n ,

βn =
β0

(2p+1)2n − 3α0 pn
(2p+1)2n+1 ,

γn =
3α0 −4(1− p)β0 +2(2p+1)γ0

2(2p+1)n+1 − 6p(1− p)α0n
(2p+1)2n+2 − 3α0 −4(1− p)β0

2(2p+1)2n+1 .
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For simplicity, we take α0 = 1 and β0 = 0 = γ0. Thus,

Mn =
1

(2p+1)2n Wn −
3pn

(2p+1)2n+1 X2
n +

(
3

2(2p+1)n+1 − 12p(1− p)n+3(2p+1)
2(2p+1)2n+2

)
Xn,

is a martingale with bounded moments

E[Mn] =
E[Wn]

(2p+1)2n − 3pnE[X2
n ]

(2p+1)2n+1 +

(
3

2(2p+1)n+1 − 12p(1− p)n+3(2p+1)
2(2p+1)2n+2

)
E[Xn]

=
27p2n2(2p+1)−2

3np+2p+1
+

9pn(2p+1)−1

2(3np+2p+1)
− 3

2(3np+2p+1)
+

3
2(2p+1)n+1

−3pn
(

3
(2p+1)2 − 2(1− p)

(2p+1)n+2

)
+

3
2(2p+1)

− 12p(1− p)n+3(2p+1)
2(2p+1)n+2

= 0,

and

E[M2
n ] =

E[W 2
n ]

(2p+1)4n +
9p2n2E[X4

n ]

(2p+1)4n+2 +

(
3

2(2p+1)n+1 − 12p(1− p)n+3(2p+1)
2(2p+1)2n+2

)2

E[X2
n ]

+

(
3

(2p+1)3n+1 − 12p(1− p)n+3(2p+1)
(2p+1)4n+2

)(
E[WnXn]−

3pnE[X3
n ]

2p+1

)
− 6pnE[WnX2

n ]

(2p+1)4n+1

=
1

(2p+1)4n E[W
2
n ]+

9p2n2

(2p+1)4n+2 E[X
4
n ]−

6pn
(2p+1)4n+1 E[WnX2

n ]+O(1)

=
1

(2p+1)4n

(
324p2(12p2 +31p+35)
4(p+1)(4p2 +6p+3)

n2(2p+1)4n−5

− 27p(176p6 +880p5 +2056p4 +2222p3 +927p2 −66p−111)n(2p+1)4n−5

(p+1)2(4p2 +6p+3)2

)
+

9p2n2

(2p+1)4n+2

(
9(12p2 +31p+35)(2p+1)4n−3

(p+1)(4p2 +6p+3)

)
− 6pn

(2p+1)4n+1

(
27p(12p2 +31p+35)n(2p+1)4n−4

(4p2 +6p+3)(p+1)

− 9(176p6 +880p5 +2056p4 +2222p3 +927p2 −66p−111)
2(p+1)2(4p2 +6p+3)2 (2p+1)4n−4

)
+O(1)

= 0+O(1)< ∞, as n → ∞,

where

E[X3
n ] =

3(p+5)(2p+1)3n−2

p+1
−18(1− p)(2p+1)2n−2 +

2(1− p)(2− p)(2p+1)n−1

p+1
,

E[X4
n ] =

9(12p2 +31p+35)(2p+1)4n−3

(p+1)(4p2 +6p+3)
− 36(p+5)(1− p)(2p+1)3n−3

p+1

− 12(1− p)(7p2 −6p−7)(2p+1)2n−3

p+1
− 8(1− p)(2p4 −12p3 +7p2 +6p+3)(2p+1)n−2

(p+1)(4p2 +6p+3)
,
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and

E[WnX2
n ] =

27p(12p2 +31p+35)n(2p+1)4n−4

(4p2 +6p+3)(p+1)

− 9(176p6 +880p5 +2056p4 +2222p3 +927p2 −66p−111)
2(p+1)2(4p2 +6p+3)2 (2p+1)4n−4

+
3(60p4 +300p3 −60p2 −300p)n(2p+1)3n−4

2(p+1)2 +O
(
(2p+1)3n), as n → ∞.

So, by the martingale convergence theorem (Theorem 6.6.9 in Ash (1999)), Mn converges to some M∗
almost surely and in L2. Consequently,

Mn

n
=

Wn

n(2p+1)2n − 3p
2p+1

(
Xn

(2p+1)n

)2

+

(
3

2(2p+1)
− 12p(1− p)n+3(2p+1)

2(2p+1)n+2

)
Xn

n(2p+1)n

L2 & a.s.−−−−−→ 0.

Hence, by (3), the result follows.

Corollary 1. Let D∗
n be the distance between two randomly chosen nodes in a random ERTT of age n

and index p. Then we have

E[D∗
n]

n
−→ 6p

2p+1
.

Proof. In Tn, a random ERTT of age n and index p, we have

E[D∗
n|Tn] =

2
Xn

∑
i=1

Xn

∑
j=1

i< j

Di, j

Xn(Xn −1)
=

2Wn

Xn(Xn −1)
.

Therefore, by (3) and Theorem 3, we have

E[D∗
n|Tn]

n
=

2Wn/
(
n(2p+1)2n

)
Xn(Xn −1)/((2p+1)2n)

a.s.−→ 6p
2p+1

.

Since Wn ≤ Xn(Xn −1)n, then E[D∗
n|Tn]/n ≤ 2. Consequently, by dominated convergence theorem,

lim
n→∞

E[D∗
n]

n
= lim

n→∞
E
[
E[D∗

n|Tn]

n

]
= E

[
lim
n→∞

E[D∗
n|Tn]

n

]
.

This yields the result.

4 L2 convergence for the number of saturated nodes
In this section we apply the contraction method in Roesler and Rueschendorf (2001) or the multivariate
contraction method in Neininger (2001) to state the limiting distribution of Ŷn := Yn

(2p+1)n .
We first need to set up some notation as follows: For a random variable X , we write X ∼ λ if the

distribution of X is λ , i.e. the law L (X) of X is λ . The symbol ∥X∥2 := (E[|X |2])1/2 denotes the usual
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L2-norm of X . The Wasserstein-metric ℓ2 is defined on the space of probability distributions with finite
second moments by

ℓ2(X , Y ) := ℓ2(L (X), L (Y )) := ℓ2(λ , ν) := inf{∥X −Y∥2 : X ∼ λ , Y ∼ ν}.

By M2 the space of all probability distributions λ with mean p3 − p2 + p+2
2(4− p)(p2 −3p+5)

(as in Theorem 1)

and finite second moment is denoted. The metric space (M2, ℓ2) is complete and convergence in ℓ2 is
equivalent to convergence in distribution plus convergence of the second moments.

By equation (4) we have

Yn

(2p+1)n
d
=

I
2p+1

(
Y ′

n−1

(2p+1)n−1 +
Y ′′

n−1

(2p+1)n−1 +
Y ′′′

n−1

(2p+1)n−1

)
+

1− I
2p+1

Ỹn−1

(2p+1)n−1 + I
J′n−1J′′n−1J′′′n−1

(2p+1)n . (9)

Theorem 4. Let Yn be the saturated nodes of an ERTT of age n and index p. The normalized saturated
nodes Ŷn := Yn

(2p+1)n satisfies the distributional recursion

Ŷn
d
=

I
2p+1

(
Ŷ

′
n−1 + Ŷ

′′
n−1 + Ŷ

′′′
n−1

)
+

1− I
2p+1

Ȳn−1 + I
J′n−1J′′n−1J′′′n−1

(2p+1)n , (10)

where J′n−1
d
= J′′n−1

d
= J′′′n−1

d
= Bernoulli(1− (1− p)n−1), Ȳn, (Ŷ ′

n,J′n−1), (Ŷ
′′
n ,J′′n−1), (Ŷ

′′′
n ,J′′′n−1) and I are inde-

pendent, Ȳn
d
= Ŷ

′
n

d
= Ŷ

′′
n

d
= Ŷ

′′′
n

d
= Ŷn, and I is a Bernoulli random variable with success probability p, then

Ŷn
d−→ Ŷ , as n → ∞, where the random variable Ŷ is the unique distributional fixed-point of

Ŷ d
=

I
2p+1

(
Ŷ

′
+ Ŷ

′′
+ Ŷ

′′′)
+

1− I
2p+1

Ŷ , (11)

with Ŷ
′ , Ŷ

′′ and Ŷ
′′′ are independent copies of Ŷ and independent of I.

Proof. The equation (10) is an immediate consequence of the equation (9), where Ȳn := Ỹn
(2p+1)n , Ŷ

′
n :=

Y
′
n

(2p+1)n , Ŷ
′′
n := Y

′′
n

(2p+1)n and Ŷ
′′′
n := Y

′′′
n

(2p+1)n . Using Chebyshev’s inequality and E[J′′n−1] = E[J′′′n−1] = 1− (1−

p)n−1, we have the convergence in probability J′n−1J
′′
n−1J

′′′
n−1

(2p+1)n
p−→ 0. That is,

Ŷn
d
=

I
2p+1

·
(
Ŷ

′
n−1 + Ŷ

′′
n−1 + Ŷ

′′′
n−1

)
+

1− I
2p+1

· Ŷn−1 +op(1), (12)

where the notation op(1) will denote an asymptotically negligible random variable that converges to 0 in
probability. For purposes of convergence we can, and hence will, ignore the op(1) term.

Consider the well-defined transformation T : M2 → M2,

T (λ ) := L
( I

2p+1
(
Ŷ

′
λ + Ŷ

′′
λ + Ŷ

′′′
λ
)
+

1− I
2p+1

Ŷλ

)
, (13)

where Ŷλ
d
= Ŷ , Ŷ

′
λ

d
= Ŷ

′ , Ŷ
′′
λ

d
= Ŷ

′′ and Ŷ
′′′
λ

d
= Ŷ

′′′ have λ as distribution and are independent of I.
At a first step, we have to prove that the transformation T has a unique fixed point with respect to

the ℓ2-metric. Let λ ,ν ∈ M2 be given. By (13), we have

T (λ ) = L
( I

2p+1
(
Ŷ

′
λ + Ŷ

′′
λ + Ŷ

′′′
λ
)
+

1− I
2p+1

Ŷλ

)
,

T (ν) = L
( I

2p+1
(
Ŷ

′
ν + Ŷ

′′
ν + Ŷ

′′′
ν
)
+

1− I
2p+1

Ŷν

)
,
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and

ℓ2
2(T (λ ), T (ν))≤ 3

E[I2]

(2p+1)2 E
[∣∣Ŷλ − Ŷν

∣∣]2
+

E
[
(1− I)2

]
(2p+1)2 E

[∣∣Ŷλ − Ŷν
∣∣]2

=
1

2p+1
E
[∣∣Ŷλ − Ŷν

∣∣]2
.

Therefore, we have

ℓ2
2(T (λ ), T (ν))≤ 1

2p+1
ℓ2

2(λ , ν).

Since 1
2p+1 < 1, we deduce that T is a contraction with respect to the ℓ2-metric. Thus, Banach’s fixed

point theorem provides existence and uniqueness of solutions of the fixed point equation T (λ ) = λ . By
(12), if Ŷn converges in distribution to some random variable Ŷ , then Ŷ satisfies (11). Consequently, the
distribution of Ŷ will be λ0, the unique fixed point of T , i.e. L (Ŷ ) = T (λ0) = λ0. Therefore, we have to
prove limn→∞ ℓ2(Ŷn, Ŷ ) = 0 to conclude Ŷn

d−→ Ŷ .
Since Ŷ

′
n

d
= Ŷ

′′
n

d
= Ŷ

′′′
n

d
= Ŷn and Ŷ

′ d
= Ŷ

′′ d
= Ŷ

′′′ d
= Ŷ , we deduce

lim
n→∞

ℓ2
2(Ŷn, Ŷ )≤ p

(2p+1)2 lim
n→∞

(∥∥∥Ŷ
′
n−1 − Ŷ

′
∥∥∥2

2
+
∥∥∥Ŷ

′′
n−1 − Ŷ

′′
∥∥∥2

2
+
∥∥∥Ŷ

′′′
n−1 − Ŷ

′′′
∥∥∥2

2

)
+

1− p
(2p+1)2 lim

n→∞

∥∥∥Ŷn−1 − Ŷ
∥∥∥2

2

≤ 1
2p+1

lim
n→∞

∥∥Ŷn − Ŷ
∥∥

2.

Therefore, we have

lim
n→∞

ℓ2
2(Ŷn, Ŷ )≤ 1

2p+1
lim
n→∞

ℓ2
2(Ŷn, Ŷ ).

This is true only if limn→∞ ℓ2(Ŷn, Ŷ ) = 0.

5 Conclusion
This work contributes to the growing body of literature on exponential recursive trees by providing a
rigorous probabilistic analysis of two important parameters: the external Wiener index and the number
of saturated nodes. The martingale approach and the contraction method, applied in concert, offer
a robust framework for studying convergence phenomena in random recursive structures. While we
have established convergence in distribution and L2 for the scaled quantities, the explicit distribution of
the limiting random variables X∗ and Ŷ remains unknown. Characterizing these distributions, perhaps
through their moment generating functions or through recursive integral equations, would provide deeper
insight into the asymptotic structure of ERTTs.
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